bt X denole a normed spa ce with  norm .
Prove  that ”"“f" (?—: '?hl'ﬂ)/p, 7=(§.~,?n)éﬂyj 4 not @
norm In R Jor F;-/ and Nz i.
n
» Tak(’. O‘ID"( ) X= [4,0,...,O>€Rvn) =/0, /)01'“;0)6 LR‘

ahd 0%6616 the /DVO/ée’ Iy (/W/) of Aedni'don of- a horm
)lou(tf I Nl llg il l/:l,# e R.

eyl = (ﬁi l§,.+vl,d”)‘/l° = ( V0l |04 Io* 0L+t /o+o;'°>/’.i
-_ll/P‘
L P lp Prf P b
il = (2 13617) P (40P 40") 7o 4,
K=

- el LD |

= llfx«dw ll2 N+ L o

dows not sodist. the property (V) =

= W not @ horm in R" forﬂ‘/ﬂf and N2
M| 15 not Aodined  at x=0

R)r PéO
W
/“&HOC) RN ES otk a norm in R for /D’-/f and N2,
- 4

=> -l



Shote that  He olored unit 4
be (7(0) Jae X lh-2lle r
i X 3 conex’ for ém(y e X and V30,

h abset A of a vecdor s space Vs said b be corvex

ol b ever Oc(yv%? i zm/nﬁ% that
A+ (//o[)/ e A

for all 4elo4].
P TTake Vzﬁe By(r) and show that dor ¥« € [0;1T
a(%f(/f‘é()(y € Bri%),

thot i
e I\ o+ ((~.O5 -Gl 4t

2o = 2o (1) %o, Then |
1)

lotx # (4-o)y = L% - (1-0) %l = ll 4 (x-2) + (O =2 || €
lozl llxoell + [1- -4 |- Ila ~Zoll =

fO

£ ) oL(x-2) (L I M‘x)(g lo)l(
= - llx-%oll + (4- -4 ) (tg Ioll < o< z+(4—°<)z =L +2-Le="C

s

mm:f e Beloo) ?;f :3,1’7,_)3
2l ({-x)# e B, () Vaek, r5 ngc— B (%),
Mence B () 15 Convex In X dov WL&( %eX and r>oO
4



@ 5%06()’ {%07[ %@ convergen ces Q@""“;f’-*# in X
and Lo 2L in e hel K ,m/{y ot

Ko +ifn = cué/ apd daTn 2Lz in X.

> x> = ll:m-x\l—ao) ik
314"73 = ly, — 2l >0 , n->e0 /n X
dn 2L =7 ldn- A 1> 0, n>eo in K.

o« We need o hotr that /'(”3‘" - x«#
Il @w*?n) - (q*d) | =0 , h=>e°.
(,n}"-;\

| Gn-% )t (ffﬂ ’&) | = Il X~ Xl + l}gn —é_}” - 0, p>e0
-5

m X, Hhat- %,

I\aneao— (x ’ca) Il =

=> 1“-(.3“ - ’14'3.

. Show thaf  dadn T LA Un X, that 1,
w2 - dxll >0, naeo.

Ldotn = d || = UdnTi ~daX a2 =L | Ll 1+ 1L =dd)

c b UZax Ll Wil = 0, moes

Spm— .-\J)‘ Sy /
O whet Pz,

becouse  dv oM r(}ws

=> o(.\%n ’*a('l IIVI X



J'g(al,éf %Q/ll %C (}ZOMJ@ )7 mﬁ a4 5‘(/55/96752 y 07[ X
13 afw’n a  wvector Ju[as/)aae.
P YyeX s (alled o vector ,cubs/oaae o X if
Y 2y ¢ Y  VKeK
1) T4y ¢ Y 2) Lx €Y.
BCCCO% ‘H)\Q% xéy H:’F 39&6\/ S.(‘. Ay ¥ , N0,

’D Take ’Lg € Y andl  shou that :u&; eVY.
9c+<uf eV if 3 a R’jw@“fﬁ m Y  which converpes o x4y
Sine ‘1.8 ¢ V) Hon FaweY and J“ey S+

An—> X, éf”"’#) N0

Lot o e Y, because Y s & pechor Subspack and

Tty > T ( from exevtige 3). .
w

e obtaine Hat F a seguentt  Tntin € Y
conwg(b o 1*5 =7 x—tg ¢ Y

) Take x¢Y and vae K.
Smee xey , then T xme Y gf. T, n>2

Ben dam oo (brom exes:3d)
dan €Y, because Y i3 A pechor Subsjce.

=7 dx Y-
Hence, \7 % Qa vechor 5abs/aoe. 4



@ Showe that X puust %Z conptete, it atsolett  conver-
e of a series g, implies  convergence
of that f€r;’Z n X K / 7

P Lot Ak, £ a fmo@ seguence in X
e have 1o shows Hhal { ZnJnyy cONVERY N X

Since '{’In},,)d A Qa &zu.r/y %ZW'
. for &=L 3N VYnmIM
Nt~ om Il < §

. for 81-::{1 IN: VnmIN

\l/lﬁw" :(~\1|<- :gjz .
Take /\/,z:-:-max-{/\/4+4,/\/}. Then My >N and Y nm 2N

ll?(vw" Am | < j?i: )

. Béz induchon , dor ew‘&' k>4 € can Sim‘farg choose

NL >M-1 S. 7‘ Vn,m>,/\/,<_

ll:(r)" Lm ’l = 2;72 .

So, we bave  corstrucied —a Subseia/ence Ny <My <Mp<. ..
such Hhat V€31

2 = % 1< 1‘—2 Vo m 2 Ne.

In /wv‘v’w&f/’)
| Ay = X N & 3% Y22
We wrik
Ky, = e = Dy T Kes =Xty * -+ Apf - Ay, + A~y =

A oo f S
Sine 0 oy, — Xy, 1€ D) 7 =4, the ceries 3. (%%
e

it L=
Converg.eh in X, {’ﬁil‘ 5, there pxishs  aeX Such That
Ay = 2 Ay = Ayy) =

£
We hast  shown that f;’?(n}n,,f bhar  a gonpe/f/en%
subsequence . UWsing  Exercese 5 HWE, we  can conclude

that  {%ns, atro comvergent  in X,
.._45——-'

A



%m/ %ai’ in a Banach y&ce, ahn csz—a'ﬁu/eé/ conver-
[ 5737 W?ﬁ' gen'eh I3 don/u&f’iznﬁ

g e have Ma,-/ _'ZH%JI converge’s and  need oo
S'Ko%’ {'ﬁa,f' 2_x (onverg/%

/3%0/% z‘ﬁwi’ D_. U com»u‘f% M4 S},=Z Lo , N2, converges.

Prove that {Snfnu 4 a Cauo% s'zzu,wce n X.

et Am (VD
“’Xu.” =

(13- Sm | = | )_,1{"2_ Ze l\ - ” I A “ = :(=:+4

K=m+1

¢ S el —>0 , because S i)l converp>

=<4 W=y

R

= {3 o £ B (au
g M&:& g/pace Hhen W" &“My §€9 -

Since X 5 a Bana
s vl
tonver ¢ = {Sn }an 90 .

oo
/{C“CC) T__, L wnwj’%'

n=y ‘



@) dat (V) ana (Z,00;) Lo normed Space. Shouw
‘%Qf W “[roé&wf vechor S/aoe )(7\/*2 becomel a4 normed.
space /f At fine |

2l = roec | uﬁuy,:mrzf , =g pe X.

theckh  also that a 9?71/06/%6 %r(fm,&@),na/ conver gl o

Kopz) X and oy W gy n Y ard g in .

by We need 4o how that Il 72 a norm in X.
v #ey Gt w chech +he /Drolée%'f/& (VO)-(WV4).

() Nxllz0 ¥ 2&X
[[xll = rax ) Ha Iy » )l%“z} 20, becaugr ”g”y >0, Il HZ 20.

(W) lll=o &>2=0, '}%Ml’s,'x-_(g,%):[o,o).

ol = max gy, Ul f=0 < gty =0 and Iz, =0
&> %eo and ¥=0 = x=(0;0).
W3) Nzl W1l , YxeX, Ydek
o(x:(«(g,x%)
Nxll = max§ Wdgily, Il § = mox { 1Dy lly, Wl-lell; § =
= Lol max b yily, N2l,} =\l .
) Wl € Tl loald Voo, % € X
Ag= %/4,9L,)) crd—_((y;, 2,)
ot 21l = max § ll(x}wg;!l,,; ll:?#}';llz}.
£ Nyeally 2 Uz, thon maxiljegsly sl =g,

g+l = lgae Gally € Ngally « lgally <
W “\; f* nov M in N

¢ ynax h llylly, izl § + max | llaal\“ ll}';l\z% locall« )]
Simfwg, 4 e 2l 2 My Yally, then
et x|\ € lloxall + Nl

Henwe LN 4 a novm im X

__;__



02. :("l»-3 (%{'\t;'\) = fx"'(}/l %) IlVl X "'F'F av;:;#) -'Zn—»z I'H .Z
Showr that Nxw-xll 20 & lg- y1,>o, Za-2l, 20, nse2
in X, Hen lxa-xll >0, 2, in X.

>) ket W%
) ana( we khou- %af

lln-x\l = max Ll ity Iz, 211, f

“’XV\"’X“ Z “gw"gl\\, 2o 0.‘10( “'xtu‘x“ 2 ”2“'2'”2— 20

i
' £2
D]

i
=> "aﬁvrg HY -0 ,

é&,—a# n Y.

: >2 inZ.
é=> At g,.—aj in Y, ,_Z,,' ;
S%ON)— %CL’/' An 2 X m : .
(n-ocll = max b Uga-glly, “.,?"_'“,_ﬂ”’o in X,

s .

~(2D
be cause (£, 82)) > max bda, 83 (3 confineods .

5 A2 X N X.



A,@% X 4L oa Banack space and B, b a famity of
({{ cloged,  balls in X such /jﬁm‘ Boes € fin, N5 1. " 4
Mow that
(&) %@"6 sk 1 e X such that ?)o/jn ={x], L radd 4, of
%C M& /97n Conire %’/&5 7‘0 ZQ,VOr., ”
4 Se{' B = B, (’In). COI'VSOO&I’ & Fegwf’me {751},»,4 5
where  xn  ove CRAFHS of batls bn.
1t WOI 710 S’ﬁoar MQ”I‘ y
T A AR ”
00 J x ¢4 An2a, nro0, and x¢€ nQBV'L)'

3) J!fxeﬁﬁn and  Ba =12

n=
1) Sinte th >0, n>e then )
Véso V¥4 VnzN o lwall< 3.
Thon Hem3N e By and Zmeby 7
S laxe-ayll¢ ty<s and llxm-xul\ém‘i.

| % = Amll = WX = Ay * Ay~ Tim || ¢ e - Al + ll-‘Iy'qm”<§4

Vi, mzo.
=7 {x"}w 3 a Cau%u(f 24 .
ﬂ.) Sihee X i34 a 5anaog g pack, 'lﬁ,erz p6eY Caech gez‘
OOWW?/US, %ﬁCML 1"3' /7 j 7
JxeX st wxnrx In X
Shou- that xe ﬁign.

Take any 1o, then for ot n3re Zn € B,
and By, 15 chosed | then

Sinwe A =X
x € Bno Vn,z4
=> xe OBa.
) Aot wh Eu,ﬁyose that Y +x  and shou that
Y ¢ Q‘Bn.

e, e



|£ C'f - /{'ﬁzn Iléj -x|l=C and
dn : Tn“ '9 = 5 % B’l’ (A). hor,‘
Indeed , = ndmcn lly =2 ll+ 1 -2l €

113 ot ll 4T < ly-2all ¢35 =
= ly-2mll> c- £ =S, 5¢Bt"(q")g)
=> 3¢ QBV‘“('I‘\) jQ,,B“

Hene, ! xeX st z\zsn-—-m.



(b) 0 Bn# @ without the aswmpion  that s o,

=i

p LJe want 1o showe  that — 1Xn= Al €T=tm, nem.

,n,eiu&a % t‘rfl/c it Zn=Am .
assume at A #Am.

§ei'
P Zm \l'xm :znu' .

e
So, pe Bm < B
TM Am~-Zn

¥, 7 Ilp- 2o = Mt Py Om

Em
)n = || Xm- Y I (1+ [|9:M~1n“>=

- q’an ”::

= || (-2 T

= \\%n-qnll * Tm.
/"Lm('/e, NXim= Xl € Tn— Tm.
/VCX{’, sInce {*n }n;/( and ﬂLCCV?a&f’/S) z”ﬁe/c exssts
Y20 St W DL
fon%iwe”{'%‘ , dr mn

”Q’m"q“” $tn~Cm > C-7% ’0) mhn—>e0 m2>n.

C’onwgwmf’% (T dns; B a &wd% seg uense and
hence, conuvergent. Fo  some Z.

SI’W{Q*’% ab /n /WIL a) Q’G’Z){:Bn.
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