
 

2ч Unbounded linear
operators

г Examples of unbounded linear

operators
we start from the following examples
Let Н 14 а а

Multiplication operator
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The multiplication operator is unbounded
Let us recut that и linear operator
Т ДСТ И is bounded it
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Hence Т is unbounded

Differentiation operator
Тхĸ if ХА



ДП с ЕС а ю

Later we will explain what ДСТ is

Here we only remark that all

continuously differentiable functions
with compact support and
Hermite polynomials belong to ДСП

Taking
2 Symmetric and self adjoint linear
operators
Let И вся complex Hilbert space
Let Т ДСТ И be a densely defined
i e ДА is dense in Н linear

operator The adjoint operator
T ДСП И

of T is defined as follows The domain
ДСН of T consists of all у c И

such that З у c И satisfying
Тх у IX у 4 ХЕДА

For each such у C ДСП define

1 у у



Since ДА is Леня у
is uniquely

defined
Before we discuss properties of
adjoint operators не discuss the
extension of a linear operator
Let us come back to the operator

Тх It INCH
we can define Т only on functions
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They are different operators but



ДСП с ДСП and Т Прост

Det 24.1 An operator T2 is called an

extension of an operator Т it

ДСП СДПГ and Г Чату
we will use the notation

Т СТ

Th 24.2 Let S D И and Т ДА 24

be densely defined linear operators
Then

a 71 S СТ then Test

b It ДСТ is Лени in Н then TCT

c it Т is injective and IMT is

deuce in Н then T is injective
and

7 С
Ded24.3 Let Т ДСТ Н ве densely
defined linear operator on Н Т is

called asymmetric linear operator if
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Remark that it Т is sy metric
it does not imply that 1 Г
Indeed take take

х It ix It
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The
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However T I Т For instance

у It Et 1 c 112 does not belong



о ДА Со СК but
у C ДСТ

because for ytltl if.at e

one has

Тх у 1 2 х у's
txt Да check this

Lemma 24.4 А densely defined linear

operator T is symmetric itt
1 С T

Def 24.5 Let Т Ст И be densely
defined linear operator Т is called a

self adjoint it
1 1

Remark 24.6 Every self adjoint operator
is symmetric but not every symmetric
operator is self adjoint
3 Closed linear operators
Ded 24.7 Let Т ДСТ Н ве а linear

operator where ДСТ c Н Т is called



а closed linear operator it its graph
СогПК хд X C ДА у Тх

is closed in Нхл where the norm

on Их Н is defined by
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Th 24.8 Let Т ДСТ Н ве а linear

operator where ДА СН Then

a Tis closed itt
Хи Х Хи C ДП

µ ХЕДИ and
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6 71 Т is closed and ДСТ is closed
then Т is bounded

С Let Т ве bounded Then T is closed
itd ДП is closed

Exercise 24.9 Show that the multiplication
operator is closed



Th 24.10 Let Твс и Ленид defined
operator on Н Then the adjoint

operator T is closed

Det 24.11 tt а linear operator T has an

extension Т which is closed linear

operator then Т is called claus able

It Т is св sable then there exists
a minimal closer open I

satisfying Т СТ Т is called
the closure of Т

Det 24.12 Let Т ДП Н ве а densely
defined linear operator If Т is

symmetric its closure Г exists

and is unique


