
 

23 Compact linear operators
г Definition and properties of compact
linear operators on normed spaces
Let Х be а normed space we first
recall that и set F СХ is

compact if every open cover of F

contains a finite Sивсонг that is

for every family of open sets

6 3 such that Ес у 62 there
exists 62 вы such that

и
f С V вне

К 1

Th 23.1 F is compact in Х off
every sequence LXI С F has
и convergent in F subsequence that
is З Хтз such that Х х c F

Det 23.2 A set F С Х is called relatively
compact it I is compact

Every bounded set in а finite dimensional

normed spree is relatively compact



Exercise 23.3 Show that F is relatively
compact if and only if V txnln.CI
there exists а subsequence Шпиз

such that хм х where not

necessarily Х C F

Det 23.4 Let Х У ве normed spaces
An operator Т X Y is called a

compact linear operator it Т is

linear and it for every bounded
subset М СХ the image TIM is

relatively compact

Т

м
Х mpuct.ie

I ТТ compact

Since every compact set is bounded
So every compact operator is bounded
because the image of the sphere 2х ĸхин

is relatively compact and hence bounded



Th 23.5 Compactness criterion Let Х and

Y be normed space and Т X У be a

linear operator Then Т is compact
itt it maps every bounded sequence 41
in Х onto a sequence Тхи in Y
which has a convergent subsequence
that is

Хи bounded ЭС ИХМЕС ĸп

there exists subsequence LTXn.cl
of LTX.sn 5.1

Таĸ у
in Y

Th 23.6 It Т X 74 be bounded and
Im 1 1 Х is finite dimensional

then T is compact

Example 23.7 Take Х Y L over field ĸ

Тэс 23,32 33134,10 о

The operator T is compact Indeed

1 ХК 1ч 2,23 0,0 11,12 e К

з dim subspace of С



by Th 23.6 Тх is compact

Th 23.8 Let In be a sequence of

compact linear operators from а

rearmed space Х into a Banach space
Y 71 Ты Т in ВСКУ then
Т is compact

Example 23.9 We consider 1 4 1
and

Тх 3 E
Let us prove that T is compact
Take

Тиĸ У 7,90
Then Tn is bounded and dim ГК н

So by Th 23.6 it is compact
Let us compute ИТ III

ИТ тухл 11199,97 ЧЕ 1111

ЁЁ e
7 Ё.IE r

Hence ИТ Tull E о и 7 а



By Th 23.8 T is compact

2 Spectral properties of compact
self adjoint operators
In this section we will assume that
Н is a separable Hilbert space

Th 23.10 let Т Н 7 Н ве а bounded
linear operator The following statements
are equivalent
a Т is compact
b T is compact
с idlxn.gs Lays ну c Н then

1 Хи Тх in Н

d there exists и sequence Tn of

operators of finite rank i e dim Пн га

such that
ИТ Tull 70



Th 23 ч Hilbert Schmidt theorem

Let Т ве а self adjoint compact
operator Then

i There exist an orthonormal basis

consisting of eigenvectors of Т

Lii A И eigenvalues of Т are real
and for every eigenvalue Х о the

corresponding eiger space is finite dimensional

Iii Two eigenvalues od Т that correspond

to different eigenvalues are orthogonal
Liv It Thus countable set of
eigenvalues not finite set 121
then

о и a

Corollary 23.12 Let Т ве а compact
self adjoint linear operator on a complex
hilbert space Н There exists an orthonormal
basis Lex such that

Тх ЁЖ 2х Елен ХЕИ



3 Fred holm Alternative

we consider the equation
Тх Хх у 123.1

where Т is compact self adjoint
operator on а separable Hilbert space

For this we will consider the homogeneous

equation
Тх 2х 10 23.2

Th 23.13 С Let у c И and 270
Then the original equation 23.1 hes
a solution itt

у Х

for every solution Х of 23.2

Lii Let у c Н 270 Suppose
that equation г hes at most
one solution Then

a There exists а linear founded
operator

f ж н н



b Equation С has the unique
solution

ĸг т Жру
We are going to apply this result to

the integral equation
23.3 klt.SI Ks М Пхи у

ХЕ 963 c EIR у Х ая givenУ

We also assume that

1 И a 13 is а Hilbert space over R

2 К is continuous on Еа 9 1963

3 KIT 5 К 15,7

we define the operator он 4.9
Тх A Кнр xlslds.tt 463

One can show that T is a compact
linear operator



See р 242 Lemme 3 Е Zeidler Applied

functional analysis З

We also consider the homogeneous equation

23 4 klt.SI ХИЛЗ 2 41 0 ttca.GS

Th 23.4 Fred holm alternative Let 270
and у th a 63 be given Then

с 512 is not an eigenvalue of Т

then the original equation 23.3 has
a unique solution

71 2 is an eigenvalue of Т
Then 233 has a solution off

ХИ ycstd OV x sol.at 23.4


