
 

22 Spectral representation
of bounded self adjoint operators Г

1 Projections operators
let Н ве а Hilbert space and

Y be я closed subspace of Н

In Lecture 18 we have showed that

И У Yt
that is for every хех there
exists a unique у c Y and 2 c Yt
such that

x у 17

we defined у as the minimize
of the function

Уэй их 511
i Е

ХУИ int
JEY XIII

we define the operator
Рсн И
Рне у



which is called an orthogonal projection
or projection on Н More specifically
Р is called the projection of Н onto Y

Exercise 22.1 Show that Р is а bounded
linear operator on Н with КРИ 1

Remark 22.2 It Р is the projection of
И onto Y then

РСН Рĸ i ХЕН У
and

Ker рyt.TL22.3 A bounded linear operator
Р Н Н on а Hilbert space И is

a projection iff Pis self adjoint
and idempotent that is б P

Proof suppose that Р is a projection
on Н Set Y РСН Then

Ргх Рх

Indeed Рх C Y and

Рх Рх О
а I

I I



Hence by the definition of
the orthogonal projection

ргĸ P Рх Рх

Let us show that Р P that is

Х Хг C И

РХ Хг 22,12
Take х а c Н Then there exists

unique уг уг C Y 2,2 c Yt sad that

Х у Z 1 2 22
I

Then I й
Рх 27 2 у уг 12 21 22,21 22.12

It I
Х Рх Су 12 уг 29,1 tlzi.ge

о

So 2 Рх Хг 2Х Рхг

b Conversely suppose that pt p p.it
Denote

Y РСН
Then for every ХЕН

x Рх х Рх

Let us show that х Рх C Yt



Take у t Y then у Pv for some им

Compute
у х Рх Pr х Рх

Рĸ х L Pr Рх

С Ри х 2 При х

Рĸ Х 2 РЧ х 0
4
р

Испи we represented
Х Рх х Рх

Т 7
Then Р is the projection onto Y

Вы

Example 22.4 We consider Н 0,13

Define for Х C 913
ХА 1

Рĸрп ха Тсо t
о t

р
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Then Р is а projection on Н

Indeed trivially в P Compute

Рх 1 РИА Idt
О

ХЛИТЕ LtТ At

x.lt жи I G It

x.lt Pxdt Lx Pxe2

Hence Р P Consequently
Pis the projection of Н onto

РСН ythso.is диĸо t ХЗ
ВТТВ

2 Properties of projection operators
Let К Рг Р ве projections operators
on Н Let Yi P СН Y РСН

г Р is positive and Рх х ИРХИ



2 Р Рг is projection iff КВ_ ВР

Then RR projects Н onto Yash
3 Р 12 is a projection on Н ill

Y 1 Уг In this case 4th is

the projection of И onto 4 К
4 Рг Р is a projection on И ill
Y СК

Th 22.5 Partial order Let Р and Р

be projections defined on а Hilbert

space Н Denote Yi A Н The

following conditions are equivalent
И Ргр P В P

G Y СК
3 Ker В 3 Ker Рг
4 И К ХНЕ ИККИ

E В e Рг

3 Spectral family
Let Н ве я complex Hilbert space



Def 22.6 А real spectral family is

a family 2 GIRI of projections
он Н such that

1 Ех Ем hence GEFLE G for ĸм
2 Еда Ехх 2 _Ехх х ĸхм

3 E ох him Емĸ Ехх V x.tn

µ 77 0

Ех 21 112 is called a spectral
family on an interval a 61 it

E 0 for Хся and

Е I for 236

we now define a spectral family for
а bounded self adjoint operator
T Н 7 Н We define

Тх Т II

Let В III



The operator
TI L В Т

is called the positive part of Г
we define Ех projection of н

onto Ker ХЕК

Example 22.7 Let И 0,13
х G 1 ха

We want to construct Ех

Compute
5441 114 жи

f х ХА 1 c 6,17

Then хр f 1 ха

В Х It ТТ ха

It Пхи 1 Ндп

Because В is positive and 2 1,7

So the positive part of TI я



defined as follows

TIxftI _I xltItfxXtIJ
_Ift HxLtI lt xIxLtD
_Lt xIxlt1 tt 10,13

where St S 570
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Then Ker TI Х Пх о

L х x.lt O t Х

From Example 22.4 we know that



the projection Е of И onto Kent
is defined as follows

х а То Lt ХА

Е
г n

O I
y

Th 22.8 The family Е ХЕК where

is the projection of И onto Kent
is the spectral family on the interval
т И where т И is taken from
Th 21.4

The family LG ХЕК from Th 22.8 is

called the spectral family associated
with the operator Т



Th 22.9 Spectral theorem for founded
self adjoint linear operators
Let T Н 7 Н ве а bounded self
adjoint linear operator on a complex
Hilbert space Н Then

М
1 Х ЛЕ idea

т о

where I Ех ХЕ 112 is the spectral
family associated with Т In

particular x у c Н

Тх g 12 ЛС Ехх у

т

р dch.gg
то Т

Riemann Stiles integral

Let us come back to the operator
х G 1 ха

According to Th 22.9
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xD I о belt
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