
 

21 Spectral representation
of bounded self adjoint operators

During this lecture we will assume

that Н is a complex Hilbert space
scalar field К 6 and Т Н н

is а bounded linear operator
we read that Т is self adjoint
operator it T Т that is

4 х у C И LTX.gs L х Ту
1 Spectral representation of self
adjoint operators in finite dimension

In this section we will assume that

И is finite dimensional From Maths
Lecture 12 we know that there exist
an orthonormal basis е Сп

consisting of eigenvalues od Т In

particular
Теĸ Деĸ Ки мК

and Хĸ are called eigenvalues and
are real Since
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we get
tx TECx.ee Сĸ

Ёсчеĸутеĸ Ёжиĸа
So Тх Ё Хĸсдеĸ Еĸ

Let us define operators

Рĸĸ 2Х Еĸ Сĸ

projection onto span led
Then

Тх Ё Хĸ Рĸĸ or

n

T Хĸ Рĸ 21.1
ĸг

But this formula can not be
extended to infinite dimensional
Hilbert space For instance it

И К 0,13 Да 1 ХА

then T Т and ГП T.LT iEo Tl



So we need to rewrite 21.1 in more

appropriate fashion
Let us assume for simplify

that 2 2 221 In
We introduce
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Remark that

Е 10 с 2

Е P 2,12172
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Remark that Ехх Ё 29929 2ч44м

is the projection onto span 1е ей
Moreover it increases and is right
continuous
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Then in particular Е P 1 12
and Рĸ Е Е
Consequently

1 Ё dicta Е 7

2 DE Riemann Stiles
а integral

We need to understand the last equality
as follows

Тх g Ё Хĸ tx.gg 14 х.gs

I2dLExx y
Latur we will extend this formula
to infinite dimensional spaces Namely



we will show that there exists
an increasing right continuous

family of projection operators 5,2412
such that E о E I and

Т xD Ех
А

2 Spectral properties of bounded sell ища
operators

Example 21.1 Let Н llo.is be the

Hilbert space of 2 integrable complex
valued functions on 90,13 Consider

Года 1 ХА 1 C Eat хиты
1 Т is self adjoint Indeed

ты g ХА УТ It

I ха tdt sx.ly

2 we find the spectrum and resolute
sets Consider Т i Т II



211 Тх Хх Н 1 ха Ххи

f Х ха 717
Then R g A yet 1 C 6,13

If ХЕ 611913 then 1 is а

bounded function so

HRxyli I.fr yctIPdte

2 Трцапоне
E sup

1
1но.is t Нг Нг

So 112,11 E sup Ё Hence
1 1 0,13

R is а bounded linear ориг defined
on whole К Едв 2 C рст
If Х C 0,13 then 1 но isnt

bounded fort and R is not

defined on whole Eloi Say for



yttl F II.lt tt 913 we get
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Rxyltl t.la ltI fIaslH
and

RxytEI.FI а dt

It 1 it 2 1

So R is only defined on the following
set

9 lytico.is I ЕЁ it ею

one can show that DLR is deuce in 140,4

Hence Х Е ПСТ SO

T.LT КСТ 0,13 Кст

and РСТ 61 0,13



Th 21.2 Let Н ве и complex Hilbert space

T Н 7 И ве и bounded self adjoint
operator Then

a All eigenvalues of T if they
exists are real

b Eigenvectors corresponding to different
eigenvalues of T are orthogonal

Th 21.3 Re solvent set
Let Н ве и complex Hilbert space
and Т и И ве и bounded self adjoint
linear operator Then Xt рст itt
there exists С о S.t

Тх 2х 113 С Нхл ХМ

Thur spectrum Let И be a complex
Hilbert space and Т и 7 Н ве и bounded
self adjoint linear operator Then
the spectrum ПТ of T is real and

belongs to the interval m.MS where

m int Тх х
ИКИН



И sup IX х
НИК

Moreover т and М ин spectral values
of Т

Th 21.5 Residual spectrum The residual

spectrum КСТ of а bounded self
adjoint linear operator T Н 7 И
on a complex Hilbert space Н is empty
3 Positive operators

и

we introduce и partial order Е

on the set of self adjoint operators он

If Т is а self adjoint then we

know that СТ x х is real

Det 21.6 Let T.IT Н он be bounded
self adjoint operators we will

write Т I т it

Тх Х Е III Х txt Н

A founded self adjoint operator T

is called positive it

1 30



that is equivalent to

Тх Х y о ХЕИ

We remark that и sum of positive
operators is positive
Th 21.7 Every positive bounded self
adjoint operator T н Н on a complex
Hilbert space Н has a positive
square root ТЕ that is

I T

which is unique This operator ТЕ
mutes with every bounded linear operator

on Н which соти tes with Т


