
 

Spectral theory of bounded
linear operators

we will assume that М spaces
are complex К 16

1 Basic cause pts
Let Х о be a complex normed

space and Т Ст ве я linear

operator with domain ДСТ СХ

We consider for Х c в the

operator
Т III ДА Х

If it has an inverse we denote it

R R Ст f Ж

Note that Rx is a linear operator

Т XI

R.IT



Det 20.1 А regular value of T is a

complex number such that

4 R.LT exists

R2 R.LT is bounded

КЗ R T is defined on Лени
subset of Х

The re solvent set РСТ is the set of
all regular values of Т

The set ТП арт is called
the spectrum of Т

Х c ГП is called a spectral
value of Т

The spectrum ПТ is partitioned into

three disjoint sets

Det 20.2 The point spectrum or discrete

spectrum Трт is the set such that
R СТ does not exists that is

ĸг is not satisfied



The continuous spectrum КСТ is the
set such that R.LT exists and RD is

satisfied but К ст is unbounded

The residual spectrum КСТ is the
set such that Rx Ст exists and
the domain of R ст is not Леня

in Х

Remark that ПТ T.LT U5cCT UQCT

we also note that R СТ does
not exists it I Т XI is not

injective For linear operators
it mens that 7 х 10 set

f Тре Тх 2х 0

Then it Трĸ itt Эх о such
that

Тх Хх 0

The vector Х is called an eigenvector
of Т or eisen function of Т it Х is

a functional space



Recall that in a finite dimensional
space Х there exists only point
spectrum КСТ T.IT

Example 203 Let

X ЕЕ х 134 3 at 6 Ё 171 со

Define
Т в ег

Тх о 3ч х Зĸ

right shift operator and КТИ
because

ТХК Ё Уĸр Нхл

The operator R.LT T IMT
exists

Т у 2ч 2 2ч 5 1943
It is easy to see that for х о

Тх ой Тх х 0

But b is not satisfied since

DCR.LT ImT Ly 121 2 0



Here 2 0 is residual spectrum

Prop 20.4 Let Х вся complex Banach space
ТЕ ВСХ Х and Херст
Then R СТ is defined on the whole
Х and is bounded

2 Spectral properties of bounded
linear operators
Th 20.5 Let ТЕ ВСХ Х Хве я Banach
space 71 НТН 21 then I т

exists belongs to ВСХ Х and

I T ЁЖ It Тет't

where the series is convergent in ВИД

Proof Note that 111 41 E ПТИК Since

111 1121 then the series

ЁП Е Ё НТН с 10

So the series ЁПТ is ĸво betel convergent
Consequently the series

S Тĸ
4 0



converges We compute
I Т ItT T n.tt

ItTtTt tT I Т

I т

since ИТ НЕ ИТИ о Тнп
we get

т S SLIT I

so 5 I т

Th 20.6 The redolent set РСТ of ТЕВЦЫ
on a complex Banach space Х is open
Hence the spectrum TCT is closed
Th 20.7 The spectrum TCT od ТЕВСУХ
on a complex Banach space Х is compact
and lies in the disk

121 ЕНТИ
20.1

Proof Let 270 and Q From
Th 20.5 we obtain that



R Т XIII f I ат

I I Сат БЁ т
20

where the series converges because

ИЕТИ 1

So by Th 20.5 R C ВСХ Х

Since ГП is closed Th 20.6 and

founded не hen that Пт is compact
В

Th 20.8 Representation theorem for resident

Let Х ве и Banach space and ТЕ В IX Х

Then for every Хо c рст the resolved
R IT has the representation

R Ё.ca х.IR
where the series absolutely conveyors
for Х in the open disk

12 2 с 1112.11

in the complex plain



Def 20.9 The spectral radius r.LT of
Tt B X Х is the radius

т sup 121
ХЕПТ

From 20.1 it is µ
obvious that y

КСТ ЕНТИ

but one can show that

чит Еда ТТТ
Th 20.20 Re solvent equation сотти futility
Let Х ве и complex Banach space
1 c ВСХ Х and Хул cРСТ Then

а R R µ 7 Руĸ
b R commutes with any St B x Х

which со mutes with Т

С R R Rmb
Proof a Rn R RIT XI R



C F µ I R

Км т х I TUI R ди µ a В

µ 7 42

b The assumption TS ST implies
Т XI S S Т ХЕ Thus

R S R SIT х I R RITH SR

52
С R сотиtes with Т з 8 Hence
R сотиtes with Rm

Вы
Th 20.11 Let Х be a complex Banach space
ТЕ ВСДХ and

p.li 2nItLn I 1 c 2 270

Then
т рст p ТП

where роĸ 2 Т 12 Т 2 I

р КСТ р a c 6 2 C МП



Th 20.12 Eigenvectors Хг Хи

corresponding to different eigenvalues
Х In Ot а linear operator Т

он я vector space Х are linearly
independent


