
 

18 Orthonormal sets

1 Direct sum

Let Х be an inner product space
over К Let У ве я complete
subspace of Х Then we know that
the rector

2 х у 1 Y

where
их ул it х Г

Define t

I
Yt htc X.tt У у

Yt is a subspace of Х

Th 18.1 Let У ве any
complete subspace of

X Then for every ХЕХ there

exists unique у c Y and 2 c Yt such that

Х у 17 17.2

Proof The existence of у and 2 follows
from Th 17.11 and lemma 17.12 Indeed
take у c У s.t.int
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1
and 2 Ху Then 2 C Y

isorthog.toevery vector from Y So
X у 1 хд у 1 2

То prove the uniqueness we assume

that
yet уг 14

where у у c Y 7,7 t Z Then у11 232
у

So Су у 2 2 3 0 since 414
И

у у у уг

у у ву ГРЗ and hence 7 4

Det 18.2 A vector space Х is said to be

the direct sum of two subspaces Yank
Zod Х written

Х У 2

it every х c Х has a unique
representation

Х у f 2

Remark 18.3 Let У ве а closed subspace
Then Х У Yt



2 Orthonormal sets

Ded 18.4 An orthogonal set И in

Х is a subset МСХ whose elements
elements are pairwise orthogonal
that is cx.gs о V x.ge М х 4
A set М СХ is called orthonormal

it
ix g

У 11
ХЕу

Exercise 18.5 a Show that for

every х у c Х ну
ИХ тут 11 444112

Pythagorean relation

b Prove that an orthonormal set
is linearly independent
Examples 18.6 a 11 112

М 110,01 10 1,0 10,91

72,0 E 01,1991



b Х ег

µ Len 11 а О 9,19
n th position

C Х Й 0,25 Hilbert space of
real valued functions

µ Ен n 0,44

США enltl.coтт

и en n 313

ему sin
тт

Remark 18.7 It 19 аз М is

a basis in Х Then for every
Х there exists unique 21 tn 1 К

such that
x 2,91 then

If М is orthonormal then ли ĸ 4
can be easily founded as follows



Х Еĸ 2,41 1441 then Еĸ

2129 Сĸ 1 2ĸ Сĸ Сĸ 126,4

О 1 2х О Хĸ

So Х Х G е СХ Enter

We want to extend the idea of
the last remark to infinite
dimensional inner product spaces

Let 24 Сп be an orthonormal
set we consider

у Ё Х Сĸ Сĸ

Let
2 Х у

Then
x у 17

and 2 1 у Indeed

7 g 2х руĸ Сху Суу



Ё 2х сденеĸ ИЁ сделал

Ёх идей Ёрдеĸх о

Бют Pythagorean
relation

Нели again by Pythagorean relation

НХП Иди't 117112.3
n 18.4

7 12441Г
ĸг

1181 implies the following statement

Th 18.8 Let Сĸ Кэс be an orthonormal

sequence in an inner product space Х
Then for every х C Х

Ё 2х Сĸ 111 112

Bessel inequality
Now we explain how one can obtain
an orthonormal sequence it an

arbitrary linearly independent sequence



is given Let Хи ни К

linearly independent we construct
an orthonormal sequence Еп ни

such that Кп

Span Х Хи I span ЕЕ и 11

Gram Schmidt procedure
ЕеSet Ег ĸхм

1 Хг 44,934
Ег E

11111

Ц Хз Хз G Е 2213,9212

Ез
11111

К хи Ёсхцелеĸ
а Е

НИН

3 Series related to orthonormal sequences



Given any orthonormal sequence Сĸ хы
не can consider

с

Lĸеĸ 2х C К 18.2
Кг

we are going to figure out when
the series 18.2 converges
This д Let Чеĸ Ки be an orthonormal

sequence in a Hilbert space Н Then
a Series Ct converges off
the series

Ёны
converges in IR

С It 18.4 converges and
Д

х 2 d ĸеĸ
ĸг

then 2х 2х Еĸ tho

c For every ХЕ Н the series

Ё c зеĸ Сĸ 48
converges but not necessarily to х



Proof a Let Sn L е 1 then and

Rn 1212 1 1 1212

Compute for нет

Hsm SNIP И due Еще tdmen.IE

draft 11412 Rm Rn

Нене I is а Cauchy sequence in Н

iff Rn is я Candy sequence ink

So Isnt converges in И ill

Rn converges in IR

b Let х ЕЁХĸ Еĸ Compute taken

Sn Сĸ 2ĸ

Since Sn х by the continuity
of the inner product

2х t.sn Еĸ Х Еĸ n го

С From Bessel inequality
Ё lcx.eu

r



converges From a series 18.3 also

converges В

4 Total orthonormal sets

Ded 18.10 А set МСХ is called
a total set of

spat Х

that is it span и is Лени in Х

A total orthonormal family in Х
is called an orthonormal basis

Th 18.11 In every Hilbert space И

there exists a total orthonormal
set

Th 18.12 An orthonormal set М in а

Hilbert space Hitt ĸ х c И

Еĸх еĸх нхл

Parsed equality



This 13 Let Н ве а Hilbert space
Then

a It И is separable then every
orthonormal set in И is countable

b 71 И vi tins а total orthonormal

sequence then И is separable


