
 

16 Dual spices

1 Normed spaces of operators

Let Х У ве normed spaces
we consider the set

ИХ Y

of all bounded linear operators from
Х into Y the domain of operators is Х

B X Y becomes a vector space if
we define the sum Т Та as

ТТ a Пх 1 Пх ХЕХ

and multiplication by scalar

5 х 2Тх ХЕХ

where Т T.TT 3LX Y

dtk.TL16.1 The vector space В СХ Y is
a normed space with norm defined

111 11 sup Пхд sup 11174 16.1

2170 ПХИ КИНГ



Exercise 16.2 Prove Th 16.1 that is

show that the function
11.11 ВСХ 4 К

defined by 16.1 is a norm on ВЦУ

Th 16.3 It У is a Banach space then
B Х Y is a Banach space

Proof Let Tnt ВСКУ н be а

Candy sequence in ВСКУ Then

Тп Trull О n.mn а

Take х Е Х and consider ГХ real
Then this sequence is Cauchy in Y
Indeed

1 Тих Тиĸи ИТ Тм lх 11 Е

Е ИТ Tull 113111 о mm 7

Since Y is complete Эу c Ys.t.TNх у по

Define Тх з Let us show that

T is linear



Tltx pzl lm.TK жри

Едряхертэ
thnx РЕЗКЕ
2 Txt рт 2

we next prove that ТЕ ВСКУ
and Ти Т Take

any Его
Then З NV n.msN1lTnTmlLLE
Note that ton n N

III х ТХК III х 3 Тихи

Чд 11 Тих Тихи Elin НГ ТИЛИ

Е Или с Е НХЛ 16.2

So Тп Т is bounded So

1 Тп I Т is also bounded

Moreover ИТТИ С Е ву C 2

В



2 Dual spaces

Let Х be a normed space

Det 16.4 The set of all bounded linear
functionals on Х with norm

Иди su.pksupltmIxohXlllXll 1

is called the dual space of Х and is
denoted by Х

Th 16.5 The dual space Х of a normed

space Х is a Banach space whether or

not Х is

Proof The statement directly follows from
Th 26.3 and the fact that Y К is
a Banach space with norm 11211г 121

Det 16.6 An isomorphism of a normed В

space Х onto a normed space П is

a bijective linear operator Т X й
which preserves the norm that is for
all ХЕХ

Тхĸ И ЖК norm in Х
norm in Г



It there exists an isomorphism ol
Х onto Г then Х and Й are called

isomorphic normed spaces

Examples 16.7 a I 1Ч where

It 1 rape to

Let f c f I We consider а basis

in С1 Е 1,0 О Ей д 0,1

Then x 3 5 Ё да

Using the linearity of f we get
Нх Ёнеĸ Зĸ Ёжиĸ

where Уĸ Кеĸ 6 I n

Next we compute the norm of I

By the Nieder inequality
11641 1 Ё ты

n

HIM'T E ЦМПК 4



Нину ИХир
where и К К

Next take idk.ro
it эй 0

I 1 gх КР tk

and compute

11141 11 ĸепĸи

ЁЛКИ
х ЧЁ КЕЙГЕН.ir

T

Hunt Ё НИ

IEtr.MN EriII
11 ни ИХИ

Hence И fИ ИИИ



Consequently the map

11 flex i и

is an isomorphism otIontolIandkfll
Ilullg.Jnother words any bounded linear

functional f can be written
in the form

f х Ёĸуĸ и х

where и a c 11 and На Нину

4411 5,11 ей

c С Й герс htt
d С й
e с G L

f 96 И a в leap L сад

g С я Ы functions of founded variation



3 Dual space to С a 63

Def 16.8 A function И a 63 К is

said to be of bounded variation он

a в if its total variation

Varun sup Ё tutti инт

is finite where the supremum is taken
over all partitions

a t.at с Ctu в

Example 16.9 If и is non decreasing then
и has founded variation Indeed

Var w sup Ё lwttjl wltj.it

sup2 wCt wtf Мв Ма

Remark 16.10 А function и has bounded
variation it it can we written as

a difference of two поп decreasing functions
that is Э we Иг 1963 Ж
поп decreasing such that

w И Юг



Let B a 63 be the set of all functions
on a в of bounded variation
It is obvious that Цися Ы is a

vector space over К 112

Define the norm on this space as follows

Hull Ма It Vartan

Lemma 16.9 B Utah is a Banach space

If Х Е С СаАЗ and и C BU Еды then
one can check that there exists the
Riemann Steeles integral

ха dwltl l.no ЁШКИН наш

where c триĸ 1ĸ 1 вĸ C Нĸ 1,43
а t.at с c.tn 6

Remark that it wt С a 63 then
WE BVEa.GS and

ха dutt ха A он



Th 16.10 Functionals on С a 63 Every
ft С a 63 can be expressed as

a Riemann

stieltjesintegral.tkIxctldwLt
with 11411 Var n

It П 16.11 the function can be made

unique it не additionally require
that w is right continuous and
w 01 0 10

a.GS BVoE9b3
where B V a в В Едв contains
all nigh continuous functions of
bold variation


