
 

15 Linear operators
1 Basic definition

Let Х у ве vector spaces over the
same scalar field К

Def 15.1 A linear operator Т is a

map from ДСТ с X to у such that
г the domain ДСП of Т is a vector

subspace 06 1
2 К X у C ДСТ and scalar 2

1 хд Тх Ту
1 2х ПХ

It У 1 К then Tis called a linear functional

Examples 252 я 11 112 7 112 Let
maA ай be an mxn matrix

Define
Тх Ах х c К

that is Тх у ум
where

II t.li M.x



Then ДП 112 and T is a linear
operator
b Х Едв У С a 63

Тора slots ttsa.IS

ДСТ С я 63

c Х С Едв У С a 63

fxlltl xt.tl 1 c Еа 63

ДСТ С а в c a 63

d Х И Еды У Кса 63

4 я 83 К ве и measurable function

х 11 1 414 ха

ДА ХЕЙЦЫ НАЖАЛИ t.to

e Х L 4 112

Тх 17.4 ĸ 4
ДСТ L Tis linear functional



2 Bounded and continuous linear operators

Now we will assume that Х У are

normed spaces over the same scalar field

Def 15.3 А linear operator Т ДСТ Y
ДСТ С Х is said to be bounded it
there exists а нас member С 20

such that
НТХИ a С НХЛ 15.1

I
norm in у

norm in

For simplification of notation we

use 11.11 for notation of norms in X У
even if they are different

The number
Пхл

ИТЛ sup ТХЕДЫ
3170

is called the norm of Т

Exercise 25.4 a Show that 11111 is the
smallest constant С satisfying 15.1

that is

ПТН min С Тхĸ 5 С КХЛ их ЕДА



b show that НТН sup ПХИХЕДЫ
113414

Example 15.5 a Х Уг СЕ 0,13

ХД ХИ 015 Xt СЕИЗ ДСТ

Show that Т is bounded and find
its norm

Тхĸ fight хы dsl E

Едр I 1 4114 e

пдд t.hr Ids

kXllmoxt НХЛ
10,1

So НТН 11 Let us show that

111 11 1 Take х 1 then Или

Moreover РЖД fldst.JOТхĸ 1

ИТЛ 3 L
НХЛ

НТН



b Take Х a У СЕ 0,13

ПНА X'It ДП e С 6.11

Let us show that Т is unfounded

Take xnltl tn.tt 413 ни

Then 1121411 тих It1CЕф

Compute
Тхра nt

Непи НТхин тих Int I п
1C191

SO ИТ 112 ТУ п Кнэг
Hank

ИТИ а

In other words there is по constant

С S t.tl XnllECllXn4V

n71siuanth e С



Th 15.6 Let Х be a finite dimensional
normed space and Т ве я linear

operator on Х Then Т is bounded

Let Т ДСТ У be a linear operator
we recall that T is continuous at
Хо ЕДП it

Его 3 б о ХЕДЫ Их 111 сб

х Тхо ИСЕ

Th 15.7 Let Т ДА У be a linear

operator Then
a Т is continuous it and only it

Т is bounded

b If Т is continuous at a single
point then it is continuous

Proof a For 7 0 the statement is trivial
Let Т О Then 111 1170

Assume that Т is bounded Take ну
Хо ЕДЫ and Его Set б E

ЧТИ

Then for М ХЕ ДП Их хонсб



we have

Пх Тхо 1 ИТ Х 6 ЛЕТНИХ холс

ПТН б НТН 1
Е

Since хо c ДСТ was arbitrary Т is
continuous

Let Т ве continuous at any
point Хо Е ДСТ Fix any Хо C ДР and
take с then 3 бю

s.t.ltХ C Д т Их хоп сб it follows
И Тх Тхо 1121

Now take ну у 70 from Дст and set
Х Хот у Then

Х Хо I
214117

Hence Их Хол с б

Then 1211Г х Тхо 11 Пх хож ИТ Бтд
I
Мун Тун

Thus
2 1,1911 с 1 Нту с 7411



Since у C ДСТ was arbitrary
it implies that Т is bounded
Remark that here we used the
continuity of T ang at one point
Хо

b Hence by proof in a it
Т is continuous at Хо then
it is bounded Then Tis

continuous он ДСТ
ТВ

Corollary 15.8 Let Т ве и bounded linear

operator Then
a it xn sxlwherexn.xc.at then Тхи Тх

b The null set Ker G х Тх

is closed

Exercise 15.9 Prove Corollary 25.8

Th 15.9 Let Т Дст У ве а

bounded linear operator and У ве
а Banach space Then Т has an extension

F Т Y



where Г is is и bounded linear
operator and КПП КТИ

Proof we only show how I can be
constructed Let xt БТ Then
there exists а sequence Хи c ДСТ

Sit Хи х Since Т is linear and

bounded then

КТХи Тхт НЕ ИТС Хп Хи НЕ Тинĸи хм 11 10

и т а

So Пхи is а Candy sequence in У

Since У is a Banach space complete
normed space there exists у C У
such that

Тхи у на

set Тхту
Show that Tx is well defined
Id 2,11 is other sequence from
ДП converging to х Then

Tzu у
Show that у у Consider the

sequence 4 Х it Хг 2ч Хз Z



Then this sequence converges to х

And Тĸ у but

Тут у у

ТЦ уĸус
у у

В


