
 

14 Normed and Banach

spaces
1 Vector spaces
we recall from Math 2 Lecture 2

Let Кг IR or в

Det гиг A vector space over a

field of scalars К is a non empty
set Х of elements х у called
vectors together with operations
addition and multiplication
Satisfying the following conditions

г хеу деĸ x у c Х
2 Хед 17 Ну 17 хд 2 C Х

3 Э vector О C Х s.t.tt ХЕХ оех х

4 4 ХЕХ Эу c Х denoted д х set

Хгу
о

5 Г Х Х ХЕХ

6 Нету 2х 14 ftp x 2x Px

Ху C Х 2 РЕК

we also recall that Y c Х is called



а vector subspace of Х it Кху C Y
42 р c К 2Х 1 ру C Y

Examples 14.2 The following sets together
with operations т and ин vector

spaces
a К С зп Уĸ C К Ки и

3 5 11 2 3,12 НИ
213ч и 2 14 25

where К 112 or в

b С 963 х 1963 µ х continuous

хд f хенда
G It 2 ха

с 1 2 13 деĸ Ё 17144
2Х 13 3ч з НК syflf.cl со

Хед 3 12ч 324ч
2х 23,23ч

d Й а в х 6,13 7112 х measurable
I КРАХ e



we identity хд c С it хз a a e

where 2 is the Lebesgue measure on Еды

tyXtIxttltyCtIKxXH2xCtl

2 Normed and Banach spaces

Det 14.3 A norm он я vector space Х
is a real valued function он

whose value at ХЕХ is denoted by
НХЛ

and which has the properties

µ 11 1130 ХЕХ

NZ 11 11 01 х о

3 Il2XIl _ltIllXllVXtX2tk

4IllXtyllEllxlltllyllV x.ytK
Triangle inequality

А normed space Х is a vector space
with a norm definite on it



Let 11.11 ве я normed vector space
The norm 11.11 defines the metric d on

Х which is given by
d хд Их ун x у C Х

One can check that d is a metric
on Х The metric d is called the
metric induced by the norm

We will also consider every normed space
Х 11.11 as a metric space with the
metric induced by the norm So

Хи converges in Х it

Пхи ХИ О п 10

Similarly 223 is а Candy sequence
it Нхп хм 11 о тт 10

Det 14.4 А normed space Х 11.11 is

called a Banach space it it is

complete in metric induced by the
norm 11.11



xersicem.si Show that а norm

satisfies the inequality
Нхл ну I Е Их ул 14.1

Inequality 14.1 implies that the

map Хэх 1 ИНН C К
is continuous

Examples 14.6
а Euclidean space 112 and unitary
space в

ХП Ё 1412Г
b Sequence spaces в ЕР
Norm in в 11041 sup 13 1

К 71

Norm in Е ихи Ё 1214
С Space С

ИХ И sup 141
К 31

Remark that с is a subspace of в



d Space B A

Их 11 sup
на

1441

С Space С a 13

И ХИ тых IX CHI
1C1463

f Spaces 14 ры Ей

11 Нхл Ё Вĸ lI NEK.it

g Spaces Lp а 63 р

Lp НХЛ Хирон

A И spaces in а g are Banach spaces

Example 14.7 Incomplete normed space

The space С a В with norm

XXII 1 ха It

is incomplete normed space



3 Finite dimensional normed spaces

Det 14.8 Vectors х Хи C Х are

linearly independent it the equality

4Х 1 1 Ln Хи О

only holds it 2 L 0

A subset М С Х is linearly
independent it every nonempty finite
subset of И is linearly independent

A vector space Х is finite dimensional
id З nil such that Х contains
а linearly independent set od vectors
and every set containing more than
п vectors is linearly dependent
The number n is called the dimension
of Х write n dim Х If such n

does not exists then Х is inline te
dimensional

It не dim Х then а linearly
inker family of vectors Ее а



is called и basis for Х It
Кг 4 is a basis then for

every vector ХЕ Х there exist

unique set of scalars 2ч tn

ns.tX Хĸ Сĸ

we say that Y EX is и subspace
of я normed space Х it Yi а vector

subspace of Х and the norm on У is

the restriction of the norm on

For example С is а subspace of в

Y is a closed subspace of Х it

additionally У is a closed subset

of Х

4 Sikander basis

In a normed space we can use series es

Let ĸ c Х пы we define thepartial
sums

Sn Ё Хĸ Х 1 Хи



we say that the series Ёхи
converges it КП is convergent
that is 35 c Х s.t.sn 75 на

The elements is called the sum

of the series Ё Хи

А series Ёж is absolutely
convergent if Ё ХМ converges in 112

Exercise 14.9 Show that the absolute

convergence implies the convergence in Х

it and only it Х is a Banach space

Bed 14.10 It а normed space Х contains
я sequence ten with the property
that for every ХЕХ there exists
я unique sequence of scalars 41
such that

х Ё неа

then Сп is called а Shanker
basis or basis for Х



Exercise 14.11 show that it а normed

space has я Slander basis then

Х is separable
The inverse statement in not true
in general
Example 24 12 Len 0,0 1,0 пн

2 th position

is а Scheider basis for I Рн


