
 

13 Completeness of metric spaces

1 Cauchy sequences
we recall the definition of convergence
in a metric spaces

Det 12.12 А sequence Хи in a metric

space Х Х d is said to converge or

to be convergent it there exists ХЕХ
such that

2 dlxn.sc o

х is called the limit of 123 and

we write
Езда х or ĸ х

Def 13.1 A sequence Хи is said to
be а Candy sequence it

Его IN V n.ms NdlXm xn cE

in other words it dlxn.am О m.rs

The space is said to be complete
it every Cauchy sequence in Х

converges that is has и limit which
is an element of Х



Example 13.2 a All spaces 1 9 in

lecture 11 are complete
b Х Q dlx.ly la yl x у C Q is

incomplete Take

хи Ё C а

we know that Ё 1 e I Q

The sequence хи is а Candy sequence
Indeed for пст

а
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But Киз is not convergent in КА
because there exists по x c а such that
Хи эх in Х Q xn se.IQ

c Х 0,15 др з pt 191
This space is incomplete Indeed

Take Хи t.tn tX n72
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Hence 111,2 is а Candy sequence
but I х c Х 5.7 К 7 х

because Хи 710,011 Х
d Let Х Ссор and

d хд 1 171 да At

Then Х d is a metric space check this
Х is not complete Take
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Hence 2243 is а Cauchy sequence
but it does not converges in С 10,13

x сил
Хс

2 Some properties
Th 13.3 Every convergent sequence in

a metric space is я Candy sequence

Proof Let In converges to х

Then о.cl xnpem Edlxn x1tdlx xm 70

n.ms
ТВ

Exercise 13.4 Show that а Cauchy
sequence is bounded

Example 13.5 Let us show that Ер is

a complete metric space Take а

р

Candy sequence хи III Е

1 Show that НЕ 411 is a candy
sequence in IR Indeed



11 321 К КР Е

c Ё Iy.i 3 h dlxn.am 70
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So 1351 is и Cauchy sequence in

112 Sine IR is complete see Мини Th 5.32
Э зе t.IR such that К зе n

2 Show that x Зĸ С and

XP Х in ЕР

Take Его Ву the fact that 41 is

я Cauchy segue ness we have that

Э 11 Кут 71

d Хи хм с

so E Т Ellie E

Ёй у с E



Ву Futon's lemma

I Еĸий sir Ersi klr.EE
so СЁ 15 g РГР Е turn

we need only to show that х 3 КМ
Ву Futon's втти

Ё 141 ЁЕ s P
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because 22.1 is bounded
до

Th 13.6 Let М СХ в non empty
Then

a ХЕЙ it and only if Эхи c М ни

such that х х

b И is closed it and only if
4 КП СМ s.t.sn х in Х we have
that Х C М



Th 13.7 Let Х d be a complete
metric space and М с X

The metric subspace М d is

complete it and only it и is a closed
subset of Х
Proof Given М d is complete

we prove that и is closed in Х
we use Th 13.4 в Take a subsequence

Киз С М such that Хи х in Х

Then by Th 13.3 41 is и Cauchy
sequence in X that is

Кнп Хм О тт 20

but then КП is candy sequence in У
Since His complete 3 у EM

such that Хи у in И that is

Лицу О то

But then Хи у
in Х Since

the limit can be only unique
see lemma 12.14 х у ЕМ



Given М is closed in Х and
X d is complete Take хиз

я candy sequence in И them

Хиз is а Cauchy sequence in Х
bу the completeness of Х Эх c Х
such that ĸ х in Х n го

But then by Th в ХЕИ So
Хи х in М г 7

ТВ

Def 13.8 Isometric spaces
a А мир Т X Г is said to be
isometric it Т preserves distances that
is it for all хд C Х

Й Тх Ту dlx.gl
b The space Х is said to be isometric
with the space П if there exists а

bijective isometry of Х onto П

X Г are called isometric spaces

Th 1.9 For a metric spree Х x d

there exists а complete metric space
I I I which hes a subspace И



that is isometric with Х and deuce in П
This metric space I is unique except for
isometries


