
 

12 Convergence in metric spaces
1 Continuous maps
Let ве я metric space with metric d
that is Х is a set and d is

a function d Ххх К such that

мг d хд C о 19
К2 dlx.gl 0 х у
3 dtx.yl dly.si symmetry
4 Лиц Е Ла t dtz.gl

triangle inequality

Recall that а set в is said to be

open it К х Е в 7ч го

s.t.BRx IytX dlxg cr с 6

Detl2.1 ie X dx Y dy be metric
sprees А мир

Т Х у
is said to be continuous at х it
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А function T is continuo on Х it
Tis cont at every point of

Example 12.2 The function T С Й
defined us

Тх 43,32 х 1341
is continuous Indeed let х Уĸ IN
and Его Then to М

у уĸрй C в

4.4 g syplsx g.cl б
where б will be chosen later
не here

drltx.ly dr l3 H 4.14I
Сз g 5113г р с

ТТ БП Пб Е

Нет б 72
So Tis continuous at all хав
Непи Т is continuous on Е



This А мир Т Х 7 У is continuous
on Х it and only if 76 open in У

f G ХЕХ Кх c 63
is open in Х

betray А point Хо is called a

limit point of a set И с X it
К 120 3 х 1 Хо ХЕ NS.t.XEBdxo
The set Й which contains all

points of И and М limit points
is called the closure of М

Example 12.5 Take Х К and

М ОЙ 3,32 c Й 3,3 C

Then ОТ 1122 since every point of
К is a limit point of a

V X.tl I VE7O7xtQ2
Х Е ВЕ Хо



Exertion 12.6 Propose а metric space Х
and а ball Вяло in Х such
that i sure

Вч Хо 7 519 ХЕХ Мухрач

Def 22.7 A subset М of Х is called
Лепсе in Х it

П Х

Х is called separable of
there exists а countable subset of И
which is Лени

Example 12.8 According to Example 12.5

the metric space К is separable

Remark 12.9 А metric space is separable
if there exists а countable set МЕХ
such that every ball Вчĸ но хех
contains points from М that is

7 ХЕХ ĸ 220 Вчĸ AM

Remark 12.10 The spaces IR.IR С 963
И Lp are separable
The spaces Вся в and l are not
separable



Example 22.11 We show that И is separable

Take И ХЕЙ Х 2,12 sn 0,9
ĸ C Q b 3 in n 21

Remark that и is countable
Indeed we can identify

Ми КНР Х 14 р 0,0 КЕД
with ОЙ that is countable

Consequently И Ё Mn is countable

Let us show that Й Х

Ву Remark 12.9 we need to take

arbitrary х C в что and find
у c И such that у c Вгруемзург
Since set в

Ё 134 ага

There exists ns.t such that

Ёж 171 с б

Next we choose Чĸ c b и



E
such that I Уĸ Чĸ с бг ТТК 3 n

Take у д 2,99 c М

Then
Мху Ё 11 21
Ё 14 41 Ё S

К б е L

nбf бг Ё and

б E
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2 Convergence Cauchy sequence Completeness

Det 22.12 А sequence Хи in a metric

space Х Х d is said to converge or

to be convergent if there exists ХЕХ
such that

2 0114 x 1 0

х is called the limit of 123 and

we write
Езда х or ĸ х

Remark 12.13 Х х iff



V E о 7 NS.t.V

nzvdlxnх с Е or sent B х

А set Mis bounded if it ЁЁ
is contained is a bull Вдхо
that is Эхо C Х

rros.t.MEВчно

Lemma 12.14 Let Х X d К a metric

space Then
a А convergent sequence in Х

is bounded and its limit is unique
в 51 a х and ди у

in Х

then dlxn.gr dlx.gl


