
 

7 Lebesgue integral
1 Approximation д simple functions
Let ХР be a measurable space
be a measure on П

Det 7.1 А function f X 7112 is called

simple it the set Нх consists of
я finite number of elements that is

there exist distinct а а аж c К sit
т
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15 1

where Аĸ хех Lex аĸ f Чаĸ

in

Remark 7.2 TheННА An EF it and only if
the function f is measurable

Exercise 7.3 Prove that the sum and

the product of simple functions



are simple functions

Th 7.4 Let f ве а non negative
function I X 7 о а The function
f is F measurable it and only it
there exists я sequence 212 of
simple F measurable functions such
that V xtxfnlxlsfn.la and

Их 92114
Proof Follows from Th 6.8

Let f be Г measurable For now
we consider numbers Кто n2 1

and define

At хех E eКĸ суд c I
Ви 2х c Х Кх 7ч c II because

Remark А4 ЁИЕ ksa.me

ни D Сп ю

Take fun ЁЁ Таĸим пдп



n 1

1
I
1

1 1 1 1
I I I

чтоттоitпили и n и с e с c с c.hn с 1 и нытиĸи I I 1 1 1 1 и 1 1 г и с n

Ао A A В1

п 1

1
I
1

1 1 1 1
I I I

mommies пили и n и с e с c с c.ee с_ и птичĸи 1111 1 1 1 1 1 г и с n n

Ао A A В 1



n 2

3

1

1 I
I I I II I I

mmomriotmnunnen e.ec L L L L c и 1 и тётиI I till he
1 г n

п 2

3

till

I Т ТI I II I 1 I
I II I

I
1 1 1 1 I I
I 1 I II I I I I

mmomriotmnunnen e.ec L L L L с_ и пчёлы 1141И в 1 г n с n n

ВЫ



2 Definition of the integral
Def 7.5 Part I Let f be a non negative
F measurable simple function defined
by 17.1 and At Г The value

fix рдухих
т

аĸКАЛАĸ
KII

is called the Lebesgue integral of four А
Here we assume аĸ XIAN Аĸ 0 it аĸ 0

НАШИ а

Parti Let ATF and f X К ве
F measurable and non negative function
The value

t.la t.tn Hd4 pfI fP У

is called the Lebesgue integral off overt
where КИ is the set of М simply
functions р X 7112s.t.O.plEfcnl ХЕХ



Remark 7.6 Other way of definition of
the integral in part I Let fu
be se sequence from Th 7.4 which

converges to f Then

flintlock fifth Жĸх

This two approaches define the same

object
Let f X К be

any function
we

consider its positive and negative parts

f хI тах КМ о ХЕХ

f a min 1414,0 ХЕХ
I

ТУТ



Then trivially
fix 1 14 f х ХЕХ

Ныл 114 1 f х ХЕХ

Def 7.5 Part Т Let ATF I X 7112
ве F measurable function It one

of the integrals
f DX and fat DX 17.4

is finite then

t.fmdneftdxi f.fm HdnI

h.t dx ff dx

is called the Lebesgue integral off overt
It two integrals 17.2 are finite

then the function f is called Lebesgue

integrable on A

The class of М Lebesgue integrable function
on A is denoted by LCA


