
 

5 Measurable functions
1 Motivation of definition Idea of
the introduction of the Lebesgue integral
Let Хе 0,13 and f 0,13 7112 А
я function Let us recall the definition
of the Riemann integral
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We define the Riemann sums

Ё Нрĸ охĸ Хĸ Хĸ ха



we say that t is Riemann integrable
it there exists the limit

5.1 вуз ftp OXicIoxI mxIoxd
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which does not depend on the chaise 014
Limit 5.1 is called the Riemann

integral off and is denoted by

Ых ix

Example 5.1 а It f is a continuous
function then t is Riemann integrable
b f a

1 xtanco.is
ХЕ 0,13101

This function is not Riemann integrable
since the limit depends on the
chaise of 1 Уĸ ĸ 1 nl Indeed
it за C Хĸ Хĸ 3 К 4 и are rational
then

ЁН ĸ охх Ё 1 охĸ 1



if they are irrational then

Ё 114 охх Ёоохĸо
Other approach to the definition of
the integral
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Consequently we can define the integral
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Remark that 114 dх Ни хых

if f is continuous But the new definition
is better

Example 5.2 Take f х 3 х 11913

шел 0 х 4413104и
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Consequently

Imax Е 0 0

From this approach of the integral
we need to be sure that we can

compute the Lebesgue measure of

sets A f ух уии
that is the sets Аĸ ĸ 1 и has
to be Lebesgue or Borel

measurable sets

Remark 5.3 Not all subsets of 112
are Lebesgue measurable

Banach Tarski paradox
Given a solid ball in 3 dimensional



Space there exists а decomposition
of the bull into a finite number of

disjoint subsets which can then
be put back together in a different

way to yield two identical copies
of the original ball

As A

В
The Banach Tarski paradox is

a strong mathematical fact we

do not have any contradiction here
since the pieces are not

Lebesgue measurable

B ЁV Аĸ 216

I
does not exists

So we have по contradiction here



2 Measurable functions Definition

Let Х Х ве some sets and

1 X х

ве а map

Bed 5.4 d For А С Х the set

f A 1764 set А
is called the image of A

Lii For a set A с the set

f A 1 хех Ах th
is called the ртейтаде of A



Exercise 5.5 Show that

a 1 Ё Аĸ Ё f Аĸ

b 1 I Ай f Аĸ

с ftp.t f 5 If A

where A'ĸ СХ В с X and не 044

Solution a

III Ай х flxltyAi3
_IlxiflxItAiI _IfYAiI

Ded5.6 IfXis а set and Fis
а 5 algebra on Х then X F is

called a measurable space

Ded 5.7 a Let ХР and Х F be

measurable spaces and f X Х



The function f is called F F
measurable if

A c F f A e F

b In the case Х IR F ВСК

then f is called F measurable

с Of additionally 11 112 F ВСК
i e

112 7112 and

VA't ВИК f A c ВСК

then f is called Borel measurable

Example 5.8 Let Х 0,13 7 20 Х
1 112 F 51112

Then only constant functions are

F measurable Indeed we know that

A у c F ВИК So

f A e F

means that f Lys 2х flxt yfqorl.gs



It means that fix С txt 10,13

where С is и constant

Example 5.9 Х Х 112 F ЕВИК

d х Then f is Borel

measurable since it A c ВСК

then f A A e ВСК

Remark 5.10 The definition of
measurable't is very similar to
one of definitions of continuity
Indeed f is continuous if and

only it the pre image of every open
set is an open set

For the measurable we require
that the pre image of any measurable
set is measurable


