
 

2 Generated classes of sets
Borel т algebra

Г т ring and т algebra
Let Х be a fixed set and I denote
a class of all subsets of Х

We recall that НЕ 2 is
1 Ёу it for all A В c И

a A A В C И
6 A'В Сĸ where Сĸлд 1 ĸ 1

Сĸ C Н ĸ М

2 tea it it is semi ring and ХЕН

3 ring if V A.BE И

a AUB C И

b A В 1 4

ring is a chess which is closed with
respect to finite number ofoperations
n 41

4 in it it is ring and ХЕН

algebra is also closed with respect



to the complement А XIA

bet2 it А non empty class of sets НСГ
is called а т ring it

i А A г c Н V А C Н
н

A В C И A В C Н

A class Н is called а т algebra
if A is а т ring and ХЕН

Proposition 2.2 А поп empty class И
is а т algebra if and only it

г ХЕ Н I

2 A A г C И U Ant Н
11

3 At и A c Н

Proof The proof is similar to the

proof of Proposition 1.11

Example 2.3 Example of ring
Let 11 1122

А
И A ER А is Jordan measurable

МА a



we know that if A В c Н that is
A В are Jordan measurable then

AUB A В are also Jordan measurable
and µ AUB 2 NAIB с

Испи AUB AIB C Н So His а ring
Note that н is not а т ring
Indeed

К Ё Аĸ where Аĸ L чĸ
are Jordan measurable
with µ Аĸĸо

But dis not Jordan measurable

H is not an algebra and not о algebra
sine К Н МК 1

Example 2.4
Х 0,15

И A a СИР А is Jordan тешим

Then И is an algebra now ХЕН
but not т algebra



Exercise 2.5 Let Н ве ат ring Prove
that A А C И implies that

а

f An C Н
ĸг

Remark 2.6 5 ring is и chess closed
with respect to countable number
of опера tons R U

т algebra is additionally closed
with respect to taking the complement

2 Generated classes of sets

Let И ве а class of subsets of Х

Det 2.7 The smallest т algebra which
contains the class И is called the

smallest т algebra generated by Н It is

denoted by НН
The same definition is for

the ring чин the algebra они

and the т ring тчсн generated
ди



Relations keeps between classes

н т ring
ПАМ

F Antti ж

Ван
денВЕН
pvn.tn

go.si I'mĸ 1

ТАМ
Н ring ĸи

АВЕН
АВ ЁСĸ Сĸен 3 20

4

Сĸлд01,475
4 seminary Х

Н 6 algebra

ТАМ
Ant и Ни
АВМ ВЕН
ХЕИ pvn.tn

AUВЕН ЖЕН

AID c И
Arisen

хм t.IM он
ТАМ

Н algebra ĸ

АМЕН
В _I Сĸ Сĸен

ФЕН

ХЕН Сĸлд01,475
н semi algebra



Example 2.8 we take К а в с

Н а в

a Нн Х la в 14
те have other Г algebras containing Н

I I Х 104 161,41 461,194,49
but it is not smallest one

Remark that ты a M here

b тип 101 га в Ин

Theorem 2.9 The т algebra generated
by И always exists

Proof we construct

ЫН A A belongs to every
т algebra containing И

ДА
A т algebra

НСА



Then ТСН is т algebra Indeed

it A An C Пн Then
A An belongs to every

т ад containing
H that is it А is ат algebra

containing Н then A An t А
but then Ё An 1 А

Consequently An 1 A ĸ т ЩА

containing Н непи I An 1 Пн

Similarly we can show that

At НН Нами

and Х C ТИ

Вор 2.2 implies that Пн is а

т algebra It is trivial that ти
is the smallest one

В
Remark 2.10 The same statement is true

for аж r.tn rrLHl



Theorem 2.11 Let Н ве а semi ringThe
чснĸ Аĸ A Ant Н n

Corollary 2.12 Let Н ве а semi algebra

Then
МН A A Antti ни

Example 2.1351 Нг a в сасвсаро10
Then

ин A Ёсаĸ вĸ 1 1 7
Exercise 214 Let Н c Нг Е Пиг
Show that 51 Нг Пнг

Пнг 1 514Solution we first remark that

Н Е Нг НЕ 5 Снг



SO 514ч is а т algebra which contains
И

Г Нг Е 514 because 5141 is
the smallest т ад which
contains Нг

We also know that

Нг Е Ын

Similarly g Нг сети

Hence гиг Пнг
3 Borel sets

In this section we will assume

that Х ĸ Let

Нг а be x xIaa вл асаĸсвĸса UH

we know from Lecture 1 that И is

semi ring
Det 2.15 т algebra ВСК ТСН
is called the Borel т algebra
Sets from ВСК are called Borel sets



Remark 2.16 The Borel т algebra contains

all rectangles all sets which
can be obtained from rectangles д
countable number of operations A 0,1
taking of complement

Example 2.17 Let 11 112

1 la C B.IR V atIR
о

a A а а 11
vi

2 C ВСК
c

countable
и газ
04102

3 a 63 G ВСК

я 63 Са в 14

4 a в c ВИК

a в Cath в

5 any open set 6 EUR belongstoВид

в Ёсаĸ вĸ check this
6 any closed set ЕЕ ВИК since Fei open



Lemma 2.18 Let Й A ЕЙ А S open

Then ый ВСК that is

the Borel т algebra is generated
by all open subsets of 112

Proof Ву Example 2.17 5 which is true

Й C Виĸу
toraydim.cl

Непи Г Й a Виĸ

Next we remark that

a G Х х lad вл а 1,1 х х янв

So НЕ тай ти ЕЫЙ
И

Непи ВИП ый ВИД В


