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Let X denote a normed space with norm || - ||.

1
1. [2 points] Prove that ||z|, = O p_q [&kP)?, z = (&1,...,&,) € R", is not a norm in R" for
0O<p<landn>2.

2. [2 points] Show that a closed ball
By(xg) ={x € X : ||lx — x| <1}
in X is convex! for any zg € X and r > 0.

3. [3 points] Show that the convergences x,, — z, y, — y in X and «,, — « in the field K imply
that =, + y, = ¢+ vy and a,z, — azr in X.

4. [3 points] Show that the closure Y of a subspace Y of X is again a vector subspace.

5. [5 bonus points| Show that X must be complete, if absolute convergence of any series always
implies convergence of that series in X.

6. [3 points] Show that in a Banach space, an absolutely convergent series is convergent.

7. [3 points] Let (Y,| - ||y) and (Z, || - ||z) be normed spaces. Show that the product vector space
X =Y x Z becomes a normed space if we define

2]l = max {{lylly, lzllz}, == (y,2) € X.

Check also that a sequence x, = (yn,2n), n > 1, converges to x = (y,z) in X if and only if
Yn =y inY and 2, — z in Z.

8. Let X be a Banach space and B,, be a family of closed balls in X such that B,11 C B,, n > 1.
Show that

(a) [5 points] there exists € X such that ()~ , B, = {x}, if radii r,, of the balls B,, converges
to zero;

(b) [4 bonus points] (7, B, # () without the assumption that r, — 0.

LA subset A of a vector space V is said to be convez if for every z,y € A it implies that
ar+(1—a)ye A

for all « € [0,1].
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