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Let (X,F) denote a measurable space and λ be a measure on F . All functions considered here are
F-measurable.

1. (i) [3 points] Let A ∈ F and for every n ≥ 1, functions fn ∈ L(A, λ) and are non-negative. Let
also the series

∑∞
n=1 fn converges λ-a.e. on A.1 Show that

∞∑
n=1

∫
A
fndλ =

∫
A

( ∞∑
n=1

fn

)
dλ.

(ii) [3 bonus points] Let X = [0, 1], F = B([0, 1]), λ be a Lebesgue measure on [0, 1]. Consider
the integrable functions f1 = 2I[0, 12 ], fn = I[0, 1

n+1 ] − nI( 1
n+1

, 1
n ], n ≥ 2. Show that the series∑∞

n=1 fn converges a.e. on [0, 1] but

∞∑
n=1

∫ 1

0
fndx 6=

∫ 1

0

( ∞∑
n=1

fn

)
dx.

2. [3 points] Let pk, k ≥ 1, be a non-negative numbers satisfying the condition

sup
0<s<1

∞∑
k=1

sin2(sk)

s2
pk < +∞.

Prove that
∑∞

k=1 k
2pk < +∞.

Hint: Set X = N, λ({k}) = pk, k ∈ N, and use Fatou’s lemma.

3. [4 points] Let f : [0, 1]→ R be non-negative and Borel measurable. Compute

lim
n→∞

∫ 1

0
xnf(x)dx.

4. [3 points] Compute the sum
∑∞

n=1

∫ +∞
1

dx
(1+x2)n

.

5. [4 bonus points] Let F be a continuously differentiable non-decreasing function on R with
F ′ = f . Show that ∫

A
g(x)dF (x) =

∫
A
g(x)f(x)dx

for every non-negative function g on R and a Borel set A.

6. [2 points] Let l∞n := Rn and d(x, y) = max
k=1,...,n

|ξk − ηk|, x = (ξk)nk=1, y = (ηk)nk=1 ∈ l∞n . Show

that (l∞n , d) is a metric space.

7. [2 points] Draw the balls B1(0) in the following metric spaces l12, l22 and l∞2 .

8. [2+2 points] Compute the distances between the functions cosx and sinx, x ∈ [0, 2π], in
a) C[0, 2π] and b) L2[0, 2π].

1The series
∑∞

n=1 fn converges λ-a.e. on A if the sequence of functions Sn =
∑n

k=1 fk converges λ-a.e. on A
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