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Let (X,F) denote a measurable space and λ be a measure on F . All functions considered here are
F-measurable.

1. [3 points] Let X = R, F = B(R) and λ be the Lebesgue measure on R. Let also f ∈ L(R, λ).
Show that the function ϕ(x) :=

∫
(−∞,x] f(t)λ(dt), x ∈ R, is continuous on R.

2. [3 points] Let f ∈ L(X,λ) and
∫
A fdλ = 0 for all A ∈ F . Show that f = 0 λ-a.e.

3. [2 points] Let fn → f λ-a.e. and fn → g λ-a.e. Show that f = g λ-a.e.

4. [4 points] Assume that f : X → R satisfies the following property: for every a > 0

λ ({x ∈ X : |f(x)| ≥ a}) = 0.

Show that f = 0 λ-a.e.

Hint: Prove and use the equality {x ∈ X : f(x) 6= 0} =
⋃∞

n=1

{
x ∈ X : |f(x)| ≥ 1

n

}
.

5. [3+3 points] Let fn
λ→ f .

(a) Show that |fn|
λ→ |f |.

(b) Let additionally λ(X) < +∞ and g : R → R be a continuous function. Prove that

g(fn)
λ→ g(f).

6. [3+3 points] Let fn, n ≥ 1, be non-negative functions.

(a) Show that for every ε > 0

ελ ({x ∈ X : fn(x) ≥ ε}) ≤
∫
X
fndλ.

(b) Check that the convergence
∫
X fndλ→ 0 implies fn

λ→ 0.

7. [5+2 bonus points] Let λ(X) < +∞.

(a) Prove that fn → f λ-a.e. if and only if

∀ε > 0 λ

( ∞⋃
k=n

{x ∈ X : |fk(x)− f(x)| ≥ ε}

)
→ 0, n→∞.

Hint: Consider the set
⋃∞

k=1

⋂∞
n=1

⋃∞
j=n

{
x ∈ X : |fj(x)− f(x)| ≥ 1

k

}
.

(b) Show that the convergence of the series
∑∞

n=1 λ ({x ∈ X : |fn(x)− f(x)| ≥ ε}) for all ε > 0
implies that fn → f λ-a.e.
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