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Here all Hilbert spaces are considered over the scalar field C.
Let Eλ, λ ∈ R, be a spectral family on an interval [m,M ] associated with self-adjoint linear operator

T on a Hilbert space H. We recall that T admits the spectral representation

T =

∫ M

m−0
λdEλ. (1)

For a continuous function f : [m,M ] → R one can define the operator (which is bounded and self-
adjoint) f(T ) by the equality

f(T ) :=

∫ M

m−0
f(λ)dEλ.

1. [3 points] Show that a bounded self-adjoint linear operator is positive if and only if its spectrum
consists of non-negative real values only.

2. [6 points] Let Y 6= {0} be a closed subspace of a Hilbert space H which does not coincide with
H, and P be the orthogonal projection of H onto Y . Show that for every λ 6∈ {0, 1},

(P − λI)−1 = − 1

λ
I +

1

λ(1− λ)
P.

Find the spectrum of P , spectral family associated with P and writhe the spectral representa-
tion (1) for P .

3. [6 points] Let an operator T : C3 → C3 be represented, with respect to a canonical basis, by
the matrix  0 1 0

1 0 0
0 0 1

 .

Find the corresponding spectral family. Write the spectral representation (1) for T .

4. [6 points] Find T+
λ , λ ∈ R, and the spectral family Eλ, λ ∈ R, associated with operator

T : l2 → l2 defined by Tx =
(
ξ1
1 ,

ξ2
2 ,

ξ3
3 , . . .

)
, x = (ξk)k≥1. Write the spectral representation (1)

for T .

5. [6 bonus points] For the multiplication operator T : L2[0, 1]→ L2[0, 1] defined by

(Tx)(t) = tx(t), t ∈ [0, 1],

compute sinT .
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