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Here all Hilbert spaces are considered over the scalar field C.

1. [3 points] Let T be a bounded linear operator on a Hilbert space H. Show that (ImT )⊥ =
kerT ∗, where ImT = {Tx, x ∈ H}.

2. [3 points] Let k(t, s), t, s ∈ [0, 1], be a continuous function and let the operator T act on L2[0, 1]
by the formula

(Tx)(t) =

∫ 1

0
k(t, s)x(s)ds, t ∈ [0, 1].

Find the adjoint operator T ∗.

3. [3 points] Let S, T be bounded linear operators on a normed space X. Show that for every
λ ∈ ρ(S) ∩ ρ(T ) one has

Rλ(T )−Rλ(S) = Rλ(T )(S − T )Rλ(S).

4. [3 points] Let T be a linear operator on l2 defined by Tx = (ξ2, ξ1, ξ3, ξ4, ξ5, . . . ) (permutation
of first two components). Find and classify the spectrum of T .

5. [4 points] Let X = C[0, π] and define T : D(T )→ X by Tx = x′′, where

D(T ) =
{
x ∈ X : x′, x′′ ∈ X, x(0) = x(π) = 0

}
.

Show that σ(T ) is not compact.

6. [5 points] Let

a(t) =

{
t if t ∈ [0, 1] ,

1 if t ∈ (1, 2] .

Find and classify the spectrum of the operator (Tx)(t) = a(t)x(t) acting on C[0, 2].

7. [6 bonus points] Let T be the left-shift operator on l2 defined as follows

Tx = (ξ2, ξ3, . . . ), x = (ξk)k≥1 ∈ l2.

Find the spectrum of T .
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