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1. Let X(t),t > 0, be a process and ;X = (X (s), s <t). Let also E | X (t)| < oo for allt > 0. Show
that X is a martingale if and only if for every s < t, n € N, partitions s1 < so < --- < 8, < s
and bounded continuous functions hq, ..., h, one has

E(X()h1(X(s1)) ... hn(X(sn))) = E (X ()71 (X (51)) - .. hen(X (50)))-

HW 1 [4 points] Let X,,(¢), t € [0,T], be a family of continuous square-integrable martingales such
that

E sup (X,(t) — X(t)*> =0, n— oo,
t€[0,T]

where X(t), t € [0,T1], is a continuous process. Show that X is a square-integrable martingale.

HW 2 [1 points] Let X (t), ¢ > 0, be a continuous square integrable martingale with quadratic variation
(X);, t > 0. Show that
EX?(t) =EX?*0)+E (X),

for all ¢t > 0.
2. Let f € Cyl0,T7.
(i) Let f be absolutely continuous. Show that for every h € C[0, 7]
T T )
WA~ [ @i = [ b

(Hint: Check first the equality if f € C[0,7]. Then, in the general case, approximate f in L;[0,T] by

continuous functions)

HW 3 [4 points] Let g € L»[0,7] and for every h € C[0,T]
T T
WIAT) = [ W= [ nwa

Show that f is absolutely continuous with f = g.
(Hint: Consider the function f(t) = fot g(s)ds and apply to fOT h(t)g(t)dt the integration by parts formula)
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