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1. Define on a probability space (Ω,F ,P ) a new probability measure

P a {A} = E IAeaη−
a2

2 , A ∈ F ,

where η ∼ N(0, 1). Show that P a is a probability measure on Ω.

2. Let N(t), t ≥ 0, be a Poisson process. Define Nn(t) = 1
nN(nt), t ≥ 0, for all n ≥ 1.

(a) Show that for every t > 0 the family (Nn(t))n≥1 satisfies the LDP in R (with an = 1
n) and

find the corresponding rate function.

HW1 [4 points] Show that for every t1 < t2 < · · · < td the family ((Nn(t1), . . . , Nn(td)))n≥1
satisfies the LDP in Rd (with an = 1

n) and find the corresponding rate function.

HW2 [2 points] Which form should have the rate function in the LDP for the family of processes
{Nn(t), t ∈ [0, T ]}n≥1 in the space C0[0, T ]?

HW3 [5 points] Show that for any f ∈ H2
0 [0, T ] there exists a sequence (fn)n≥1 from C2

0[0, T ] such
that fn → f in C0[0, T ] and I(fn)→ I(f) as n→∞, where

I(f) =

{
1
2

∫ T
0 ḟ2(t)dt if f ∈ H2

0 [0, T ],

+∞ otherwise.

(Hint: Use first the fact that C1[0, T ] is dense in L2[0, T ]. Then show that if hn → h in L2[0, T ], then
∫ ·
0
hn(s)ds

tends to
∫ ·
0
h(s)ds in C0[0, T ], using Hölder’s inequality)

3. Let h ∈ C1[0, T ] and w(t), t ∈ [0, T ], be a Brownian motion. Show that∫ T

0
h(t)dw(t) = h(T )w(T )− h(0)w(0)−

∫ T

0
h′(t)w(t)dt.

(Hint: Take a partition 0 = t0 < t1 < · · · < tn = T and check first that functions hn =
∑n
k=1 h(tk)I[tk−1,tk)

converge to h in L2[0, T ] as the mesh of partition goes to 0, using e.g. the uniform continuity of h on [0, T ]. Next
show that

n∑
k=1

h(tk−1)(w(tk)− w(tk−1)) = h(tn−1)w(T )− h(0)w(0)−
n−1∑
k=1

w(tk)(h(tk)− h(tk−1))

Then prove that the first partial sum converges to the integral
∫ T
0

h(t)dw(t) in L2 and the second partial sum

converges to
∫ T
0

w(t)dh(t) a.s. as the mesh of partition goes to 0)

HW4 [3 bonus points] Show that for every a ∈ R and δ > 0

P {wσ2(t) + at < δ, t ∈ [0, T ]} > 0,

where wσ2(t), t ≥ 0, is a Brownian motion with diffusion rate σ2.

(Hint: Use the Cameron-Marting formula and the fact that sup
t∈[0,T ]

wσ2(t) and |wσ2(T )| have the same distribution1)

1see Proposition 13.13 [Kallenberg]
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