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Solutions has to be uploaded into Moodle:
https: //lernen. min. uni-hamburg. de/mod/ assign/view. php? td=30898
until 20:00, November 26.

HA1 [3 points| Let ¢* be the Fenchel-Legendre transform of the comulant generating function of a
random variable £. Let also 5 = ess sup& < co. Show that ¢*(z) = +oo for all x > 3.

Hint: Show that limx_, o0 (Az — (X)) = +00.

1. Let &1,&s, ... be independent identically distributed random variables. Consider a non-negative
Borel measurable function f : R — [0,00) such that E f(&;) € (0,00). Define the family of
independent random variables 11,72, ... with distribution

1
P {n € B} = GE [f(&)gem] . B € BR),
where C' = E f(&;) is the normalizing constant.

HA2 [4 points] Find the distribution of 7y, if £&; has the exponential distribution with parameter
A >0, and f(x) =e " x € R, where a > —\ is a positive constants.

(a) Show that for every n € N and B; € B(R)

1
P{m € Bi1,...,mn € By} = @E [f(&1) - FE) e e, eneBa}) -

2. Let E =R and £ ~ N(0,1). Show that the family (e€).~¢ satisfies the LDP with rate function

if 0
I(z) = +oo ifax #0,
0 ifx=0.

Compare this result with the LDP for (1/€€)e>0.
3. Let (& )e>o satisfies the LDP in E with rate function I. Show that

a) if A is such that inf I(x) = inf I(x), then
T€A° €A
;12%51111? {&e e A} = —;Ielgl(x);

b) inf I(z) =0.

zeE

4. Let ay, b,, n > 1, be positive real numbers. Show that

— 1 — 1 — 1
lim —In(a, +b,) = lim —Ilna, VvV lim —Inb,,

where a V b denotes the maximum of the set {a,b}.

HA3 [3 bonus points| Let 11,172 ~ N(0,1). Let also for every ¢ > 0 a random variable & have the
distribution defined as follows

]P’{feeA}:%IP{—1+\/§n1€A}+%P{1+\/57726A}

for all Borel sets A. Show that the family (§.).>0 satisfies the LDP with rate function I(z) =
tmin{(z —1)%, (z +1)?}, z € R.


https://lernen.min.uni-hamburg.de/mod/assign/view.php?id=30898

