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Exam Solutions

FEach exercise is graded between 0 and 5 points.
1. Passing to polar coordinates, find the area bounded by the lines

x2—|—y2:2x, x2—|—y2:4aj, y=x, y=0~0.

Solution. We first remark that x2 + y? = 2z is a circle with centers (1,0) and radius 1, since the
equation can be rewritten as (z — 1)2 + 42 = 1. Similarly, 22 + y? = 4z is a circle with center
(2,0) and radius 2.

4

Passing to the polar coordinate
r=pcosp, y=psing, 0<¢p<2r, p=0,
we can write the equation for the circle 2 4+ y? = 2z in the new coordinates as follows:

p2 cos p + p2 sin ¢ = 2p cos ¢,

p* =2pcos e,
p=2cosp, 0L ¢ <27,

Similarly, for the second circle we have

p=4cosp, 0< <27
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Hence, the area S(D) of the region D between the given lines equals

T 4cosyp T p2 p=4cosp
Area(D) = // dacdy:/ dcp/ ,odp:/ 5 dp
D 0 2cos @ 0 p=2cos p

1 11 2
= / (16cos ¢ — 4 cos? go) de /4 wdg@
2 Jo 0 2

™

= 9 s
:3/4 (1+cos2cp)dg0:3<g0+sm <,0>
0

2. Evaluate the line integral

where v is a quarter of the ellipse £ aQ + 4 7z = 1 lying in the first quadrant.

Solution. First we write a parametrisation for the quarter of the ellipse
T = acost,

y=>bsint, 0<t<

Nk

Then

3
/ Tyds = / abcost sint\/a2 sin? ¢ + b2 cos2 t dt
0% 0

s 1
2
:ab/ sinty/a?sint + b2(1 — sin? t)dsmtslnlt uab/ uy/a2u? 4+ b2(1 — u?) du
0

= /Wﬂ u2d2“‘“ab/ VT (@2 — 0w dv =

_(a—b?)/o(bz (a® = b%)0)2 d(b? + (a® — b)v)

ab 200+ (a® — b?)v)?
2(a? = v?) 3

if a #20b. If a =0, than

L ab(a® — b3)

o 3(a2—1?)"

3

b 1 2 1
/a:yds:‘--:a/ \/b2+(a2—bz)vdv:a/ Vatdy =L
8 2 Jo 2 Jo 2
3. Evaluate the following surface integral

// 23dydz + yPdzde + 22 dxdy,
S

where S is the sphere 2% + y? + 22 = a? (a > 0) oriented inward.

Solution. Let V denote the ball with center at (0,0,0) and radius a. Using the Gauss-
Ostrogradskii formula, we obtain

// w3dydz+iPdzde+23dedy = — /// div(z3,y?, 23)dedydz = —3 /// (m2 +y? + z2) drdydz.
S 1% \%4

2



University of Leipzig — WS19/20
10-PHY-BIPMA3 — Mathematics 3 / Vitalii Konarovskyi

UNIVERSITAT LEIPZIG

We have “~” before the domain integral because of the orientation is inward.

Passing to the spherical coordinates

T =pcospcosy, y=psinpcosy, z= psiny,

J = p*cosp,
we have
27 s a
—3/// (x2+y2+22) dxdydz = —3/ dnp/2 dw/ p%p? cos dp
14 0 7§ 0

2 5@ 5
= -3 27 -siny P :_127ra.

_T 5 0 5

2

4. Applying Stokes’ formula, find the integral
/(y —2)dz + (z — z)dy + (x — y)dz,
gl

where v is the ellipse 22 + y?> = 1,  + z = 1, oriented counter clockwise viewed from the point
(0,0,0).

Solution. By Stokes’ formula

/F-ds://curlF-dS://(curlF‘n)dS,
~y S S

where F' = (y — 2,z —x,x —y), n = <_%’O’_%> and
i J k
curl F — 6% a% % =—(2,2,2).

Yy—2 22— T—Y
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So, using the parametrization z = 1 — x, (z,y) € D = {(z,y) : 2? +y? < 1}, for S, we obtain

//(y—z)da:—k(z—a:)dy—i—(x— //222 <\f }) ds
_2f//ds_2\f// J1+G 2! )2dxdy

:zﬁ//l)mzzﬂ //Dda:dyzél-Area(D):

5. Let f(z) = 2%, z € C. Is f differentiable at 0?7 Is f holomorphic at 07 Justify you answer.

Solution. The function f(z) = 22 is differentiable at 0 because

fim JE SO 2 r(cosp —ising) o r(cosp - iéir;w)Q o
20 z 20 z =0 r(cosp +ising)  r—=0 cos?p + sin®

But the function f(z) = f(z +iy) = (z — iy)? = 22 — y?> — 2izy is not holomorphic at 0. Indeed,
according to the Cauchy-Riemann equations,

ou 02 —y?)

O(—2zy)
%(l‘, y) - ox

v

for all  # 0. So, the function f is not differentiable in a neighbourhood of 0.

. Find the Laurent series for the function f(z) = m in0<|z+1]<3.

Solution. We will use the expansion 72— = >"°° /2", |z| < 1.

_ 1 1 B 1 1
(z=2)(+1)2 " (z+1)2 =3+(2+1)  3(z+1)? 1-=1

flz) =

o0 0o -2
= ler1 ;> (2;1)” :_g(z;ﬂl, 0<|z41] <3
. Compute the integral X X
/Z_2|:2 22 <cos2 1 =+ = 22)2> dz.
Solution. Consider separately fz oj=2 22 cos? dz and fz 2j=2 T 2)2 dz. By the residue the-

orem

1 .
/ 22 COS2 dz = 271 res; 22 0082 .
|Z 2‘ 2 z—1 z—1

The point z = 1 is an essential isolated singularity for the function 22 cos? Z—il We find its

2 _1

residue at z = 1 by computing c_; in the Laurent series of 22 cos ——1 around the point z = 1.

So,

221—(( N+1)%(1 1+1+2
SR T Nz—1)2 " d(z-1)F

2 2 1 1
=((z—1)*+2(z—1)+1) <1_2!(z—1)2+<4l+(2!)2> (2_1)4+...>
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—2
Hence c_1 =2 57 = —2.

Similarly,
2

22 ya
— _dz=2miresy ————.
/. (A2 T TR Ty

Here, the point z = 2 is a pole of order 2 for the function a _ng)g

22
= @22+

22 . d

. 2224 2)2—2222+2) 1
= lim = —.
z—2 (2 -+ 2)4 8

1 1 1 1573
2 2 .
dz =2 24— == .
/Z_2|:2z <cos 1 + = 22)2> z i ( + 8) 1

. Solve the heat equation

Thus,

1
w(t,x) = Zum(t,x), re€R, t>0,

u(0,z) = 2%, z€R

Solution. The solution to the heat equation is given by the formula

)= [ e

We change the variables % = a. Then y = Vta + z and dy = Vtda. So,

_(z—y)” y)

yzdy.

u(t,z) = \F/ \[Oé+x)2\/da—\r/ e ta +2\[ma+m>

\F/ —*02da +2\\/f%x i ada—i—/

—a

t
— d—a2 2_ __ "
2ﬁ _Ooae +0+2z 2ﬁ<a

2 2
= lim — (2 —2)? - zlimizi
(4—22)2 :52dz (2—2)%(2+ 2)? z=2dz (24 2)?

—/ ada>+x2:

We have used here ffooo e~ da = V/m, and ffooo e=**adar = 0 because the function e~

a2

Ly
= X .
2

. Hence

2

« is odd.



