
 

22 Residues
г Isolated singular points
In this section we will study points where

analytic1у of a function is violated

Def 22.1 А point а ЕЁ is an isolated
singular point of a function f it there
exists а punctured neighborhood of this
point that is а set of the form 017 аĸт

it а or Rattle it а а where f
is holomorphic
We distinguish three types of singular points
depending on the behavior off near such
point
Def 22.2 An isolated singular point а of a

function f is said to be
a removable it the limit 2117 exists
and is finite
b а pole it the limit fight exists and
is equal to а

с an essential singularity it f has
neither а finite nor infinite limit as 2 а

Example 22.1 a The function flt sin



has removable singularity since
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b The function 112 7 where net has
a pole at 2 0

c The function t.CZ ЕЕ has an essential

singularity at 2 го Indeed it 2 х c К
then the limit off as х tends to о from
the left and right are different
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Also it has по limit as 2 goes to zero

along the imaginary axis
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22.1 An isolated singular point а e в

of a function f is a removable singularity
itt its Laurent expansion
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Proof Let а be a removable singularityoffthen the limit Gm fit А exists and
2 а

is finite This implies that tis bounded
in a punctured neighborhood 20217 a RE B
off Say 111 см Ву Laurent theorem

see Theorem 21.4
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The similar argument gives the following
statement

Theorem 22.2 An isolated singular point а

of a function f is removable ittf.is
bounded in a neighborhood of the point a

Theorem 22.3 An isolated singular point a c в

is a pole of f it its Laurent expansion
near а has a form

f 7 Ё Cult а 22.1

for some NEW and cut о

Bet 22.3 The number N in 22.1 is called
the order of a pole off
we note another simple fact that relates poles
and Zeros

Theorem 22.4 А pole а is a pole of the function
f itt the function И is holomorphic
in a neighborhood of а and 4104 0

In the next section we will need to compute
the order of а ров



Def 22.4 The order of a zero а c в of a
function У holomorphic at this point is the

K
order of the first non zero derivative 4 la

Proposition 22.1 The order of the pole а of
a function f is the order of this point as

a zero of 4 1
Now we give the characterization of an

essential singularity
Theorem 22.5 An isolated singular point а

offis an essential singularity itt the

principal part of the Laurent expansion
off near а

t.lt Enlt aI

contains infinitely many non zero terms

At the end we give interesting property
of essential singularity
Theorem 22.6 It а is an essential

singularity of a function t then for
any А c Й we may find a sequence
23 such that



2 а n 7

and
fifth A

2 Residues

Det 22.5 Let а c в be an isolated singular
point of f The number

resale 2 fit dZ
p positively oriented

is called the residue off at a where

Зр Z Z at p осрс R and

f is holomorphic in 021 2 at R

Proposition 22.2 The residue of a function f
at an isolated singular point а c в is

equal to the coefficient in front of
the term Z а in its Laurent expansion
around a

resale С 1 22.2

Proof The equality 22.2 follows from
the formula for С 1 see Theorem 21.4
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Theorem 22.7 Let the function f be holomorphic
everywhere in а domain орел connected

subset of С except at an isolated set of

singular points Аг an Let веа positively
oriented simple connected path on V

Surrounding а ап Then

Itcz At от resale

Proof The statement follows from the
Proposition 18.3 Indeed
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