
 

21 The Laurent series

1 Uniqueness of holomorphic functions
we recall that a point at is

called a zero of a function f if
f a о

Last time we have proved the following
theorem
Theorem 20.6 Let a point at be a

zero of a function f that is holomorphic
at this point Let also t.is not equal
identically to zero in neighborhood
ofa Then there exists не

so that
Z Z а 4171

where Я is holomorphic at а and
417 70 К Z from a neighborhood
of а

we use this theorem for proof of
uniqueness theorem



Theorem 21.1 Uniqueness
Let 1,12 ве holomorphic in а connected

open set се Then of f fr
он E EV that has a limit point in V

then f Z felt for all 2 c V

Proof The function 1 1 f is holomorphic
in V we only have to prove that
f о on V Let а be a limit point
of Е Remark that а c V Since the

function f is continuous он V

Ко and а is и limit point of

t.gg

twenties ttnc Es.t.tn a

Va Каĸ вдд fltnl E.io 0

Ву theorem 20.6 1 0 on

a neighborhood Va of а
Repeating the same procedure for anylimit point of ба we obtain that f о
on V

Вв
In this section we also formulate



useful statements without proof
Theorem 21.2 Morena It a function I is
continuous in and

E А 2 0

iii t.ir O

Theorem 21.3 Weierstrass It the series

Z fault
of holomorphic functions in V converges
uniformly on

any compact subset of V

then f is also holomorphic and

Каĸ ЁНА
for any т c Ж

2 The Laurent series

Theorem 21.4 Laurent Any holomorphic
function f in an annulus

2 C г Z a LR



may
be represented in this annulus

as a sum

fact Ё It а 1211

www.ycn tilt
з

a на 21911,12
р

Тр I Z IZ at p ре R

Proof The proof is similar to the proof
of Theorem 19.1 and can be found in

Stabat р 753 В

Def 21.1 The series 21.1 with the coefficients
determined by 21.2 is called the Laurent
series of the function f in the annulus V
The term

Ё.cn 2 а Со 1 C Z a е

is called its regular part and

Ёма ai EE.ie
is called the principal part
Let us understand Law the domain of
convergence of



Ёсин а

can be defined
By the Cauchy Hadamard formula
The series

Ёси Z а

converges in the disk htt ate Rs
where

ЁПТ
Next we consider the series

Ёсин а

we replace w Sore obtain

Ё.cn Z a C Eat C г арт
С_ и С 2 Й 1 C з N't

Hence the last series converges for
all IN Icp where

f ЕТАТ
Or for IZ а f ч



Consequently the domain of convergence

gear
is the annulus

2 ч а 12 04 с R

where

ЁПТ
2 ЕТЁТ

Example 21.1 The function ttzl fz.FI
ĸ µ is holomorphic in the

1111 41 linen
21 and annul

V 4 1121422
V 22121г

In order to obtain its
Laurent or Taylor series

we represent f as

Нэĸ 2



1 Consider the domain И

It II I

Ё Z www.torltk2

Ё Z сон for 1714

Therefore
Нэ Ё г 2 Е 12 14

2 Annulus К

2 Ё Е wnv.tw 12 122
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f A Ё E Ё Ет E

з Similarly
2 7 L Ё EE wnu.LnIzy

so ни Ё 1 E



Example 20.2 We write the expansion of

f 7 1

171121 7
in the annulus

о c 12 11 с 3

f E 1
f 7 1217

Х Х
2 1 1

E 1 2 113
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Example 21.3 Let t.CZ fFp
we want to write the Laurent series

for f with a о We will use the
formula
4 41 1 1 Ё tlt tl r.lt Е 1214
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