



































































































































16 Conformal maps
г Geometric meaning of any 1471 and

1144

Let 811 1 ха i да ttct.pl
be a continuous path in

Хи да 1 C др are continuous functions
we also assume that 8 is continuously
differentiable
Let also 1 в ве function
with f Zo 70 Denote и 117
Assume to Zo
n Z Set

fi

1 17.1 7277
7

Then

4 17.71 77
ought can be identified with unit

tangent vector to Tat to
ЁЁ Next we consider the

image of 8 under the
ноШпы

map t






































































































































Find the tangent vector to 1181 at и

Similarly
L Уй L tkutltcrct.vnи t to

him 11841 Инн
I ННН КТ

t.FI IIIIi
f'lzo lt ТТ

So 4 142
ТТ во

Next we compute

any arg tiff 1
ад ICE targlzo a.lt о

Н
any Lt argflt.lt angle

Under the map I a tangent line to

any curve at Zo is rotated on

the angle any I'Ito
Let us consider two paths through to
The angle between this two paths is

defined as the angle between their

tangent vectors






































































































































I 8 4

Ё

Нк

Then t argh argh a.net ltoItarglr
argf'Cto argh argh argh 4

Corollary гы If f 7 70 then the function

f preserves the angles between waves

which pass through Zo

Def16.1 a А continuous map f в
which preserves the angles всеtween curves

which path through t.tv is called

conformal at Zo
b It f is conformed at

any point of
V then f is called conformal он V

Theorem 16.1 A holomorphic function t
is conformal at any point where

its
derivative is поп Zero






































































































































Next we explain the geometric meaning of
11120

we write

11171 4.3 lt I limE
2 ч 2 Z to

a

w 44к й
И

2о

So 1117 equals to the dilation coefficient
at Zo under the mapping f
2 Fractional linear transformations

a Conformal property on Е

Fractional linear transformations are

functions of the form
at в

w Та
ad 6 0 16.1

where a b с are fixed complex numbers
and 2 is the complex variable The condition
a d вс is imposed to exclude the degenerate
case when и const






































































































































The function 16.1 is defined for
all 2 it с 10 we.se w а

at 2 d
С

Theorem 16.2 А fractional linear transformation
16.1 is a homeomorphism that is а continuous
and one to one map of I onto I 606
Proof we assume С 0 case с 0 is trivial
The function WIZ is defined everywhere in I
a

2 Ддт и E а

has exactly one pre image Moreover

the extension of wet to Й shows that
w Е and Ма

2
1

with

It remains to show the continuity of
46.1 The continuity is obvious at 2 7
and






































































































































Еда 1 717 7

Def 16.2 Let К and К be two paths that
pass through the point 2 The angle
between К К at 2 is the angle
between their images Г К under the

map 2 а at the point о

Theorem A fractional linear map
is conformal on Й

Proof we note that for all ttEnt

Ep3wICzIalCttdl Zt9c.ad ве
С 2 d с 2 d 270

So тер 16.1 is conformal at ну
point of й 11 Еф
Next let ВК be two paths intersecting
at 2 at an angled a wи

к
t ri й

ri
F Tр






































































































































The angle between their images К and в
is the angle between the images Г and Г

otkan.lk under the map И L at the

point w 0 Note

WIZ Ct
а 2 в

до 17,1 are the images of 8 and under
this map Similarly

WIZ вс
Laz 1611 70 at 2

Hence the angle between Г and К at

И о is equal to 2
The ruse Z can be proved

similarly То
2 Geometric properties
we first introduce the convention that
а circle in Й is either а circle or а

straight line on the complex plane в

Theorem НТractionие linear transformations
map а circle in Й onto a circle in Е

Proof The statement is trivial for с_ о






































































































































since linear transformations are a

composition of a shift rotation and
dilation that all have the property
stated in the theorem
И с О then the mapping
t.cz IE7 EtGi AtEe

Therefore L is a composition
L L оно of

L.CZ AtBZ LdZkE L lt Z C
dilation with rotation and shift

мир circles in Б onto circles in СТ
It remains to prove this property for
the map

7

Any circle in Й may be represented as

E Схну EXtty C.to 16.2

Using the complex variables t x iy.E x.iqthat isx tt.y I.lt E we туrewrite 16.2 as follows
E 2 Et FZ ЕЕ 16 0 16.3






































































































































with E 5212 Е 2

In order to obtain the equation for
the image of the circle 16.3 under И
it suffices to set 2 L in 16.3
о get

E 1 Ей Wwe в ий 0

Remark16.1 Let Е ве asir.ee in Й and
ТВ

L its image under the мир 16.1
a ЕС Lisa straight line

а
b l.is а straight line It L

a

Ё E








































Some simulations
t.CZ z2

f Z 23
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117 s.int

































https://www.youtube.com/watch?v=sD0NjbwqlYw&t=897s
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