
 

15 Properties of holomorphic
functions

1 Properties of holomorphic functions
Let V be an open subset of
Let also

15.1 117 Их.gl ivlx.g Z xeiytV
be a function from V to

А function f is called locally constant
in V it for every t.tv з а bell

Belz c V S T f is constant он Вчито

we remark that it f
Ё I is locally constant then

f is constant on every
connected component of V

Lemma 15.1 Let с ве
an open set and f вhis constant
де я holomorphic function our

Then
a It f 12 1 0 htt C V then tis locally

constant in V
b If I only takes real values и o

then tis locally constant



c The functions и U defined by 15.1

are harmonic functions i е
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Proof a Let f 2 1 0 V ZEV.by h
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It implies that и б are locally constant
in V
b Since 0 0 then 0 0 50 он V

By the Cauchy Riemann equations
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Hence f is locally constant он V



c we assume that и б are twice

continuously differentiable
Later we will prove that any

holomorphic

function is complex differentiable
infinitely many times This will implies
that и are twice continuously diff

Computing derivatives of left and night
sides of the Cauchy Riemann equations
we obtain
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Since Ёу Цдх не obtain from 4521
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Lemma 25.2 Let V ве а simply connected
domain in в and и К is



а harmonic function Then there
exists a holomorphic function 1 06
such that
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Proof In order to prove the lemma не

find a holomorphic function f satisfying
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Let
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By the Cauchy Riemann equations
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Remark
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It 8 is a closed curve in V then

0 4 1 7 шоу
0 ir

й Pdx Q.ly д Green's the



So the vector field Ё Р Q is

conservative and then potential
according to Prop 9.1 Нене there
exists w К

such that
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f E мху 1 in хд
is holomorphic
2 Some elementary functions
a The power function
Let n c II The function
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is holomorphic in G This follows from
Prop 14.2 а Its derivative is
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If we write 2 in the polar coordinates
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by de Moir re's formula n

Нене if Z 2 ч C such that Ч
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The function f is bijective from
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b Exponential function

we define the function
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Let us show that there exists this limit
for any 2 c в Let 2 хау We observe
that
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Therefore ЁУ е cosy rising



In particular ЁУ cosy rising Euler
formula

Exercise 25.1 show that the function
f Z С 2 C в

is holomorphic in в and

f 6 et

С The trigonometric functions

The Euler formula ЁУ 7

cosy rising
e У cosy i
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gives cosy Ёeд sing
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we define E e
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Exercise 15.2 Show that

a sinz cosZ l.ws 2 sin Z 12

b felt cost and glzt s.int are

holomorphic functions in в and

2 sin Z linz cost



The trigonometric functions of a complex
variable are closely related to the hyperbolic ones

defined by
she ЕЁ sinhz et
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со Sh Z cos it sink 2 sin iz

cos 2 со Shi 2 sin 2 й sin hit

Exercise 15.3 Show that

cos Хейз cosxcoshy isinxsin.ly


