
 

11 Surface integral of a vector field
1 Flux across а surface
Suppose there is a steady flow of liquid in а

domain в and that ХД F Х is the velocity
field of this flow Assume that sis а moth

surfer in 6 Let х Ты be a field of normal
vectors to S

ЁК We ask how to determine the
volumetric outflow or flux of
fluid across the surface S

More precisely we ask how to

find the volume of fluid thatx

flows across the surface S

per unit time in the direction
indicated by the orienting field of normals to the

surface
We remark that it the velocity field of the

у

flow is constant F then the flow per unit
time across a parallelogram 17 equals

the твите of
НУ Е the parallel piped

constructed on the

vectors 3,1П 31



The volume is equal Ё ХЁ II
that is the triple product of ЁПТ
If the orientation is opposite to the direction
E then the flow equals III Б

Now let S admits a smooth

parametrizationsfr r.tv 4,9 e D
in order to define the flux of the flow across

S не fix a partition Di and approximate
E E Ё the imтаде 110

ЕЙ by the parallelogram
spanned by the

1 3 images
нуной 12444104
5 I L Сиплый

к Di Assume that ЕНwww.vi
р varies by only the

small amount inside
wifi the piece of surface ч Di

and replacing 110 by this parallelogram
we may assume that the flux ОТ acc.ro

the piece ЧСDi of the surface is едим



with some small error to the flux of a

constant velocity field

F Х yi.to F 44,4
across the parallelogram spanned by the vectors

7
of E xi.yi.til.IT

F Чици rului.vil.ru ui.Vi ouiovi

Summing the elementary flexes we obtain

F от

F Чичи rului.vil.ru ui Ui ouiovi

Непу we can define

5
ЩЕ чип нижён И

7

flux of F across S in the direction
of й йой

Пё
unit vector with direction

ййй

Remark11.1 Using the definition of surface integral
of a scalar field we have



э

F Ё И чихал dudu

ЧЁ й is 4.1
S

2 Definition of surface integral of a vector

field
Let S 2 444 ин c Б be a smooth

differentiable surface in 112

S is orientable it the unit normal

Чи Х Чи
Ичи ХЁН

is continuous in D

It n is a fixed continuous unit normal
to S оп D then we say that S is oriented

by the normal п

So let S ве а smooth surface oriented by
a unit normal й and Ё Р Q R be a

vector field defined on S



Det 11.1 The integral of Ё overs is denoted

by and defined as

Ё.is T.in ds

where the right hand side is the surface
integral of scalar field E й over S

Remark 11.2 If S is oriented by the
normal й ЁЁ then by Detroit
or by 11.1

E ds E й ds Ёr клиник

1 E Кх E dudu й

D и 7

412 71 nu

Remark из The identity

13 71 14 14 1



motivates the following alternative notation for
the integral of F over S when S is oriented

И
by the normal й Тхк

Ён и

че

E.is pdgtz Qdtdxtkdx.ly

й Ёй ч

If 5 is oriented ву йтиthen

Ё.is Ряд dzi Qdzdxtkdx.ly

Example 21.1 Compute I 2 Ахад where

S is the upper part of the lateral surface
of the cone

2 Тут О EZE И

oriented outwards
ht

we take the parametric tin
н х и

й

Ёж шно

о
I where D x у Кнр a И

Х



we note that the vectors
й f о Ё

and
й о I Ё

points inwards which is opposite to the
orientation of S So

Elixir dudu

И
lookin

994

1 О 2

I г Tiff dudu
11 ТТ dudu 1 4 r role
D

и Ч cos 4
ч sing
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7 ч

Example 11.2 Compute 1 4042 0177 17



where S is part of ellipsoid
Х а cos и со s

E II дюн
E и

I EV ЕЕв

oriented outward

First we compute
Й L а sin и cos вах и cos и 0

Ё _awsusc.nu в since sour с cosy
The for Ёй Ёй is also oriented outward

say the vector Ёдо хддд о в о х о о c

кд i вс от ok вс 90

normal vector to а 0,0
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