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Abstract

The mini-course is oriented on master and PhD students as the first look at the theory of large
deviations.

Course webpage: http://www.math.uni-leipzig.de/%7Ekonarovskyi/teaching/2019/LDP_UL/LDP_2019.
html

1 Lecture 1 — Introduction and some examples

1.1 Introduction

We start from the considering of a coin-tossing experiment. Let us assume that we toss a fair coin.
The law of large numbers says us that the frequency of occurrence of “heads” becomes close to % as the
number of trials increases to infinity. In other words, if X1, Xo,... are independent random variables

taking values 0 and 1 with probabilities 3, i.e. P {X} = 0} =P {X; = 1} = 3, then we know that for

the empirical mean %Sn = w

1 1
P{SH—'>E}—>01, n — 00,
n 2

or more strongly
1o, o1 2
n a.8.%, n — oo.
n 2

We are going stop more precisely on the probabilities P {‘%Sn — %‘ > 8}. We see that this events
becomes more unlikely for large n and their probabilities decay to 0. During the course, we will
work with such kind of unlike events and will try to understand the rate of their decay to zero.
The knowledge of decay of probabilities of such unlike events has many applications in insurance,
information theory, statistical mechanics etc. The aim of the course is to give an introduction to one
of the key technique of the modern probability which is called the large deviation theory.

Before to investigate the rate of decay of the probabilities P {‘%Sn — %‘ > 5}, we consider an
example of other random variable where computations are much more simpler.

taccording to the weak law of large numbers
2according to the strong law of large numbers
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Example 1.1. Let &1, &9, ... be independent normal distributed random variables with mean pu = 0
and variance o = 1 (shortly & ~ N(0,1)). Then the random variable S,, has the normal distribution

with mean 0 and variance n. This implies ﬁSn ~ N(0,1).
Now we can consider for x > 0

1 n12

1 1 1 foo 2
]P) 7571, 2$ :]P) 75’11 2.7) n = — C_Td ~ 76_?7 n_)_i_oo’
sze)=p { s i) = /M V™ madn

by Exercise 1.1 below. Thus, we have for z > 0

1 1 1 1 na?
lim —InP {Sn > l‘} = lim —In—e" 2

n—oo M, n n—=00 N \/2mwx\/N
. 1 a2 x2
= — lim —InV2rzy/n — lim — = ——
n—oo N n—oo 2

due to Exercise 1.2 3).

Remark 1.1. By symmetry, one can show that

2
lim - InP {1Sn < m} =L
n—oo N n 2
for all z < 0. Indeed,

1 1 1 1 1 1 —x)?
lim —InP {Sn < x} = lim —InP {—Sn > —x} = lim —InP {Sn > —x} = —( z)
n n

n—oo N n—oo n n—oo n n

because —&; ~ N(0,1) for k£ > 1.

+o0o
/ e_
T

Exercise 1.2. Let (a,)n,>1 and (by)n>1 be two sequences of positive real numbers. We say that they
are logarithmically equivalent and write a,, ~ b, if

Exercise 1.1. Show that

22

1 a2
dy~—e 2, x— +oc.
x

e
oS

1
lim — (Ina, —Inb,) =0.
n—oo n

1. Show that a,, ~ b, iff b, = a,,e’™.
2. Show that a, ~ b, implies a,, ~ b, and that the inverse implication is not correct.
3. Show that a, + b, ~ max{ay,by}.

Exercise 1.3. Let &1,&2,... be independent normal distributed random variables with mean y and
variance 2. Let also S, = &1 + - -+ + &,. Compute lim,, 0 %lnIP) {%Sn > z} for x > p.
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1.2 Coin-tossing

In this section, we come back to the coin-tossing experiment and compute the decay of the probability
P {%Sn > x} Let, us before, X1, X5, ... be independent random variables taking values 0 and 1 with
probabilities % and S, = X7 + --- + X,, denote their partial sum. We will show that

n—oo N

lim = InP {isn > x} — 1) (1)

for all z > %, where [ is some function of z.
We first note that for z > 1

1 1
lim —InP {Sn > x} = —00.?
n—oo N n
Next, for = € [%, 1] we observe that
1 1
P{nSnZ:Jc}—IP’{Sann}— E:P{Sn:k}:?ﬂ > ch
k>zn k>xzn

| .
where CF = W Then we can estimate

1 k n+1 k
N < > < -
on i@fﬁic P S zan} < =5 i@i’éc @)

Note that the maximum is attained at k = [zn], the smallest integer > xn, because = > % We denote
[ := |zn]. Using Stirling’s formula

n!l =n"e "V2mn (1 + 0 <:L>> ,

we have
1 .1
lim —Inmax C¥ = lim —lnC = lim —(Inn! —Inl! —In(n —1)!)
n—o00 N k>xn n—oo N n—oo N
. l I n-1 n—I
= lim lnnflfflnlJrffiln(nfl)qLi
l l n—1
= lim (“lnn+ 2 lnn——lnl— In(n —1)
n—oo \ N n n
= lim < i i n_llnn_l>:—xlnx—(l—:p)ln(l—x),
n—00 n n n
because l = anj — x as n — +00. This together with estimate (2) implies

lim —lnIP’ {Sn > :1:} =—-In2—zlnzr—(1—-2)n(l —2)
n

n—oo n

for all x € [%, 1].
So, we can take
In2+znz+(1—2)ln(l —2z) ifxel0,1],
I(z) = .
+00 otherwise.

Swe always assume that In0 = —oo
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4
Remark 1.2. Using the symmetry, we have that
o1 1
lim —InP {Sn < m} =—I(z) (4)
n—oo N n
for all x < % Indeed,
1 1 1 1
lim —InP {sn < m} = lim —InP {" S, >1 —x}
n—o00 N n n—oo n n n
1 1-X e+ (1-X
:limlnIP’{( Dl n)zl—x}:—l(l—x):—l(az)
n—oo n n
because X and 1 — X}, have the same distribution.
Theorem 1.1. Let &1,&,... be independent Bernoulli distributed random variables with parameter

p for some p € (0,1), that is, P{{ =1} = p and P{§ =0} = 1 —p for all k > 1. Let also
Sp=&+-+&,. Then forallx > p

lim llnIP) {15’n > fc} =—1I(x),
n

n—oo n

where
1— .
I(z) = i+ (1-—z)lny= ifzel01],
400 otherwise.

Exercise 1.4. Prove Theorem 1.1.

Exercise 1.5. Using (1) and (4) show that

S, 1
= olzep <o,

for all € > 0. Conclude that % — % a.s. as n — oo (strong low of large numbers).
(Hint: Use the Borel-Cantelly lemma to show the convergence with probability 1)

“The picture was taken from [dHO00]
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2 Lecture 2 — Cramer’s theorem

2.1 Comulant generating function

The aim of this lecture is to obtain an analog of Theorem 1.1 for any sequeness of independent
identically distributed random variables. In order to understand the form of the rate function I, we
will make the following computations, trying to obtain the upper bound for P {%Sn > :v}

Let &1,&9,... be independent identically distributed random variables with mean i € R. Let also
Sn=&+ - +&,. Wefixx > pand A > 0 and use Chebyshev’s inequality in order to estimate the
following probability

1 ASn < Azn 1 ASh RS SN 1 Ae )"
]P’{nSan}:]P’{Snzxn}:]P’{e >e }Se)\mIEe :g\mkl_IlEegk:WL<E€&)'

Thus, we have

— 1 — 1 — 1 n
lim —InP {S, >2zn} < lim —Ine " + Tim —In (]Ee)‘gl) = =Xz + p(A),

n—oo N n—oo N n—oo N

where () := InE e1. Therefore, taking infimum over all A > 0, we obtain

— 1
lim —InP {S, > an} < inf {-Xz + ¢(z)} = —sup {Az — p(\)} = —sup {\z — p(N\)}.
n—00 7 A>0 A>0 AER

Later we will see that the function sup {\z — ¢(\)} plays an important role, namely, it is exactly
AER
the rate function 1.

Definition 2.1. Let £ be a random variable on R. The function
o(\) :=InEe*, XeR,

where the infinite values are allowed, is called the logarithmic moment generating function or
comulant generating function associated with &.

Example 2.1. We compute the comulant generating function associated with Bernoulli distributed
random variables ¢ with parameter p = 3. So, since P {¢ = 1} = P {¢ = 0} = 1, we obtain

1 1
©(\) =InEe* =1n <e“2 +e*02> = —In2+1In (eA + 1) , AER.

Example 2.2. In this example, we will compute the comulant generating function associated with
exponentially distributed random variable ¢ with rate v. We recall that the density of £ is given by
the following formula

pe(z) =

ve 7T if x>0,
0 if x <O.

5This equality immediately follows from the fact that the expression in the curly bracket is negative for A < 0 (see
Exercise 2.2).
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So,

SO(A) = ln/ eAx’}/e’yxd.%' = ln/ 7@*(7*)\)30611. —In _Le*(’Y*)\)x

if A <. For A >« trivially ¢(\) = +o00. Thus,

Iny—In(y—XA) if A <n,
p(A) = .
+o00 if A>~.

Exercise 2.1. Show that the function ¢ is convex®.
Solution. In order to show the convexity of o, we will use Holder’s inequality.” We take Aj, Ao € R
and t € (0,1). Then for p =1} and ¢ = {1
t 1—¢
e(tA + (1 —1t)A2) =InE et’\lée(lft)&g} <In ([E e)‘lf] [E e)‘25] )
=tInEeM® + (1 —t)InE e = tp(A) + (1 — t)p(N).

Exercise 2.2. Assume that a random variable £ has a finite first moment E£ = p and let ¢ be the
comulant generating function associated with £. Show that for every z > pand all A < 0

Az — (X)) <0.
(Hint: Use Jensen’s inequality.®)

Exercise 2.3. Let ¢ be a comulant generating function associated with £&. Show that the function ¢
is differentiable in the interior of the domain Dy, := {x € R: ¢(x) < oo}. In particular, show that
Y (0)=E¢if0e Dy,

(Hint: To show the differentiability of ¢, it is enough to show that Ee*$, A € R, is differentiable. For the differen-

tiability of the latter function, use the definition of the limit, the dominated convergence theorem® and the fact that the
ef?—1
€

function = [y €“dx increases in € > 0 for each a > 0.)

2.2 Fenchel-Legendre transform and Cramer’s theorem

In this section, we discuss the Fenchel-Legendre transform of a convex function that apeared in the
previous secton. Let f: R — (—o00,+00] be a convex function.

Definition 2.2. The function
f*(y) :=sup {yz — f(x)}

z€R

is called the Fenchel-Legendre transform of f.

A function f : R — (—0c0,400] is convex if for all 1,22 € R and t € (0,1), f(tz1 + (1 —t)22) < tf(w1) + (1 —1)f(22)
"Let p,q € (1, +00), % + % =1 and &, n be random variables. Then E (&n) < (Efp)% (Enq)%.

8For any random variable £ with a finite first moment and a convex function f : R — R, one has f(E&) < E f(£).
For the dominated convergence theorem see [Kal02, Theorem 1.21]



UNIVERSITAT LEIPZIG

University of Leipzig — WS19/20
An introduction to large deviations / Vitalii Konarovskyi

slope 1 slope .
2JS (@) £ W)
TolYo ToYo
f* (o) F(z.)
flea) b frlye)
o T Yo Ty
10
Fenchel-Legendre transformation: definition
2 S (@) N
> T > y
11

Fenchel-Legendre transformation of a function f

Exercise 2.4. Show that the Fenchel-Legendre transform of a convex function f is also convex.
(Hint: Show first that the supremum of convex functions is a convex function. Then note that the function Az —¢(\)

is convex in the variable x)

Exercise 2.5. Compute the Fenchel-Legendre transform of the comulant generating function associ-
ated with the Bernoulli distribution with p = %

Solution. Let £ be a Bernoulli distributed random variable with parameter p = %, ie. P{{=1}=

P{¢{=0}= % We first write its comulant generating function:

o(A)=—In2+1n (l—l—e)‘)

(see Example 2.1). In order to compute the Fenchel-Legendre transform of ¢, we have to find the
supremum of the function

g(N) ::)\:r—go()\):)\x—i—an—ln(l—l—e)‘), A ER,

for every x € R. So, we fix x € R and find

A

/ = _—_— =
g\ ==z T 0

%7t turns out that the Fenchel-Legendre transform of f* coincides with f (see e.g. [Swal2, Proposition 2.3]). The
picture was taken from [Swal2].
"The picture was taken from [Swal2].
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Hence

A:lnlf if =€(0,1)

is a local maximum. Due to the convexity of , this point is also the global maximum. Consequently,

x
* = Az — AN} =2xl In2—-In(1
©* () ilelg{x ©(N)} xnl_x—i—n n<+1_x>

=zlnzr—zIn(l—2z)+m2+In(l—2z)=m2+zhz+(1—-2)In(l—-2z), ze(0,1).

T

If x <0 or x > 1 then ¢*(x) = +00. For x = 0 and & = 1 one can check that ¢*(x) = In 2.

Exercise 2.6. Show that the function ¢* from the previous exercise equals +oo for x € (—o00,0) U
(1,400) and In2 for z € {0,1}.

Compering the Fenchel-Legendre transformation ¢* of the comulant generating function associated

with the Bernoulli distribution £ and the rate function I given by (3), we can see that thay coinside.

Exercise 2.7. a) Show that the Fenchel-Legendre transform of the comulant generating function
associated with N (0, 1) coincides with %2

b) Show that the Fenchel-Legendre transform of the comulant generating function associated with
Bernoulli distribution with paramiter p € (0, 1) coincides with the function I from Theorem 1.1.

¢) Find the Fenchel-Legendre transform of the comulant generating function associated with expo-
nential distribution.

Exercise 2.8. Suppose that ¢* is the Fenchel-Legendre transform of the cumulant generating function
of a random variable £ with E& = y. Show that

(i) ¢*(z) > 0 for all z € R. (Hint: Use the fact that ¢(0) = 0)
(ii) ¢*(u) = 0. (Hint: Use (i) and Jensen’s inequality to show that ¢*(u) < 0)

(iii) ¢* increases on [u,00) and decreases on (—o0, p]. (Hint: Use the convexity of ¢* (see Exercise 2.4) and
(if))

(iv) ¢*(x) > 0 for all x # p. (Hint: Use the fact that ¢ is convex and differentiable at 0 with ¢'(0) = u (see
Exercise 2.3))

Now we are ready to formulate a statement on the decay of the probability P {%Sn > ac} in the
general case.
Theorem 2.1 (Cramer’s theorem). Let £1,&a,... be independent identically distributed random vari-

ables with mean p € R and comulant generating function p. Let also S, = &1+ -+ + &,. Then, for
every T > [

lim lln]P’ {1Sn > x} = —¢"(z),
n

n—oo N

and for every x < p

n—oo N

1 1
lim —InP {Sn < ZL'} = —p"(z),
n
where ©* is the Fenchel-Legendre transform of the comulant generating function ¢ associated with &;.

The general proof of Cramer’s theorem can be found in [Kal02, Theorem 27.3] or [DZ98, Section
2.1.2]. Proofs in some particular cases are given in [dH00, Section I1.3], [Swal2, Section 2.2], [MO0S,
Section 1]
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3 Lecture 3 — Large deviation principle for Gaussian vectors

3.1 Large deviations for Gaussian vectors in R?

We recall that, in the last lecture, we have investigated the decay of the probability P {%Sn > 1‘},
where S, = £1+---+&, and &, k € N, ware independent identically distributed random variables in R.
We start this lecture from some example of random variables in higher dimension and investigate the
decay of similar probabilities. This will lead us to the general concept of large deviation principle in the

next section. We note that the case { ~ N(0,1) was very easy for computations (see Example 1.1).

So similarly, we take independent R%-valued random element (or random vector) n; = (17}(C ), . n,g )),

k > 1, with standard Gaussian distributions'?. We will study the decay of the probability

IP{:LSneA}:P{\/lﬁneA}:P{ne\/ﬁA},

where A is a subset of R%, S,, = + -+ 41y, and 7 has a standard Gaussian distribution.
The upper bound. We recall that the density of \F77 is given by the formula

(\/ﬁ)d _njz)? ) e Rd,

2 x=(r1,...,2q

Vamyd~

where ||z|> = 2} + - - - 4+ 22. Now, we can estimate

p

(z) =

n
NG

1 1 1 1 d
lim —InP {—=ne€ A, = lim ln/ po (x)dr = lim —In (Vi)
n—oo N \/ﬁ n—o0o N A Vn n—oo N (, /27r)d

— 1 —zlzl® 12 1 _ nllyl)?
+ lim —In dr < lim —1In supe 2 dx

— 1 —n inf Iz ”2 1 1 —n inf I(z)
=lim —In[e =4 ° |A4|| < hm —ln\AH— lim —Ine =€4
n—oo N n—oo N
—inf I(z) < —inf [
inf I{z) < — inf I(z),
where I(z) := Hz” , A is the closure of A and |A| denotes the Lebesgue measure of A.

The lower bound In order to obtain the lower bound, we assume that the interior A° of A is
non-empty and fix zg € A°. Let B,(20) = {z € R?: ||z — 20| < r} denotes the ball in R? with center

o and radius r. We estimate
1 1 1 1 d
lim —InP {77 € A} = lim ln/p (x)dz > lim —lnﬂ
n—oo 1 \/ﬁ n—oo T A n—oo T (\/ﬁ)d

1 — nlel n(llzgll+llz—=zgl)?
—l—limln/ e” d:c>hmln/ - E—
n—oo 1 By (z0) n—oo 1 By (xo)

1 n(|lzqll+r)2 1 n(llzgll+7)?
> lim ln/ e gy = lim —Ine” e | B, (z0)]
By (zo)

n—oo N

B

NENEDS

1277,<j) ~ N(0,1),i=1,...,d, and are independent



UNIVERSITAT LEIPZIG

University of Leipzig — WS19/20
An introduction to large deviations / Vitalii Konarovskyi

Making r» — 0+, we have

1 1 2
lim —InP {77 € A} > _Hl‘OH .
oo T NLD 2

Now, maximizing the right hand side over all points x( from the interior A°, we obtain

lim lln[P> {177 € A} > sup <_||SE0‘|2> = — inf I(x).
n—oo M Vn o€ A 2 w€A°

Thus, combining the lower and upper bounds, we have prove that for any Borel measurable set A

— inf I(z) < lim llnIP> {\}UEA} < lim llnIP’ {17]€A} < — inf I(x). (5)
n

rEA° nooo N n—oo 1 \/ﬁ €A

3.2 Definition of large deviation principle
Let (& )e>0 be a family of random elements on a metric space E and I be a function from E to [0, o0].

Definition 3.1. We say that the family (& ).>¢ satisfies the large deviation principle (LDP) in
FE with rate finction [ if for any Borel set A C E we have
— inf I(z) <limelnP {¢, € A} <limelnP {& € A} < — inf I(z). (6)
TEA° c—0 e—0 €A
We remark that in the case of a countable family of random elements (&,)n>1, the large deviation
principle corresponds to the statement

— inf I(z) < lim a,InP {§, € A} < h_Tm anInP {§, € A} < — inf I(z)
n—r00 €A

zEA° n—o00

for some sequence a,, — 0. In fact, we have proved in the previous section that the family (%Sn)n>1

N
an = £ (see inequality (5)).

2
or <i> satisfies the large deviation principle in R? with rate function I(z) = @, z € R? and
n>1

Lemma 3.1. A family (&:)->0 satisfies the large deviation principle in E with rate function I iff

I < s

lim eIn P {¢. e F} < ;g% I(x) (7)
for every closed set F' C E, and

limelnP {{ € G} > — inf I(z) (8)

e—0 ze@G

for every open set G C E.

Proof. We first remark that inequalities (7) and (8) immediately follow from the definition of LDP
and the fact that F = F and G = G°.
To prove (6), we fix a Borel measurable set A C E and estimate

®)
— inf I(z) < limelnP {{ € A°} <limelnP {& € A}

TeA° e—0 e—0

- — (D
<limelnP {¢{ € A} <limelnP {& € A} < — inf I(2).
e—0 e—0 €A

10
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Remark 3.1. We note that repeating the proof from the previous section, one can show that the
family (y/2€).., satisfies the LDP in R? with rate function I(z) = 3|z||?, where ¢ is a standard
Gaussian random vector in RY.

Exercise 3.1. Let there exist a subset Fy of the metric space F such that
1) for each z € Ej
lim lim ¢ InP {&, € B, (2)} > —I(x),

r—=0¢50

where B, (x) denotes the ball with center z and radius r;

2) for each x satisfying I(x) < oo, there exists a sequence x,, € Ey, n > 1, such that x,, — =z,
n — oo, and I(x,) — I(z), n — oc.

Show that lower bound (8) holds for any open set G.
Solution. First we note that it is enough to prove the lower bound for all open G C F satisfying
inf I(z) < oo.

zeG
Let 0 be an arbitrary positive number. Then there exists x¢g € G such that

I inf I s.
(z0) < inf I(z) +

Hence, by 2) and the openness of G we can find £ € G N Ey that satisfies
1(z) < I(xp) + 0.
Next, using 1) and the openness of G, there exists r > 0 such that B,(Z) C G and

limelnP{¢. € B, (3)} > ~I(&) - 6.

e—0

Consequently, we can now estimate

limelnP{{ € G} > limelnP{& € B(2)}

e—0 e—0
> —1(%) — 0 > —1I(z9) —20 > — inf I(x) — 30.
peG
Making 6 — 0, we obtain the lower bound (8).
Exercise (3.1) shows the local nature of the lower bound.

Exercise 3.2. Let (£:)c>0 satisfies the LDP in F with rate function I. Show that

a) if A is such that inf I(x) = inf I(z), then
TEA® €A

;g%slnp {&c e A} = —;IGIEI(:L‘);

inf I(xz) = 0.
b) b =0

11
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Exercise 3.3. Let E =R and £ ~ N(0,1). Show that the family (££).>¢ satisfies the LDP with rate
function
if 0
I(z) = +oo ifx #0,
0 if £ =0.
Compare this claim with the result of Remark 3.1.

Exercise 3.4. Let ay, b,, n > 1, be positive real numbers. Show that

1 — 1 — 1
lim —In(ay, +b,) = lim —Ilnay, VvV lim —Ilnb,,

where a V b denotes the maximum of the set {a,b}.
(Hint: Use the inequality In(a, + b,) —Ina, VInb, <1n2)

Exercise 3.5. Let 11,12 ~ N(0,1). Let also for every € > 0 a random variable & have the distribution
defined as follows

P € A} = JP {~1+ vEm € A} + 5P {1+ Vem € A}

for all Borel sets A. Show that the family (& ).>0 satisfies the LDP with rate function I(z) =
tmin{(z —1)%, (z +1)?}, z € R.

(Hint: Show first that both families (v/en1)e>0 and (v/en2)e>0 satisfy LDP and find the corresponding rate functions.

Then use Exercise 3.4)

12
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4 Lecture 4 — Lower semi-continuity and goodness of rate functions

4.1 Lower semi-continuity of rate functions

Let (£:).- satisfy the LDP in a metric space with rate function I : E' — [0,00]. In this section, we
are going to answer the question when the rate function I is unique.

Example 4.1. Let { ~ N(0,1). We know that the family (£ := \/c§),. satisfies the LDP in R with

the good rate function I(x) = °

%.13 We take another function

2
. z? if
I(ZL’): 2 ! x7é07
4+oo ifx =0,

and show that the family (&), also satisfies the LDP with rate function I.
Indeed, if G is an open set in R, then trivially

inf I(x) = inf I(x).
T = 1)

t14

For a closed F' which does not contain 0 or 0 is its limit point™, we have

) = g 1),
We have only to check the upper bound for the case if 0 is an isolated point of F. Then F'\ {0} is
closed. So,

I — 1. < o . — _ . T .
;%EIHP {¢c € F} ;%Eln (P {Vec € F\{0}}) < me%ll\i{o}l(x) :;Ielgl(x)
This example shows that the same family of random variables can satisfy the LDP with different
rate functions. In the rest of the section, we will impose some additional conditions on rate functions
to provide the uniqueness.

Definition 4.1. A function f : E — [—o00, +00] is called lower semi-continuous if

lim f(z,) > f(x) whenever z, — x.
n—0o0

Lemma 4.1. A function f : E — [—00,+00] is lower semi-continuous iff for each o € [—o0, +00] the
level set {z € E: f(z) < a} is a closed subset of E.

Exercise 4.1. Prove Lemma 4.1.
(Hint: To prove that every level set of f is closed, assume that it is not so. Then there exists a subsequence in a
level set whose limit is outside this set. Conclude that it contradicts the inequality from Definition 4.1.

In order to prove the sufficiency, assume that the inequality of the definition is not correct. Then take o such that

lim f(zn) < a < f(x) and show that the corresponding level set is not closed)

—n—0o0

Remark 4.1. Note that the function I from Example 4.1 is not lower semi-continuous. Indeed, the
inequality from Definition 4.1 does not hold e.g. for x, = %

3see Remark 3.1
M4 is a limit point of F if there is a sequence (zn)n>1 of elements from F' such that z, — z, n — o

13
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Next we are going to show that one can always replace a rate function by a lower semi-continuous
rate function. Moreover, it turns out that a lower semi-continuous rate function is unique. For this, we
introduce a transformation produces a lower semi-continuous function fis. from an arbitrary function
f: E — [—00,400] (for more details see [RAS15, Section 2.2]).

The lower semi-continuous regularization of f is defined by

fise(z) = sup { inf f(y): G>xand G is open} . 9)
yeG

Exercise 4.2. Show that the function Ijs. coincides with I (x) = %2, x € R, where I was defined in

Example 4.1.

Exercise 4.3. Let f(z) = Ig(z), « € R, where Q denotes the set of rational numbers. Find the
function figc.

Lemma 4.2. The function fis. is lower semi-continuous and fis.(x) <
lower semi-continuous and satisfies g(x) < f(z) for all z, then g(x) < fis
if f is lower semi-continuous, then f = fis.

f(x) for allx € E. If g is
() for all x. In particular,

The Lemma 4.2 says that the lower semi-continuous regularization fis. of f is the maximal lower
semi-continuous function less or equal that f.

Proof of Lemma 4.2. The inequality fisc < f is clear. To show that fis is lower semi-continuous we
use Lemma 4.1. Let x € {fisc > a}. Then there is an open set G containing x such that iIGlf f>a.

Hence by the supremum in the definition of fis, fisc(y) > iréf f > afor all y € G. Thus G is an open

neighbourhood of z contained in { fisc > a}. So {fisc > a} is open.
To show that g < fisc one just needs to show that gisc = g. Then

9(x) = gise(w) = sup {igfg : x€GandGis open}
< sup {irGlff : x € Gand G is open} = fisc().

We already know that g, < ¢g. To show the other direction let « be such that g(x) > a. Then,
G = {g > c} is an open set containing x and irGlfg > «. Thus, gisc(z) > a. Now increasing « to g(z),

we obtain the needed inequality. O

Exercise 4.4. 1) Show that if z,, — z, then fisc(z) <lim, ,  f(zn).

(Hint: Use Lemma 4.2, namely that the function fisc is lower semi-continuous and fisc < f)

2) Show that for each the supremum in (9) can only be taken over all ball with center =, namely

Sise(w) = Sup yegf(x) fy) (10)

(Hint: Use the fact that any open set G containing z also contains a ball B,(z) for some r > 0. It will allow

to prove the inequality fisc(z) < sup i}?f( ) f(y). The inverse inequality just follows from the observation that
r>0 YE€EBr(x

supremum in the right hand side of (10) is taken over smaller family of open sets)

14
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3) Prove that for each = € E there is a sequence x,, — x such that f(x,) — fisc(z) (the constant
sequence z, = z is allowed here). This gives the alternate definition

o) = min { (2), 1m0}

Yy—x

(Hint: Use part 2) of the exercise to construct the corresponding sequence z,, n > 1)

Proposition 4.1. Let (&).>0 satisfy the LDP in a metric space E with rate function I. Then it
satisfies the LDP in E with the rate function Ij.. Moreover, there exists only unique lower semi-
continuous associated rate function.

Proof. We first show that (£.)c~¢ satisfies the LDP in E with the lower semi-continuous function [jg.
For this we check the inequalities of Lemma 3.1. We note that the upper bound immediately follows
from the inequality Iisc < I. For the lower bound we observe that iIGlf Lise = igf I when G is open.

Indeed, the inequality igf e < il’(l;f I follows from Lemma 4.2. The inverse inequality follows from the

definition of lower semicontinuous regularization.

To prove the uniqueness, assume that (6) holds for two lower semi-continuous functions I and
J, and let I(z) < J(x) for some = € E. By the lower semi-continuity of J, we may choose a
neighbourhood G of x such that iréf J > I(z), taking e.g. G as an open neighbourhood of x such that

G C {y c J(y) > I(z) + M} Then applying (6) to both I and J yields the contradiction

—I(z) < —i%flg limelnP {& € G} < —inf J < —I(x).
G

e—0

O]

Exercise 4.5. Assume * that is the Fenchel-Legendre transform of the comulant generating function.
Show that ¢* is lower semi-continuous.
(Hint: Show that supremum of a family of continuous functions is lower semi-continuous)

4.2 Goodness of rate functions

We remark that in many cases the rate function satisfies better properties than lower semi-continuity.

Definition 4.2. We say that a rate function I : £ — [0, +o00] is good if the level sets {x € E : I(z) < o}
are compact (rather than just closed) for all o > 0.

Example 4.2. Show that the rate function I(x) = \\932 , x € R?%, from Exercise 1.3 is good.
Remark 4.2. The rate functions from all previous examples are also good.

Now we consider another example of a good rate function which is the rate function for LDP for
Brownian motion. We obtain the LDP for Brownian motion later and here we just show that the
associated rate function is good.

15
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Let Cy[0,T] denote a normal space of continuous functions from [0, T’ satisfying f(0) = 0 endowed
with the uniform norm.'” Let H§[0,T] be the set of all absolutely continuous'® functions f € Co[0, T
with f € Lo[0, .

Exercise 4.6. Let f € C}[0,7].17 Show that f is absolutely continuous and f coincides with the
classical derivative f’ of f. Conclude that f € HZ[0,T).

Exercise 4.7. Show that the function f(z) = 1 — |z — 1|, = € [0,2], belongs to HZ[0,2] but is not
continuously differentiable.

1 ifzelo1],
-1 ifze(1,2.

(Hint: Show that f(x) = { )

We consider a function from Cg|[0, 7] to [0, +oc] defined as follows

I(f) — {% fOT fz(:v)das if f € Hg[()?T]a (12)

+00 otherwise .

Exercise 4.8. Let I : Cy[0,T] — [0, 4+00] be defined by (12). Show that the set {f € Co[0,T]: I(f) < a}
is equicontinuous!® and bounded in Cy[0, T for all o > 0.
(Hint: Using Holder’s inequality, show that | f(¢t)— f(s)|? < |[t—s] fOT f2(x)dx for all t,s € [0,T] and each f € HZ[0,T))

Exercise 4.9. Let I : Cy[0,T] — [0, +00] be defined by (12). Show that I is good.
(Hint: Show that level sets are closed and then use Example 4.8 and the Arzela-Ascoli theorem'®. To show that
level sets of I are closed in Co[0,T], use Alaoglu’s theorem?°)

5The uniform norm on Co[0,T] is defined as || f|c = max |f(x)|. The space Co[0,T] endowed with this norm is a
ze|0,
separable Banach space
16 A continuous function f € C[0,T] (not necessarily f(0) = 0) is said to be absolutely continuous if there exists a

function h € L]0, T] such that
£ =10+ [ h(s)ds, 1 0.1) (1)
0

Such a function h is denoted by f and is called the derivative of f.
17CE[0,T) consists of all functions from Co[0, 7] which are m times continuously differentiable on (0, T)
Bsee Definition VI.3.7 [Con90]
9see Corollary V1.3.10 [Con90]
20see Theorem V.3.1 [Con90]
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5 Lecture 5 — Weak large deviation principle and exponential tight-
ness

5.1 Weak large deviation principle

Example 3.1 shows that lower bound inequality (8) is enough to show only for open balls. Unfor-
tunately, it is not enough for upper bound (7). Later, in Proposition 5.1, we will show that upper
bound (7) for closed (or open) balls will only imply the upper bound for compact sets F. To have the
upper bound for any closed set we need one extra condition, called exponential tightness, which we
will discuss in the next section. Let us consider the following example taken from [DZ98, P. 7] which
demonstrates that upper bound for all compact sets does not imply inequality (7) for any closed set.

Example 5.1. We consider random variables &; := %, e >0,in R and set I(z) := 400, € R. Then
for any compact set F' in R (which is also bounded) we have

limelnP F} =—-0co=—inf ]
figeln® {6 € F} = —o0 = ~ it (2)

because there exists €9 > 0 such that P {&, € F} =0 for all € € (0,£¢). But it is easily seen that this
inequality is not preserved for the closed set F' = R. Indeed,

limelnP R} =limelnl = —oo = inf I(x).
lim 1n {6 e R} limeln 0L —o0 inf (x)

We also remark here that the family (& ).~ and the function I satisfy lower bound (8).

Consequently, it makes sense to introduce a relaxation of the full LDP, where we will require the
upper bound only for compact sets.

Definition 5.1. We say that the family (£.).¢ satisfies the weak large deviation principle (weak
LDP) in F with rate function I if

limelnP {¢& € F} < — inf I(x) (13)
e—0 zeF

for every compact set F' C F, and
limelnP {feEG}>—1nf I(x) (14)
e—0

for every open set G C E.

We remark that Example 5.1 shows that the family (55 = %)s>0 satisfies the weak LDP in R with
good rate function I(x) = +oo, x € R, but it does not satisfy the full LDP.

Let us consider another interesting example of a family of random elements in C[0,7] which
satisfies the weak LDP but it does not satisfies the full LDP for any rate function. This is a recent
result obtained by V. Kuznetsov in [Kuzl15].

Example 5.2 (Winding angle of Brownian trajectory around the origin). Let w(t) = (w1(t), w2 (1)),
t € [0,7], be a two dimensional Brownian motion started from the point (1,0). We denote for
every t € [0,7T] the angle between the vector w(t) and the z-axis (the vector (1,0)) by ®(¢) and set
Q. (t) = ®(et), t € [0,T]. It turns out that the family (®.).>0 satisfies only the weak LDP in the space
of continuous functions C[0, T'].

17
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S ? G A N > =
: A B2k
7 20 ’ 5 _{:_
(1,0) X N

Winding angle of Brownian motion

In the next section, we will consider conditions on a family (£ )c~¢ which will guarantee the
implication. Now we will give a useful statement which allows to check the upper bound for the weak
LDP.

Proposition 5.1. Let (& )->0 be a family of random wvariables in a metric space E and let I be a
function from E to [0,+00]. Then upper bound (13) follows from

lim liir(l)slnIP’ {{ € By(x)} < —I(x)

r—0e
forallzx e E.
Proof. Let F be a compact set. We set o := ;Ielfv I(x) and assume that o < co. Remark that for every
xeF I(z)> ;rellf? I(x) = . Hence, for any fixed § > 0
}%Eslnp {.€B(2)} < —I(2) < —a< —a+§

for all x € F. Consequently, by the definition of limit, for every x € F there exists r, > 0 such that
@Jslnl@ {- € By (2)} < —I(z) < —a+4.
E—r

Since the family of balls B, (z), * € F, is an open cover?’ of F. Be the compactness of F, there

exists a finite subcover of F', i.e. there exist x1,...,2m, € F such that F' C [, Brmk( Now we
can estimate

m m
TP {& € F} < [menP {gs e kL_Jl B, (xk)} < Tmeln (ZP {55 €B,, (:@})

k=1

Tk

Ezercise 3.4 E T .
& k:nffybfmig%elnp {EEGBrIk(xk)} <-—a+d= ;g%[(m)—i—é.

Making § — 0, we obtain
limelnP {& € F} < — inf I(x).
e—0 zeF

Similarly, one can show inequality (13) in the case a = 400 replacing —a + § by —%. O

Exercise 5.1. Finish the proof of Proposition 5.1 in the case in]f:I(x) = +o00.
TE

#'Each set B, (x) is open and F C User Br. ()
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5.2 Exponential tightness

We start from the definition of exponential tightness.

Definition 5.2. A family of random elements ({;).>0 is said to be exponentially tight in E if for
any number § > 0 there exists a compact set K C E such that

TP (& ¢ K} < 5. (15)

We remark that in the case of a countable family of random elements (,),>1, the exponential
tightness corresponds to the statement

for some a, — 0.

Exercise 5.2. Prove that a family (£ ).~ is exponentially tight in E if and only if for any b > 0 there
exists a compact K C E and g9 > 0 such that

P{e. ¢ K} <e =, ec(0,).

Exercise 5.2 shows that the exponential tightness is much more stronger than the tightness??.

Exercise 5.3. Let E be a complete and separable metric space.

a) Show that exponential tightness implies tightness for a countable family of random variables.

(Hint: Prove a similar inequality to one in Exercise 5.2 and then use the fact that any random element on a

complete and separable metric space is tight (see Lemma 3.2.1 [EKS86])
b) Show that tightness does not imply exponential tightness.

Example 5.3. Let ¢ be a standard Gaussian vector in R?. We consider as before &, = /z¢ and check
the family (£.).>0 is exponentially tight in RY. For this we will use the fact that this family satisfies
the LDP. 2

So, we fix 8 > 0 and take a compact set K, := [—a, a]? such that d\énf ) I > B, where I(z) = ||12| )
R\ (—a,a

r € RY, is the rate function for the family (£.).-¢2®. Since the family (£ )0 satisfies the LDP with
rate function I, we have

— < Tm dy [ A . < _
Tim e InP {¢ ¢ K,} < T eInP {geeR \ (~a,a) }_ gl TS5

It turns out, that the full LDP implies exponential tightness, but only for a countable family
(58)7121-

Proposition 5.2. Let E be a complete and separable metric space. If (§,)n>1 satisfies the full LDP
with a good rate function I. Then it is exponentially tight.

22 A family of random variables (£.) is tight if for any 6 > 0 there exists a compact set K C E such that P {¢. ¢ K} <6
for all €
2see Exercise 3.3
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For the proof see e.g. Lemma 1.11 [Swal2].

Exercise 5.4. Let (& ):>0 be a family of random variables in R such that there exist A > 0 and kK > 0

such that E ez /é] < k< for all e > 0. Show that this family is exponentially tight.
(Hint: Use Chebyshev’s inequality)

Proposition 5.3. If a family (&:)->0 is exponentially tight and satisfies a weak LDP in E with rate
function I, then it satisfies a full LDP.

Proof. In order to prove a full LDP, we need to stay only upper bound (7) for each closed set F' C E.
So, let I’ be a given closed set and K and 8 > 0 be the corresponding set and constant from the
definition of exponential tightness (see (15)). Then, using properties of probability, we have

P{e e F}=P{& e FNK}+P{c ek,

where K = E'\ K is the complement of K. Consequently, using Exercise 3.4 and the fact that the set
K N F is compact?®, one can estimate

limelnP{{ € F}=limeln(P{{ e FNK}+P {£ € K})
e—0 e—0
= limeInP {¢ € FﬁK}\/ggr(l)gln]P’ {¢ ¢ K}

< <_ inf I(x)) V(=) < <_ inf 1(;;;)) vV (=B).

zeFNK zeF

Letting 5 — 400, we get upper bound (7). O

#since K N F is a closed subset of the compact set K
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6 Lecture 6 — Large deviation principle for Brownian motion

6.1 Multidimensional Cramer’s theorem

This lecture is devoted to the LDP for a Brownian motion. We first consider the LDP for finite
dimensional distributions of a Brownian motion, which will explain better the form of the rate function.
Then we study the admissible shifts of Brownian motion, which allows as in the next lecture rigorously
prove the LDP. We start from the LDP for empirical mean of random vectors. This result generalises
Theorem 2.1.

Similarly to the one-dimensional case we introduce the comulant generating function associated
with a random vector ¢ in R? as follows

pe(\) =InEet, N eRY

where a-b = a1by 4 - - -+ agbg for a = (ay,...,aq) and b = (by, ..., by) from R?. As in one-dimensional
case?, one can show that the function ¢ is convex. So, we can introduce the Fenchel-Legendre
transform

pe(z) = sup {A-z—p(N)}, z€ RY,
AR

of a function ¢.

Exercise 6.1. For any random vector ¢ € R? and non-singular d x d matrix A, show that ¢ ac(A) =
pe(AA) and ¢ (2) = P (A7 ).

Exercise 6.2. For any pair of independent random vectors £ and 7 show that ¢ (A, 1) = @e(A) +

en(p) and ¢f  (z,y) = 9 () + ) (Y).
(Hint: To prove the second equality, use the equality sup f (A, u) = supsup f(\, p))
A A

The following theorem is a multidimensional Cramer’s theorem.

Theorem 6.1. Let £1,&s,... be a sequence of independent identically distributed random vectors in
R? with comulant generating function ¢ and let S, = & + -+ + &,. If @ is finite in a neighbourhood
of 0 then the family (%S’n)n>1 satisfies the large deviation principle with good rate function ©*, that

is, for every Borel set A C R¢

— inf ¢*(z) < lim llnIP’ {1Sn € A} < lim llnIP’ {1Sn € A} < — inf p*(x).
n n

TEA° n—oo N n—oo N z€A

For proof of Theorem 6.1 see e.g. [RAS15, P.61] (for simpler proof in the case ¢(\) < oo, A € R,
see e.g. [Var84, Theorem 3.1], [Kal02, Theorem 27.5] or [DZ98, Theorem 2.2.30].

Exercise 6.3. Let £1,&, ... be independent random vectors in R? whose coordinates are independent
exponentially distributed random variables with rate 7.2 Show that the empirical means (%S")n>1
satisfies the LDP in R? and find the corresponding rate function I.

(Hint: Use Proposition 6.1. For computation of the rate function use exercises 2.7 and 6.2)

%5ee Exercise 2.1
205ee also Example 2.2
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6.2 Schilder’s theorem

We start this section with computation of the rate function for finite dimensional distributions of a
Brownian motion. So, let w(t), t € [0,7], denote a standard Brownian motion on R.>” We take a
partition 0 =ty < t; < --- < tg = T and consider the random vector & = (w(t1),...,w(tqg)) in RY. Let
&1,&, ... be independent copies of £&. Then the distribution of

1 1
k=1
coincides with the distribution of ﬁ(w(tl), ...,w(tq)). Consequently, one can use Theorem 6.1 to

conclude that the family (%(w(tt), . .,w(td))) . satisfies the LDP with good rate function ¢f.
n

Next we compute ¢; to see the precise form of the rate function. We remark that the random vector

n = (w(tl) w(tz) — w(ty) w(tq) —w(td—1)>
Vi Vb=t T g =t

is a standard Gaussian vector in R?. According to exercises 6.2 and 2.7,

[E2

* H2 d
op(z) = 5 TE R“.
‘We observe that
w(t1)
n=A e ,
w(tq)

where A is some non-singular d x d-matrix. Thus, by Exercise 6.1,

e A 1N )
P(x) = Py () = gy (An) = T = o 30 ST

where zg = 0.
Let us denote

we(t) = Vew(t), tel0,T].
Then taking a function f € C[0,T], we should expect that the family (we)e>o will satisfy the LDP in
C[0, T] with rate function

T
=3 [ o

Now we give a rigorous statement about the LDP for a Brownian motion. So, let HZ[0,T] be a
set of all absolutely continuous functions h € Cy[0,T] with h € L2[0,T] (see also Section 4.2 for more
details).

Theorem 6.2 (Schilder’s theorem). The family (w:)s>0 satisfies the large deviation principle in
Col0, T] with good rate function

1) = {uf Fdeif f € H0,7],

+o00 otherwise .

T (t), t € [0,T] is a Brownian motion with w(0) = 0 and Varw(t) = ¢
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In order to prove Schilder’s theorem, we are going estimate probabilities P {w. € B,.(f)}, where
B, (f) ={9€C[0,T]: |lg— fllc <r} is the ball in C[0,T] with center f and radius r. This will be
enough to prove the weak LDP according to Proposition 5.1 and Exercise 3.1. Then we will prove the
exponential tightness of (w:)s>o that will guarantee the full LDP by Proposition 5.3. The fact that
the rate function I is good was considered as an exercise (see Exercise 4.9 above).

6.3 Cameron-Martin formula

In order to estimate the probability P {w. € B,(f)} = P {||lws — f|lc < r}, we need to work with
distribution of the process we(t) — f(t), t € [0,T]. We start the section with a simple observation.
Let a random variable n ~ N (0, 1) be given on a probability space (2, F,P) and a € R. It turns out
that one can change the probability measure P in such a way that the random variable  — a has a
standard normal distributed. We note that

Considering the new probability measure on {2 defined as

PO{A} = El.e™ %, AcF,
we claim that the random variable n — a has a standard normal distribution on (2, F,P%).
Exercise 6.4. Show that P® is a probability measure on Q, i.e. P*{Q} = 1.
Indeed, for any z € R we have

22

2 1 e
Peip—a<z}=EI; _ ez :/ e 2 e 2dx
{77 = } {n—a<z} m _OO

1 z+a (z—a)2 1 z 2
= / e 2 dr= / e~ 7 da.
V2T ) V2T J

It turns out that for a Brownian motion we can do the same. So, let w,2(t), t € [0,T], be a
Brownian motion with diffusion rate?® o2 defined on a probability space (Q,F,P). We introduce a
new probability measure on ) defined as follows

Ph{A} = Blels hOdw20-% 702t g ¢ 7
where h is a fixed function from Ls[0, 7.

Proposition 6.1. The process

W(t)-ﬁ/o h(s)ds, te 0,7,

is a Brownian motion with diffusion rate o® on the probability space (Q,}“,]P’h).

We remark that the statement of Proposition 6.1 is a consequence of more general Cameron-Martin
theorem about admissible shifts of Brownian motion (see [Kal02, Theorems 18.22]).

B (t), t € [0,T), is a Brownian motion with Varw(t) = ot
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Exercise 6.5. Let w(t), t € [0,T], be a Brownian motion with diffusion rate o2 defined on (Q, F,P)
and f € H§[0,T]. Find a probability measure P such that w(t) — f(t), ¢ € [0,T7, is a Brownian motion
on (2, F,P).

(Hint: Use Proposition 6.1 and definition of absolutely continuous functions)

Exercise 6.6. Show that for every a € R and § > 0
P {w,z2(t) +at <o, te][0,T]} >0.

(Hint: Use Proposition 6.1 and the fact that sup w,2(t) and |wy2(T)| have the same distribution®?)
t€[0,77]

#see Proposition 13.13 [Kal02]
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7 Lecture 7 — Proof of Schilder’s theorem

7.1 Proof of weak LDP for Brownian motion

The goal of this lecture is to prove the LDP for a family (w.)e>o of Brownian motions, where w,(t) =
Vew(t), t € [0, T]. The rigorous statement was formulated in the previous lecture (see Theorem 6.2).
In this section, we will prove the weak LDP.

For the proof of the lower bound we use Exercise 3.1. So, we need to show that

1) for every f € C3[0,T]
lim limeInP {w. € B,.(f)} > —I(f);

r—0e—0

where

1y = [3 I Pode it g € 1.7,
I otherwise.
2) For every f € HZ[0,T] there exists a sequence f,, n > 1, from C2[0,7] such that f, — f in
Co[0,T] and I(fn) — I(f), n — oc.

We start from checking 1). Take a function f € C3[0,T] and estimate P {|lw. — f||c < 7} from be-
low, using Proposition 6.1. We set h := f” and consider the following transformation of the probability
measure P

PhefA) = Elgelo “edwe0=5 ) “POd _ gy et ndws =3 [ r2 0]

Then the process

3

ws(t)—s/o h(s)ds:wg(t)—/o F(s)ds = wo(t) — (1), telo,T],

is a Brownian motion on the probability space (€, F,P"*) with diffusion rate €, according to Propo-
sition 6.1. Integrating by parts in the first integral,*® we have

T 1 T T 1 T
/ (1) (1) — / R2(8)dt = h(T)w.(T) — / W (s (0t — / B2(8)dt = ®(h, w.).
0 0 0 0
Now, we can estimate
P B —F |1 l‘I’(h,wE) 7l¢'(h,w5)
{we € B (f)} {we€B,(f)}€° e -
1
1 -z sup P(hyg)
>E [H{wseBAf)}es@(’We)e 9B (1) ] (17)
—1 sup ®(hyg) N —1 sup ®(hyg)
—e e P (u, — flo <rh=e 0B {ude <},

30gee Exercise 7.3 below
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where the latter equality follows from Proposition 6.1. Hence,

lim limelnP {w, € B,(f)} > —lim sup ®(h,g)
r—0:0 r—0 gE€B(f)

T 1 T
=B f) = WD) = [ Wi~ [ 1o
T 1 (T
= / R (t)dt — / R2(t)dt = I(f)
0 2 Jo
because P {||w.]lc <7} — 1 as ¢ — 0,3} and the function ® is continuous on Cp[0,T] in the second

argument. This finishes the proof of 1). The proof of 2) is proposed as an exercise (see Exercise 7.2).

Exercise 7.1. Let w.(t), t € [0,T], denote a Brownian motion with diffusion rate € for every € > 0.
Show that P {||w:||c < r} — 1 ase — 0, for all > 0.

Exercise 7.2. Show that for any f € HZ[0,T] there exists a sequence (f,)n>1 from FEy such that
fn— fin Col0,T] and I(f,) — I(f) as n — oc.

(Hint: Use first the fact that C'[0,7] is dense in L3[0,T]. Then show that if h, — h in L[0,T], then [ hn(s)ds
tends to [; h(s)ds in Co[0,T], using Holder’s inequality)

Exercise 7.3. Let h € C'[0, 7] and w(t), t € [0,T], be a Brownian motion. Show that

T T
/ h(t)dw(t) = h(T)w(T) — h(0)w(0) — / B (H)w(t)dt.
0 0

(Hint: Take a partition 0 = to < t1 < --- < t, = T and check first that functions h, =Y ;_, h(tk)ﬂ[tk_
to h in L2[0,T] as the mesh of partition goes to 0, using e.g. the uniform continuity of h on [0,T]. Next show that

converge
1 atk) g

S Bt 1) (w(t) — w(te-1)) = h(ta—1)w(T) — hO)w(0) — S w(te) (h(te) — hlt-1))

Then prove that the first partial sum converges to the integral fOT h(t)dw(t) in Lo and the second partial sum converges
to fOT w(t)dh(t) a.s. as the mesh of partition goes to 0)

To prove the upper bound?®? (13) for any compact set F' C Co[0, T], we will use Proposition 5.1.
We are going to show that for any f € Cy[0, 7]

lim lim e InP {w. € B.(f)} < —I(f).

r—0e—0

So we fix any f € Co[0,T] and h € C'[0,T], and estimate

Lo (hawe)  —Ld(hw.
P {w. € B.(f)} =E [H{wSEBT(f)}efq)(h’ )~z ®(h )}

1
<k [H{w €B (f)}e%‘b(h,wa)e E ge};lf(f)é(h,g)]

-1 inf ®(h,g) 1 —1 inf P(h,g)
<e “9EBr(f) Ee:®hwe) — o geBr(f) ,

1 .
3lgee Exercise 7.1

32The method applied here was taken from [DMRYZ04], see also [KvR19] for an infinite dimensional state space
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because E ez 2(hw) = 1. The last equality follows from the fact that P"< is a probability measure and

Eeiq’(h’“’a) is the expectation of 1 with respect to P /€. Consequently,

}grg)il_r}%eln}? {we € B,(f)} < }1_r>1(1)geanrf(f)<I>(h,g) O(h, f)

Now, taking infimum over all h € C1[0, T, we obtain

;%;g%)elnp {we € B.(f)} < he(IJIll[%,T]( O(h, f)) hezlll[po,T} O(h, f).

It remains only to show that

sup  ®(h, f) = I(f). (18)
ReC1[0,T)

7.2 A variational problem

We will check equality (18) inly for f € C2[0,T]. This case is much more simple. The general case
is based on the Riesz representation theorem and can be found e.g. in [KvR19, Proposition 4.6]. We
observe that for f € C2[0,7] and any h € C}[0, 7

T T
O(h, f) = W(T)(T) - / W0t~ / B (t)dt

0

T , 1 T 1 T , B
= [ rrwi—g [T wa< s [ ow =10,

where we first used the integration by parts and then the trivial inequality ab < % + %, a,b € R.
Moreover, we see that the last inequality becomes an equality if A = f’. So, the supremum is attained
at the point h = f" and ®(f’, f) = I(f). This proves (18).

7.3 Exponential tightness of [

To finish the proof of Schilder’s theorem, it remains to prove that (wg)e>o is exponentially tight.
Exercise 5.4 shows that the estimate N )
E =l < ke

for some k£ > 0, A > 0 and all £ > 0, is enough to conclude the exponential tightness of (£:)c>0 in
R. It turns out, that a similar estimate allows to get exponential tightness in the space of continuous
functions. However, one has to control the Holder norm.

Proposition 7.1. Let (&)e>o be a family of random elements in Cyl0,T]. If there exist positive
constants v, A and k such that for all s,t € [0,T], s <t, and e > 0

A lge(t) =€ ()] 1
E ec (t—s)Y < Ke ,

then the family (& )eso is exponentially tight in Col0,T.

The proof of Proposition 7.1 follows from Corollary 7.1 [Sch97].
Lemma 7.1. Let w(t), t € [0,T], be a standard Brownian motion. Then the family (\/ew)eso is
exponentially tight in Cy[0,T].
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Proof. To check the exponential tightness of (y/zw)e~o, we will use Proposition 7.1. We first remark
a2
that E e®@®=w)=50=5) — 1 for all @ € R and s,t € [0,T], s < t (see Exercise 7.4 below). So, we
can estimate for e > 0, s <t and a > 0
E eolVEwt)=vew(s)|l < g ga(VEw(t)—vew(s)) 4 [ o—alvew(t)—vew(s))

2c

_ 9F c(VEW(t)—vEW(s)) _ o pavE(w(t)—w(s)— 25 (t-s)+ G5 (t=5) _ 9, %% (t-3)

Taking o := 5\/%7 we obtain

V2[Vew(t) —vew(s)] 1 1
Ee eVi—s < 2e2 < (26)-.

This implies the exponential tightness. O

Exercise 7.4. Let w(t), t € [0,7], be a standard Brownian motion. Show directly that for each
aeR s,te0,T],s<t
B o0(w(t)—w(s)~% (t-s) _ 1.

(Hint: Use Exercise 6.4)

Remark 7.1. Let w(t), t € [0,T], be a standard Brownian motion on R?. Then using the same
argument, one can prove that the family (w.).~o satisfies the LDP in C([0, 7], R?) with rate function

1) = {HOT If@2de i f € HE([0,T),RY),

400 otherwise,

where Cy([0, T

R = {f = (Ao fa): i€ Col0T) i =1 d) HE(0,T)RY = {f = (fr... fa) :
fi € Col0,T], i=1,..

dyand f=(fi,..., fa).

8 Lecture 8 — Contraction principle and Freidlin-Wentzell theory
8.1 Contraction principle
The goal of this section is the transformation of LDP under a continuous map.

Theorem 8.1 (Contraction principle). Consider a continuous function f between two metric spaces
E and S, and let & be random elements in E. If (& )e>0 satisfies the LDP in E with rate function I,
then the images f(&:) satisfy the LDP in S with rate function

J@)=int (@) f(z)=v}= inf I yeE. (19)

Moreover, J is a good rate function on S whenever the function I is good on E.
Proof. We take a closed set F' C S and denote f~1(F) = {z: f(x) € F} C E. Then
limelnP F}=TlimelnP “F
=P {f(&) € F) = Imc P {& € f~'(F)

< — inf I(x)=—inf inf I(x)= — inf J(y).
o zefY(F) (=) yeF f(z)=y (@) yeFr )
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The lower bound can be proved similarly.
When 1 is good, we claim that

{J<ai=f({I<a})={f(x): I(z) <a}, a=0. (20)
To see this, fix any aw > 0, and let z € {I < a}, i.e. I(z) < a. Then

J(f(2)) = mf{I(u) : fu) = f(x)} <I(z) <o,

which means that f(z) € {J < a}. Since I is good and f is continuous, the infimum in (19) is attained
at some x € E, and we get y = f(z) with I(x) < «. Thus, y € f ({I < a}), which completes the proof
of (20). Since continuous maps preserve compactness, {J < a} is compact, by (20). O

Exercise 8.1. Let I be a good rate function on E and f be a continuous function from £ to S. Show
that the infimum in (19) is attained, that is, there exists € F such that f(z) =y and J(y) = I(z).

Exercise 8.2. Let w(t), t € [0,T], be a Brownian motion on R with diffusion rate 0? and w(0) = zo.
Show that (y/ew)eso satisfies the LDP in C[0, 7] and find the associated rate function.
(Hint: Take the continuous map ®(f)(t) = o f(t) + xo, and use the contraction principle and Schilder’s Theorem 6.2)

Remark 8.1. Let us explain the form of the rate function for Brownian motion using a concept of
white noise and contraction principle. We recall that the white nose w(t), t € [0,T], formally can be
defined as a Gaussian process with covariance E w(t)w(s) = do(t —s), where dy denotes the Dirac delta
function. One should interpret the white noise as a family of uncountable numbers of independent
identically distributed Gaussian random variables. Similarly, as for Gaussian vectors, where the rate

2
function is given by the formula @ = Zizl %’“, the rate function for the family (y/21)z~0 should be

T
Li(z) = % /0 22(t)dt.

We remark that a Brownian motion formally appears as a continuous function of white noise, namely
the process w(t) := fg w(r)dr, t € [0,T], defines a standard Brownian motion. Indeed, it is a Gaussian
process with covariance

s t s t s t s
E </ w(m)drl/ li)(’l”Q)d?“g) = / / Ew(rl)w(rg)dmdrg = / / 50(T1—7“2)d?”1d?”2 = / 1d7“1 =S
0 0 0 0 0 JO 0

if s <t. So, w= ®(w), where ® denotes the integration procedure. By the contraction principle, the
rate function of the family (w. = ®(1u))e>0 has to be

8.2 Freidlin-Wentzell theory

In this section, we prove the LDP for solutions of stochastic differential equations (shortly SDE). Let
consider a family (z:)c>o of solutions to the following SDEs

dze(t) = a(z:(t))dt + Vedw(t), z:(0) =0, (21)
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where @ : R — R is a bounded Lipschitz continuous?® function and w(t), t € [0,T], is a standard
Brownian motion. We recall that a continuous process z.(t), t € [0, 77, is a solution to (21) if

2:(t) = /0 a(z:(s))ds + Vew(t), te][0,T].

By Theorem 21.3 [Kal02], equation (21) has a unique solution.

Theorem 8.2 (Freidlin-Wentzell theorem). For any bounded Lipschitz continuous function a : R — R
the solutions the family (zc)e>o satisfies the large deviation principle in C[0,T] with good rate function

Hﬁ:{;ﬁvm—awwWﬁ if f € H2[0,T),

+00 otherwise.

Proof. To prove the theorem, we will use the contraction principle. We first remark that the equation

A(t) = /0 a(=(s))ds + g(t), € [0,T], (22)

has a unique solution for any g € C[0,T7], since the function a is bounded and Lipschitz continuous.
So, there exists a function ® : C[0,T] — CJ0, T such that z = ®(g). Let us show that ® is continuous.
Take g1,¢92 € C[0,T] and set z; := ®(g1), 22 := P(g2). Then one can estimate

|21(t) — z2(t)] = [®(g2) — P(g2)| = /0a(Zl(S))—a(z2(8))d8+91(t)—gz(t)

g/ﬁwa@»—a@x@mm+mmw—wuﬂ
0
SLALMﬁ—m@MHWm—m%-

Gronwall’s Lemma 21.4 [Kal02] yields |21 (t) — z2(t)| < ||g1 — g2||ce™* for all ¢ € [0, T]. Hence,

12(91) = @(g2)llc = ll21 = 22llc < " llg1 — gallc,

which shows that ® is continuous. Using Schilder’s theorem 6.2 along with the contraction principle
(see Theorem 8.1), we conclude that the family (z:).>0 satisfies the LDP in C[0, T"] with the good rate
function

Hﬁzmum@:wmzﬂzm%m@wfmzéaU@mH@@}

where I, is defined in Theorem 6.2. Due to the uniqueness of solutions to differential equation (22),
the function ® is bijective. Moreover, g and f = ®(g) lie simultaneously in HZ[0,T), in which case
G = f —a(f) almost everywhere.?* Thus

1(f) = {fg(f(t) —a(f(t)2dt if f € H2[0,T),

+o00 otherwise.

O]

3a: R — R is Lipschitz continuous function if there exists a constant L such that |a(z1) — a(z2)| < L|z1 — x2| for all
T, T2 € R
34see Exercise 8.3

3
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Exercise 8.3. Let @ : C[0,T] — CJ0,T] be defined in the proof of Theorem 8.2.
1) Show that the function ® is bijective.

2) Prove that g € H2[0,T] if and only if f = ®(g) € HZ[0,T).
(Hint: Use equation (22) and the definition of HZ[0,T)

3) Show that g = f— a(f) almost everywhere for every g € H2[0,7] and f = ®(g).

8.3 Contraction principle for some discontinuous functions

In the first section, we showed that LDP is preserved under a continuous transformation. But very
often one must work with discontinuous transformations. It turns out that LDP can also be preserved
in some cases. Let us consider the following example which was taken from [DO10].
Given a standard Brownian motion w(t), t € [0,7], in R? and a closed set B C R%, we consider
the stopping time
T:=1inf{t:w(t) € B} AT,

where a A b = min {a,b}. Let y(t) := w(t A7), t € [0,T], denote the stopped Brownian motion and
ye(t) := y(et), t € [0,T]. We are interesting in the LDP for the family (y:)->0. We remark that the
process Y. is obtained as an image of w.(t) = w(et), t € [0,T]. Indeed, let us define for a function
f S CO([OvT]de)
7(f):==1inf{t: f(t) € B} NT,
and
O(f)(t) == fEAT(S), te[0,T]. (23)

Then, by Exercise 8.4, ® is a map from Cg([0, 7], R?) to Co([0,T],R%) and y. = ®(w,). Unfortunately,
we cannot apply the contraction principle here since ® is discontinuous. But still, one can use the idea
of contraction principle to obtain the LDP for (y.).~o. We remark also that the set B could be chosen

by such a way that the set of discontinuous points of the map ® has a positive Wiener measure® (for
more details see Example 4.1 [DO10]).
Proposition 8.1. The family (y.).>o satisfies the LDP in Co([0, T], R?) with rate function
1 (T 42 ; 2 d
= t)dt H:(0,T],R*)NIm ®
1) = 42 PPt i £ € HY(0.TLRY N Im®, ”
~+00 otherwise,

where Im® = {®(f) : f € Co([0,T],RY)}.

Proof. A detailed proof of the proposition can be found in [DO10, Section 4]. We present here only
the main idea. For the proof of the lower bound we take a closed set F' C Co([0,T],RY) and estimate
from above the upper limit

limelnP F}=TlimelnP {® F}=limelnP o (F
lim 1n {y. € F} lim eln {®(w.) € F} lim eln {w. € (F)}

<TmelnP {ws e qﬂ(F)} < — inf I,
e—0 <I>71(F)

3P {w is a point of discontinuity of ®} > 0
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where I,, is the rate function defined in Theorem 6.2 and ®~'(F) = {f € Co([0, T],R?) : ®(f) € F}.
So, in order to obtain the upper bound (7), one needs to prove

inf I, = inf I, (: inff> 36
>-1(F) >-1(F) F

Similarly, for the proof of the lower bound (8), one needs to show that

@711%2)0 Iw = q)lrll(fG) I’LU (: Héf I>
for any open set G C Cq([0, T], R?). The prove of those equalities can be found in [DO10, Section 4] [

Exercise 8.4. Let ® be defined by (23) for d = 1 and B = {0}. Show that ® maps C[0,T] to C[0,T].
Prove that it is discontinuous.

36We remark that this equality and the equality for open G trivially holds if ® is continuous, since ®~*(F) is closed
and ®~!(G) is open

32



UNIVERSITAT LEIPZIG

University of Leipzig — WS19/20
An introduction to large deviations / Vitalii Konarovskyi

9 Lecture 9 — Some applications of large deviations

9.1 Curie-Weiss model of ferromagnetism

This section is taken from [RAS15, Section 3.4].

In this section, we consider an application of LDP in statistical mechanics, using a toy model of
ferromagnetism. Let us imagine that a piece of material is magnetized by subjecting it to a magnetic
field. Then assume that the field is turned off. We are interesting if the magnetization persist.
To answer this question, we introduce a model called the Curie-Weiss ferromagnet and will try to
understand this using large deviation theory.

Let us start from the description of the model. Consider n atoms each of them have a +1 valued
spin w;, ¢ = 1,...,n. The space of n-spin configurations is ,, = {—1,1}". The energy of the system
is given by the Hamiltonian

Hn(w):—% Zwiwj—thj:—ngi %ij —thj. (25)
7j=1 i=1 j=1 j=1

ij=1

A ferromagnet has a positive coupling constant J > 0 and h € R is the external magnetic field. Since
nature prefers low energy, ferromagnet spins tend to align with each other and with the magnetic field
h, if h # 0. The Gibbs measure for n spins is

1
n(w) = Z—e_ﬁﬂ"(‘”)Pn(w), w € .

n

Here P,(w) = 2%, B > 0 is the inverse temperature and 7, is the normalization constant.

The Gibbs measure captures the competition between the ordering tendency of the energy term
H(w) and the randomness represented by P,. Indeed, let h = 0. If the temperature is high (8 close
to 0), then noise dominates and complete disorder reigns at the limit, limg_,oy,(w) = P,. But if
temperature goes to zero, then the limit limg_,o Yn(w) = 4 (6=1 + 6w=—1) is concentrated on the two
ground states. The key question is the existence of phase transition: namely, if there is a critical
temperature 3;! (Curie point) at which the infinite model undergoes a transition that reflects
the order/disorder dichotomy of the finite model.

Let a random vector (11, ..., 7n,) have distribution 7,. We define magnetization as the expectation
M, (B,h) =ES, of the total spin S,, = > ; ;. We show that %Sn converges and there exists a limit

m(B,h) = lim - M, (8, h).

n—oo n
Then we will see something interesting as h — 0. We remark, that m(3,0) = 0, since vy, (w) = Yn(—w).
Proposition 9.1. The family (%S”)n>1 satisfies the LDP in R with rate function
I(x) {%(1 —z)In(1—2z)+3(1+2)In(1+z) — 3JB2% — Bha —c  ifx € [-1,1],
€Tr) =

400 otherwise,

where ¢ = 1[n€ . {3(1 —2)In(1 —2) + 1 (1 + 2) In(1 + 2) — 3JB2* — Bhx}.
xe|—1,
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For the proof of the proposition see [RAS15, Section 3.4].
In order to understand limit of %Sn, we find the minimizers of the rate function I. Critical points
satisfy I'(x) = 0 that is equivalent to the equation

1 1+=x
—1In
2 1—=x

Theorem 9.1. Let 0 < 8,J < 0o and h € R.
(i) For h # 0, m(5,h) is the unique solution of (26) that has the same sign as h.

= JBx + Bh, =€ [-1,1]. (26)

(i) Let h =0 and B < JL. Then m(B,0) = 0 is the unique solution of (26) and m(B,h) — 0 as
h — 0.

(iii) Let h = 0 and B > J~'. Then (26) has two nonzero solutions m(B,+) > 0 and m(B,—) =
—m(fB,+). Spontaneous magnetization happens: for 3 > J 1 =: .,

lim m(B8,h) =m(B8,4+) and lim m(B8,h) =m(B,—).
h—0+ h—0—

We note that statements (i7) and (iii) follows directly from the form of equation (26). Statement
(1) is the direct consequence of the further proposition and the dominated convergence theorem.

I

I I
A A A
| b\/ ) ]
> > >
1 -1 0 1
1
A
T
-1 0 1 -1

-1 0 1
I

A

x
>

0 1

The graphs of the rate function I. Top plots have B > J~1 while bottom plots have < J~1. Top left
to right: h =0, 0 < h < ho(J, 8) and h > ho(J, 3). Bottom left to right, h =0 and h > 0. The case
h < 0 is symmetric to that of h > 0.

Proposition 9.2. (i) Suppose that either h #0, or h =0 and 3 < J~'. Then %Sn — m(B, h).

(ii) If h =0 and B > J~!, then %Sn — ¢ weakly, where P {{ =m(8,4+)} =P {(=m(B,—)} = %

Proof. We note that the first part of the proposition follows from the fact that the rate function I has
a unique minimizer. Indeed,

n—oo n |[z—m(B,h)|>e

lim 11n]1]’{‘7115’n—m(,8,h)‘2£}§— inf I(z) <0.
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For part (ii) the large deviation upper bound can be obtained similarly

Iim P {
n—o0

Form v, (w) = yn(—w) it follows that S,, is symmetric and so

%Sn—m(ﬁ, —)’ <e or ’;Sn—m(ﬁ,—i—)‘ <5} =1.

1 1 1
lim P {‘Sn —m(pB, —)‘ < 5} = lim P {‘Sn —m(ﬁ,—i—)‘ < 8} =_.
n—00 n n—0co n 2
This shows the weak convergence of %Sn to (. O

9.2 Varadhan formula

The goal of the present section is to show a connection of diffusion processes with the underlying
geometry of the state space. This result was obtained by Varadhan in [Var67]. So, we are interesting
in deviations of solution x(t) of the SDE in R?

dz(t) = o(x(t))dw(t), x(0) = o, (27)

from the initial value of xy as ¢ — 0, where w(t), t € [0,1], denotes a standard Brownian motion in
R? and the d x d-matrix ¢ is Lipschitz continuous.
We first consider the following family of SDEs

dz:(t) = o(xe(t))dwe(t), x(0) = xo, (28)

where we(t), t € [0,1], and € > 0. For every € > 0 the solution is the diffusion process corresponding
to the operator

€ 0% f
L - L)
e(f) 9 Z Qg 8£Ci.ij’
2,7=1
with a = oo*. We also assume that the matrix a is bounded and uniformly elliptic, that is, there
exists ¢ > 0 ans C > 0 such that for all A = (Aq,...,\q) € R?

I AI? < Aax < CIAJP,

where Aa\ = szzl a;jAiAj. We remark that for every ¢ > 0 SDE (28) has a unique solution z. on

the space C([0, 1], R%).3” The proof of the following theorem can be found in [Var84, Section 6].

Theorem 9.2. The family (x.).>o satisfies the LDP in C([0,1],R%) with rate function

1) = {% Jo FQa O 0d i £ € HE(01,K),

400 otherwise,

where H2 ([0, T];R?) is defined similarly as H3([0, T};R?), the only difference is f(0) = zo.

#7see e.g. Theorem 21.3 [Kal02]
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Now we are going to obtain the LDP for the family (z(¢))c>0 where x(t), t € [0, 1], is a solution to
equation (27). It is easily to see that z(e) = z.(1). So, we can apply the contraction principle to the
LDP for (z)e>0. We take the following continuous map on C([0, 7], R%)

<I>(f) = f(1)> VS C([O>T]7Rd)'

Then the family (z(e) = ®(z¢))e>0 satisfies the LDP with rate function

Lyy(a1) = inf {1(f) [ € H}(0,T),RY), f(1) =}

1 L. . d2($0 xl)
= - inf Ha Y (f) ft)dt =2 ——2
T W (OO ;
where the later infimum is taken over all functions f € HZ ([0,1],R?) which end at z; (and begin at
l‘o).
Let us define locally the metric on R? as

d

2 § :
ds* = ai]’dl‘idl’j.
1,j=1

Then the distance

D=

1
d(l‘o,ﬂb‘l):(iﬂf{ [ dwai s £ e a2 o.1.1, f<1>=1}> . w001 €RY

coincides with the global geodesic distance

1
dgeodm,xl)—inf{ | Viwa s e o0,z f(l)—l}, 7,01 € RY,

induced by this metric.
Exercise 9.1. Show that dge.q is a distance of R4,

We remark that the operator L is the Laplace-Beltrami operator on the Riemannian manifold R¢
(with metric ds?) and the associated process z(t), t € [0, 1], plays a role of Brownian motion on this
space.

For further applications of large deviation principle see also [Var08].
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