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10 Lecture 10 — Differentiation

10.1 Definition and Some Examples

Let A C R and a € A. We also assume that there exists 6 > 0 such that (a — d,a + ) C A. Let
f:A— R be a given function.

Definition 10.1. e We say that f is differentiable at a, or f has a derivative at a, if the limit

@)~ f)
Tr—a Tr — Qa

exists and is finite. We will write f’(a) or %(a) for the derivative of f at a, that is,
df f(x) — f(a)

f'(a) == %(a) = lim ————~

Tr—a Tr— a
whenever this limit exists and is finite.

e If for each a € A the derivative f’(a) exists, then the function f is said to be differentiable on
A and the function defined by A > z — f/(z) is called the derivative of f on the set A.

Remark 10.1. Taking h := x — a in Definition 10.1, we have

f’(a) — lim f(a+h) — f(a)

h—0 h
Definition 10.2. e If a finite left-sided limit

i @) f(a)

T—a— r—a

exists, then this limit is called a left derivative of f at a and is denoted by f’ (a) or %(a).

e If a finite right-sided limit
L S~ J(a)

zat X —a

exists, then this limit is called a right derivative of f at a and is denoted by f’ (a) or (Zr—mf(a).
Remark 10.2. By Theorem 7.8, a derivative f/(a) exists iff f’ (a) and f/ (a) exist and f’ (a) = f! (a).
Example 10.1. For the function f(x) =z, z € R, and any point a € R we have

f'(a) = lim f(z) = f(@) — lim 2% — .

T—a Tr—a T—=axr —a
Thus, (z)) =1,z € R.

Example 10.2. For the function f(x) = |z|, x € R, and the point a = 0 we have

T | e [ e
o= tig g =y e
nd 2] = [0]
/ -] |51 B i li T _ 1.
F1(0) 0tz —0 v 0t 7

So, fL(0) = =1 # f4(0) =1 and the derivative f’(0) does not exist.
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Example 10.3. Let f(z) = 2%, * € R, and a € R. Then

f'(a) = lim i = lim w = lim(x + a) = 2a.

r—=a T — Q r—a Tr—a r—a

Hence, (z?) = 2z, z € R.
Example 10.4. For the function f(z) = ¥/z, z € R, and the point a = 0 we have

3 3
limuz im fl = +4o00.
z—0 x—0 20 T2

Consequently, the derivative of f at 0 does not exist.

— rainl — _ f@)=f(0) _
Example 10.5. Let f(z) = xsin, * € R\ {0}, and f(0) = 0. Let also a = 0. Then —— =5~ =

zsin1—0
Z

-0

T’

= sin% does not have any limit as © — 0 (see Exercise 8.8). Thus, the function f is not

x
differentiable at 0.
Exercise 10.1. Check that (z|z|)’ = 2|z|, z € R.

Exercise 10.2. For the function f(z) = |22 — z|, * € R, compute f'(x) for each x € R\ {0,1}.
Compute left and right derivatives at points 0 and 1.

10.2
a)

Interpretation of Derivative

Physical Interpretation.

Let a point P move on the real line and s(t) is its position at time ¢. Let t1, ty be two
moments of time and ¢; < ty. Then the average velocity over the period of time [tq,ts] is the
ratio %, where s(t2) — s(t1) is the distance travelled by P during the time to — ¢;. The
instantaneous velocity at t; is the limit of the average velocity as t9 approaches ti, that is, it

is the limit tlirr% % Thus, instantaneous velocity v(t) of the point P at time ¢ is
2—t1

the derivative of s at ¢, i.e. v(t) = §(¢).

Geometric interpretation

Let a function f : (a,b) — R be differentiable at a.
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The slope of the secant line through (a, f(a)) and (z, f(z)) is
£() ~ f(a)

r—a

tan o, =

If x approaches a, the secant line through (a, f(a)) and (z, f(x)) approaches the tangent line
through (a, f(a)). Hence, the derivative f’(a) is the slope of the tangent line through
the point (a, f(a)), that is,

tan @ = lim M = f'(a).
T—a Tr—a

So, the linear function whose graph is the tangent line through (a, f(a)) can be given by the
equation

f'(a) =tana = Lf(a), r €R,

z—a

that is,

y=f(a)+ f(a)(z —a), z€R.

10.3 Properties of Derivatives

Theorem 10.1. If a function f : A — R is differentiable at a, then there exists a function ¢ : A — R
such that

J(@) = f@) + fl@)(x —a) + ple)( —a), z€A

and p(z) = 0, x — a.

Proof. We take ¢(x) := w — f'(a), z € A\ {a} and ¢(a) = 0. Then the statement easily follows

from Definition 10.1. I

Exercise 10.3. If there exists L € R such that f(z) = f(a)+ L(z —a) + ¢(z)(x —a), z € A, for some
function ¢ : A — R satisfying p(z) — 0, * — a, then f is differentiable at a and f’(a) = L. Prove
this statement.

Theorem 10.2. If f is differentiable at a point a, then f is continuous at a.

Proof. Using theorems 10.1 and 8.1, we obtain

lim f(z) = lim (f(a) + f'(a)(z — a) + ¢(z)(z — a)) = f(a).

T—ra Tr—a

O

Exercise 10.4. Let f has a derivative f’(a) at a point a. Express through f(a) and f’(a) the following
limits:

. fla=h)—f(a), . flat+2h)—f(a). . flath)—f(a—h), : 1 :
) lim LOR)=L ) fay 2=, ) gy LRI, ) T i (f (a+ 1) — f(a);

o) Jim n (f (5a)  f(@)s 1) tim L4 ) i (252 p(a) 20

n—oo n—oo

Exercise 10.5. Prove that f is continuous at a point a if f’ (a) and f! (a) exist.
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Theorem 10.3 (Differentiation rules). Let functions f,g: A — R have derivatives f'(a) and ¢'(a) at
a point a. Then

1) for each ¢ € R the function cf has a derivative at a and (cf)'(a) = cf'(a);
2) the function f+ g has a derivative at a and (f + g)'(a) = f'(a) + ¢'(a);
3) the function f - g has a derivative at a and (f - g)'(a) = f'(a)g(a) + f(a)g'(a);

/ / /
4) if additionally g(a) # 0, then the function 5 has a derivative at a and (%) (a)=1 (a)g(a)g}f(a)g (a),

Proof. Proof of 2). By the definition of derivative and Theorem 8.1 b), we have
Def. 10.1 |, f(z) +9(z) — (f(a) +9(a) _ . (f(ﬂf) —fa) | 9(x) - 9(@))

(f +9)(a)

r—a Tr—a r—a r—a

Th. 8.1 f(@) = fla) . g(x) —g(a) Def,_10.1

!/ /
lim == Jim =—— f(a) +d'(a).
Proof of 3). We compute

Def. 10.1 . f(z)g(z) — f(a)g(a) f(@)g(x) — fla)g(x) + f(a)g(x) — f(a)g(a)

(f-9)(a) "= ;133 r—a :iﬂ T —a
= lim <Jwg(x) +f(a)g(32_zw)> Th. 8.1 lim f(xa)cicfl( >;1§}19( )
+ fl@ lim 8@) () (Df 10.1Th102) )

T—a T —a

Proof of 4). Since g(a) # 0, we have that g(z) # 0 in some neighbourhood of the point a, by
theorems 10.2 and 8.2. Thus,

1 (f(x) B f(a)> _ f(@)g(a) = f(a)g(a) + f(a)g(a) - fla)g(x)
g9(x)  g(a) g(x)g(a)(z —a)

0 (@@ gla) -~ gla)
‘<>g<a>( z—a WO, )

Thus, the needed equality follows from the latter relation and theorems 10.2 and 8.1. O

Theorem 10.4 (Chain rule). Let a function f : A — R have a derivative f'(a) at a point a € A.
Let f(A) C B and a function g : B — R have a derivative g'(b) at the point b = f(a). Then the
composition go f = g(f) has a derivative at the point a and

(g0 f)(a) = (9(f))'(a) = ¢'(f(a)) f'(a).
Proof. By Theorem 10.1,
9(y) — 9(b) = g'(0)(y — b) + ¢(y)(y — b),

for some function ¢ : B — R satisfying ¢(y) — 0, y — b. Taking y := f(z) and dividing the latter
equality by x — a, we obtain

9(f()) — g(f(a)) :g/(b)f(ﬂf) — f(a) +¢(f(x))f(x) — f(a)

r—a r—a r—a
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By Theorem 10.2, f(z) — f(a) = b, z — a, and, consequently, ¢(f(x)) — 0, x — a. So,

(g0 f)(a) = tim 2/ = 9(f(2))

T—a T —a

=g () f'(a) +0f'(a) = g'(f(a)) f'(a).

Example 10.6. Let o € R. Then (%) = axz®!, z > 0.
Indeed, using Remark 10.1 and Theorem 8.8, we obtain for x > 0

(erh)a*xa_xa—l(]‘—i_%)a_l a—1
h - h

z

- a, h—D0.

Exercise 10.6. a) Let n € N. Show that (") = nz"~! for all z € R.
b) Let m € Z. Show that (z™)" = ma™"! for all x € R\ {0}.

Example 10.7. Let a > 0. Then (a®)’ = a”Ina for all z € R. In particular, if a = e, then (e*) = e®
for all z € R.
Indeed, using Remark 10.1 and Theorem 8.7, we have for z € R

a*th —q®  al -1 .
T—a h —a”*-lna, h— 0.
Example 10.8. a) (sinz)’ = cosz and (cosz) = —sinx for all z € R;
b) (tanz) = L forallz € R\ {F +7k: k€ Z};
¢) (cotz) = —Sinl% forall x € R\ {7k : k € Z}.

Let us check the equalities in a). For every x € R we have

sin(z +h) —sinz 2 . h +ﬁ _sin% +ﬁ . b0
. =gsingcos(ztg )= ] cos (x4 5 cos x, .

Thus, (sinz) = cosz, x € R.

Similarly,
cos(r +h) —cosx 2 . h . R\ sinf h .
A ——h31n231n(a:—|—2>—— i sin m—|—§ — —sinz, h — 0.
Hence, (cosz) = —sinz, x € R.

In order to compute (tanz)’, we will use Theorem 10.3 4). So, for every x € R such that cosz # 0
we have

. ! . . .
(tan 2’ sin x (sinz)'-cosx —sinz - (cosz)  cos?x +sin’x 1
anux = —_— = = = .
cos cos? x cos? x cos? x
and for every x € R such that sinxz # 0
(cot z)’ (COSJJ)’ (cosz) -sinx — cosx - (sinz)’ sin? z + cos® 1
cotx - ; = - = — - = —— .
sin z sin? x sin? sin?

Exercise 10.7. Compute derivatives of the following functions:
a) y =12 b)y= {5 o) y=e "N d)y=Mge)y=e” (14 cot §).
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Exercise 10.8. Let f(z) = 2%, 2 < 1, and f(x) = ax + b, z > 1. For which a,b € R the function f:
a) is continuous on R; b) is differentiable on R? Compute f’.

Exercise 10.9. Show that
a) (sinhz)' = coshz, z € R; b) (coshz)’ =sinhz, z € R;
¢) (tanhz) = —5— 2 € R; d) (cothz) = ——L— x € R\ {0}.

cosh? 2’ sinh? 2’

Exercise 10.10. Let f(z) = x%efz% for z # 0 and f(0) = 0. Prove that f'(0) = 0.
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