AGM INEQUALITY WITHOUT ROOTS AND EULER’S NUMBER e

We give a treatment of 1.2.11 without using roots. All x;, a;, etc. are positive reals.
Theorem 1. For alln > 1,

(m1+...+xn>n
n )

T1 ... Ty <
with equality if and only if x1 = -+ = x,.
Proof:
1) The case n = 2.

(.731 + $2)2

1 and equality iff 1 = xo,

(1) 122 <
as (1) <= 0< (21 — x9)%

2) Binary upwards induction. Suppose the inequality holds for n. Then

R T S Ié(xl+"'+xn>"($n+1+-~-+$2n)”
1 oo n n+1 PR 2n (:) n n
1 n
= W((«'El +oot o) (Tng1 + . +x2n))
1((xl+...+xn+xn+1+...+m2n)2)n B <x1+...+mzn)2n
(%) n2n 4 N 2n ’
where (#x) is (1) applied to 1 + - -+ 4+ 2z, and Tp41 + -+ - + Ty,
Equality in (%) implies 1 = -+ = x, and 41 = -+ = Ta,; equality in (xx) then implies

1 = Tp+1-

3) Induction 1 down. Suppose the inequality holds for n+1, and let %(wl +- - 4x,) = (av) > 0.
Then 1 + -+ - 4+, + (av) = (n + 1)(av), so

(av)™ - (av) = (351 +oo T+ (av))nﬂ (IA

n+1 Z xl...l-n.(av)’
and dividing by (av) gives

Hokok )

(av)™ > x1 - xp.
Equality in (k%) implies 1 = - -+ = x,, (= (av)).
Together, 1)-3) prove the theorem for every n: steps 1) and 2) give all powers of 2, and 3) fills
in every n between them. O
a+mn-b
n+1
Proof: Apply Theorem 1to zqy =aand z; =bif2<j<n+ 1. U

Lemma 3. . Forn € N we define x, = (1 + l)n, Yn = (1 + %)m—l and z, = (1 — l)n.

n n
Then for alln € N : xp < Tpit,2n < Znt1 aond Yn > Ynil-

n+1
Corollary 2. Ifa,b > 0 are real then a - b" < < > , with equality iff a = b.

Proof: For the x,, use Corollary 2 with a = 1,0 =1+ %, for z, also Corollary 2 with a = 1
but b=1— % Finally the inequality for the y,, follows since y, = 1/zp41. 0.

Corollary 4. There is a real number e = lim x, = lim y, and for alln e N: z, < e < yn.
n—oo n—oo

Proof: For alln € N: z, <y, <y and {z,}52; 1 implies 3¢, = lim z,. Analogous exists
n—0o0
3, = nh_}rr;o Yn. Since y, = (1—}—%)1:” we get for n — oo that £, = 1-£,. For each n and m > n+1

we have z,,, > Tp41, so if m — oo we conclude £, > 2,11 > . Similarly £, < yn11 < yn. O
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