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Baryon numberviolation in the electroweakstandardmodel is expectedto proceedthrough
classical transitions over the sphaleronbarrier connectingvacua of different Chern—Simons
number.The requiredenergyis of the vrderof 10 TeV. The eventstructureis studied in this
paperby following the real-timeevolutionof the sphaleronfield configuration.On average,the
sphaleronis foundto decayinto 42W-bosonsand8 Higgsparticles, if the Higgs massis closeto
theW-bosonmass.

1. Introduction

The sphaleronis a static solution of the bosonic sector of the electroweak
standardmodel [1—31.This solution is in fact unstableanddescribesa saddlepoint
separatingtwo vacuumsectorsinequivalentunder large gaugetransformations.
Transitionsfrom onetopologicalsectorto a neighbouringoneareaccompaniedby
a changein baryonnumber[41,

%.IB=LIL=flg ~flcs, (1)

with ng the number of generations,and ~ the change of Chern—Simons
number

= 16~2fd3x &Jk(awawa + ~EWaWbw~) (2)
Vacuumtunnelingtransitionsthrough this barrier arevery much suppresseddue
to the smallnessof the electroweakcoupling constant.Thereforebaryonnumber
violation in the standardmodel was thought to be unobservable.Later it was
realized,however,that (B + L)-violation can also occur in connectionwith classi-
cal transitionsover the sphaleronbarrier [3].This may happenat hightemperature
[5], or in high energy collisions. This possibility of observing baryon number
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violation at future high-energyacceleratorshas stimulateda lot of discussion
recently,originatingfrom a paperby Ringwald[61.His instantonestimatesshow a
steepincreaseof electroweakcrosssectionsat small energy,andseemto reachthe
s-wave unitarity bound at about the sphaleronenergy(of the order of 10 TeV).
Correctionsto the leadingapproximationare large,however,in thisenergyrange.
It is therefore still unclearwhetherelectroweakcrosssectionsdo become large
eventually, although calculational tools have beenimproved substantiallyin the
meantime [7—131.

Instanton estimatesmight not be very appropriatenear the sphaleronenergy
becausetunneling becomesirrelevant there. The dominant contribution is ex-
pectedto arise from classicalpathsacrossthe sphaleron.The basicuncertaintyin
estimatingthecrosssectionis dueto the unknownoverlapof thosestateswith the
given initial state.The eventstructureon theother handcanbeestimatedreliably
by studyingthereal-timeevolutionof classicalfield configurationsinitially closeto
the sphaleron.Suchan analysisis carriedout in the presentpaper.

W-boson and Higgs multiplicities and averageenergieshave been estimated
before[3,14],working directly with thesphaleronfield configuration.However,the
sphalerondecays into someoutgoing wave, which only after sometime shows
free-field behavior.Only afterthat time a particleinterpretationbecomespossible.
This will lead to a reducedfraction of Higgsparticles.It is still higher, however,
than leading-orderinstantonestimateswould predict.

2. Field equations

We study the SU(2)Yang—Mills Higgs theory given by the lagrangian

— ~(F~F~) + I 12_ — ~v2)
2, (3)

where

~ (4)

(5)

D~=~—igW~. (6)

The generalsphericalsymmetricansatzis [15,161

1
W

0(r, t) = ~—G(r,t)(ni), (7)
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1 1 —fA(r, t) fB(r, t)
W(r, t) = r (n X T) + r (T — (nT)n) +fc(r, t)(nT)n

(8)

c~(r,t) = [H(r, t) + iK(r, t)(nT)] (~), (9)

with n = r/r. The correspondingequationsof motion in the temporal gauge
W0 = 0 are

f~-f~+~(f~+f~- 1)fA+M~[(H
2+K2)fA+K2-H2]

+fAf~—2f~fc—fBf~=0, (10)

j~-f~+4(f~+f~-1)fB+M~[(H2+K2)fB_2HKI

+fBf~+2f~fc+fAf~=0, (11)

+ +f~)f~+M~(H2+K2)f~+ 2M~(H’K-HK’)

2
(12)

1 1 1
H——(rH) ~

Kfc+~Hff~K’~Kf~o, (13)

J~--(rK)”+ ~(f
1~+f~+ 1)K+ -~(KfA-HfB) + +M~(H

2+K2- 1)K

~ (14)

with M~= ~gv, M~= ~ the massesof the gaugebosons and the Higgs
particle.

There exists [17] one unstable mode in the spectrumof small fluctuations
aroundthe static sphaleronsolution of eqs. (10)—(14). Wewill excitethis mode to
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initiate the decayof the sphaleron[18].For an analysisof the final statewe usethe
residualU(1) gaugesymmetry[15]

G G �~(r,t)
—5 + , (15)

f~ f~ (9’(r, t)

fA cos e(r, t) —sin @(r, t) fA

(16)
fB sin E.I(r, t) cos e(r, t) fB

H cos ~-e(r, t) —sin +�~(r,t) H
—‘ , (17)

K sin ~�~(r, t) cos ~9(r, t) K

of the ansatz(7)—(9) to go to the unitary gaugeK(r, t) = 0 introducinga nonzero
W0(r, t). In this gaugethe equationsfor small fluctuationsaroundthevacuumare

2
fA—f.~.’+M-~,(fA—1)+--~(fA—1)=0, (18)

~ (19)

fi— —(rH)”+M~(H— 1) =0, (20)

2 2
!~+M~~fc+-~f~—~f~G’0, (21)

1 ,, . 2. 2. 2
—(rG) —f~——fc+---~fB—--~G—M\~G=0. (22)

The condition i9.~W~= 0 provides

2 2
(23)r r

which allows us to removethe mixed time derivativesandto decouplethe equation
of the G-field. The solutionsof eqs.(18)—(23) are

fA(r, t) = 1 + akrjJ(kr) cos(ut + ceo), (24)

fB rj0(kr) rj2(kr)
=bk . cos(wt) +Ck . cos(wt), (25)

f~ j0(kr) —2j2(kr)
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k
G=(—bk—

2ck)—jl(kr) sin(wt), (26)

H=1+hkjO(kr) cos(flt+/3
0), (27)

with w
2 = k2+ M~,fl2 = k2 + M~and the sphericalBesselfunctions

j~(x)=~J~~(x). (28)

The energyof thesesmall fluctuationsis given by

E = fE(k) dk

2ir2 ~2 ~
= ~J(~a~+(bk_ck)2+ 2k2 ~ dk. (29)

3. Numerical results

To investigatethe fate of a sphaleronwe start with the sphaleronsolution
slightly shifted into the direction of the unstablemodel, ~ ~ 6H) normal-
ized to f~°dr[(~f~)2+ 2r2(~fc)2+ (M~/2r2)(~H)2]= 0.01Mw with vanishing
momenta fA~fB’ ~ H, K. We follow the time evolution using an explicit
discretizationof the equationsof motion on a lattice with 4000 points from r = 0
to r = 40 M~.J1in time stepsof ~t = 0.0025 M~1.

We choosecoupling constantssuch that M~= MH = 81.5 GeV, and v = 244
GeV.

Fig. 1 showshow energyspreadsout in spacewith increasingtime. The energy
of free-field fluctuations (29) approachesa valueof 94.2 percentof the sphaleron
energy.The remainingenergycorrespondsto small interactionterms.

The Chern—Simonsnumber of this radiation field (fig. 2) approachesan
asymptoticvalue of about 0.09. This shouldnot comeas a surprise. The Chern—
Simons numberis integer-valuedonly for vacuumconfigurations.The relation(1)

will not remainvalid in the presenceof a radiation field which in generalhas a
non-zeroandnon-integerChern—Simonsnumber(see e.g.Christ [19]). The partic-
ular asymptoticvalue 0.09 haspresumablyno deepermeaning.It is close enough
to zero, however,and thereforewe can concludethat the Chern—Simonsnumber
remains a useful tool in detecting, in a numerical simulation, baryon number
violation without studyingfermions directly. This might no longerbe true at still
higherenergies(or correspondingtemperatures).
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Fig. 1. Radialenergydistribution(in unitsof M~)of the decayingsphaleronatdifferent times(in units
of M~’).

It takesa time of order 4.5 M~ until the sphaleronradiationshowsfree-field
behavior.In order to demonstratethis, we gaugetransform the solution of the
field equationsinto unitary gaugeK(r, t) = 0, Fouriertransformin r accordingto
eqs. (24)—(27)andcheckthe free-field time dependenceof the Fouriercoefficients
ak, bk, Ck and hk.

Fig. 3 shows this time developmentof the k = lMw componentof the Fourier
transformedHiggs field hk fitted with the harmonictime dependenceof a free
field. It nicely satisfiesthe dispersionrelation w

2 = k2 + M~
1.

,CS—charge

110 2’O 3’O ~

Fig. 2. Timeevolutionof theChern—Simonscharge.
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Fig. 3. Time evolution of he Fourier componentof momentumk = 1 M~of the Higgs field fitted to
free-fieldbehaviour.

The Fourier coefficientsak, bk, Ck and hk provideuswith the energydistribu-
tion of the outgoing wave (eq. (29)) which we interpret according to E(k) =

N(k)w(k) as multiplicity distribution of the Higgs particles and gauge bosons
plotted in fig. 4. We find an averagemultiplicity of 42.3 W-bosonsand 7.6 Higgs

particles. The Higgs bosons carry about 11.5% of the available energy. The

N
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gauge bosons
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5.

Higgs

- I k[M]
1 2 3 4 5 6 W

Fig. 4. Multiplicity distribution4irk
2N(k) of the final-stateparticlesover the momentumk in units

of M~.
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momentaare of the order of the W-mass, neithernon-relativisticnor extremely
relativistic.

4. Discussion

We have obtained quite precise results for the average multiplicities of W-bo-
sons and Higgs bosons in sphaleron decay. Studying the time evolution until
free-field behavior becomes manifest we find a smaller Higgs content than previ-
ously obtained[3,14]working directlyon the sphaleron.The obtainedratio is just
what one might have expectedcounting degreesof freedom: one Higgs boson
compared to nine isospin and polarization states of W-bosons. Our results show
however no indication of a suppression of Higgs bosons, as would be expected
from the leading-order instanton estimates. This may be another indication that
the instanton approximation breaks down near the sphaleron energy.

Results are expected to depend on the Higgs mass. We have only studied the

case M11 = M~.
Wehave not discussed the problem of quantization. The underlying assumption

is that classical effects are dominant as long as the fields are strong. Later on
quantization is of course required for a particle interpretation, but even in this
regime classical evolution will correctly describe the time dependence of expecta-
tion values, because we are in a weak coupling regime.

More detailed assumptions on the quantum state would be required if we were
to determine individual S-matrix elements for the decaying state which would then
allow us to compute the decay width, as well as more detailed distributions. Since
we start with a well-defined state, i.e. a sphaleron with no fluctuating modes

excited, a coherent-state description (as opposed to a mixed state) should be
adequate. We have not followed this approach any further, however.
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