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Abstract

We discuss a moving boundary problem arising from a model of gas ionization
in the case of negligible electron diffusion and suitable initial data. It describes
the time evolution of an ionization front. Mathematically, it can be considered
as a system of transport equations with different characteristics for positive and
negative charge densities. We show that only advancing fronts are possible and
prove short-time well-posedness of the problem in Holder spaces of functions.
Technically, the proof is based on a fixed point argument for a Volterra type
system of integral equations involving potential operators. It crucially relies on
estimates of such operators with respect to variable domains in weighted Holder
spaces and related calculus estimates.
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1. Introduction and problem formulation

Let n > 2, T™ := R"/(27Z)™ be the n-dimensional torus and II := T™ x R. For T > 0,
set Qr :=1II x [0,T).
We are concerned with the following system of PDEs for the nonlinear scalar functions
¢,p,0: Qr — R and a vector valued function E : Qp — R"*1:
Opo —div(cE) =0 f(|E|]) in Qr,
dp=of(E]) in Qrp,
E=-Vé  in Qr
divE=p—o in Qp.

(1.1)

Here ¢ € [0, 7] is the time variable, and the operators V and div refer only to the n + 1
spatial variables of II.
This system occurs as a (dimensionless) minimal model for ionization processes in
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certain gases. In particular, it is used as a mathematical model for so-called electric
streamers, i.e. discharge phenomena travelling in space, see e.g. [1, 2, 3, 6] and further
references given there. In this model, ¢ > 0 and p > 0 are the electron and ion density,
respectively, E is the electric field, and ¢ is its potential. The first two equations of
(1.1) describe the creation of free electrons and ions by impact ionization. The rate of
this process depends linearly on ¢ and nonlinearly on |E|. The function f : [0,00) — R
is given and in all further considerations assumed to be strictly increasing, to satisfy
f(0) = 0 and to be such that the mapping R"*! 3 E — f(|E|) is smooth. A usual choice
is given by the so-called Townsend approximation

F(E) = |Ele” /1P

Due to their larger mass, the ions are considered to be immobile. On the relevant
timescale, recombination of ions and electrons to noncharged atoms plays no role. More-
over, as our interest is in ionization fronts, electron diffusion is neglected. Consequently,
the electron transport is purely convective, driven by the local electric field. Finally,
(1.1)3 and (1.1)4 are standard equations of electrostatics prescribing the net charge as
source of the electric field which is conservative as no magnetic effects are included.

As in [2], we demand the following conditions for F at infinity that constitute the
external forcing:

E—-0 as z — —00,

(1.2)
E— Exent1 as z— 400,

where z € R is the (“nonperiodic”) last coordinate of II, and e, the corresponding

unit vector. The system has to be completed by prescribing suitable initial conditions

oo and pg for the electron and ion densities.

We are interested in classical solutions representing propagating ionization fronts, i.e.
solutions where o and p vanish on some part of Q7 and are differentiable on its com-
plement. In view of (1.1) it is reasonable to assume that in the complement of this
part both o and p are positive. Accordingly, we define the ionized phase €); and the
nonionized phase €2,, by

Qi(t) == {x €| p(z,t) >0, o(z,t) > 0},
Q,(t) :=int{z € I | p(z,t) = o(z,t) = 0}.
Additionally we set Qi1 := U,y €%(t) x {t} and demand:
(F1) Q;(t) and Q,(t) are domains such that Q;(t) D T™ x (—oo, =M (t)), Q,(t) D T" x
(M(t), 00) for some sufficiently large M(t), t € [0, T],
(F2) I = Q;(t) U, (1), t € 0,7,
(F3) T'(¢t) := 09;(t) = 0Q,(t) for t € [0,T], and X := Usepo,r T'(@®) x {t} is a connected
C! - hypersurface in Qr.

(1.3)

(F4) p and o are differentiable with respect to all variables in Q; 7. Moreover, p(-,t) —
o(-,t) is integrable on €;(t).

By the divergence theorem, this implies

/H(p(x,t) —o(z,t)) do = /Qv(t) (p(z,t) — o(z,t)) dv = Fu, (1.4)
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provided the convergence in (1.2); is uniform with respect to the first n spatial variables.
The following lemma states Rankine-Hugoniot type conditions across X. We will de-
note extensions of p and o from @; r to ¥ by p and &.

Lemma 1.1. (Weak solutions)

Let (F1)-(F4) be valid and assume that (p,o, E, ¢) satisfy (1.1)1, (1.1)2 in Q; . Then
for (p,o, E, ) to satisfy (1.1)1, (1.1)a in the sense of distributions in Qr it is necessary
and sufficient that

oV, +E-v)=0, pV,=0 on I'(t), (1.5)
where v is the outer unit normal vector to Q;(t) and V,, is the normal velocity of T'(t)

in this direction. In this case, V,, > 0, i.e. the mapping t — Q;(t) is increasing for any
front solution.

Proof. Observe that our smoothness assumptions in (F4) are sufficient to apply inte-
gration by parts. Thus, for any test function ¢ € @ we find from (1.1),

0:/ o(—ve+ E- Vo — ¢ f(|E]) dxdt:/fmp (-1,E)-N)dx,
T by

where N = (1 + |V,,|?)"/2(~V,,,v) is the outer unit normal to Q; . As 1 is arbitrary,
this is equivalent to a(V,, + F - v) = 0. The second equation in (1.5) is related to (1.1)2
in an analogous way.

Assume V,; < 0 in some point of 3. Then, by continuity, V,, < 0 and consequently
p = 0 in an Y-neighborhood of some point (z¢,t9) € ¥ with ¢y € (0,7). Hence there
exists a point (z1,%1) € X, t1 > to with 1 € Q,(¢t) for ¢ € [to,t1) and p(x1,t1) = 0. This
leads to a contradiction as p; > 0 and p(z1,t9) > 0. Thus V,, > 0 on 2. O

Clearly, under the nondegeneracy assumption & > 0 on I'(t), the necessary conditions
(1.5) provided in Lemma 1.1 imply the surface motion law V,, = —E - v on I'(¢t) and
analogously, if E-v < 0 on I'(¢), then p = 0 on I'(¢). Hence, motivated by these
considerations, we are led to the following moving boundary problem:

Throughout this paper let Qg C II be a fixed C'**-domain, 0 < a < 1, such that g
and IT\ Qq are domains satisfying (F1), i.e.

Q()DT”X(—OO,—M), H\Q()DT”X(M,OO)
with some M > 0. We are looking for a family t — Q(t), t € [0,T], of C1**-domains
and functions E(-,t) : T — R*"*1 (-, 1), p(-, ) : Q(t) — R such that
Q(O) = QOv U('7O) = 0o, 0(70) = po on Q0 (16)
with given initial data o¢, pp and, using notation as above,
0o —div(oE) = o f(|E|) in Q(t),
op=of(E) i Q). .
Vo=—E-v(t) on I'(?), .
p=0 on T'(t),

where V,, is the normal velocity of the moving boundary ¢ — I'(¢) := 9Q(¢) and v(¢) is



4 M. GUNTHER AND G. PROKERT

its outer unit normal and the electric field E is determined by

E=-V¢ in Qr,

divE=p—0o in Q(t),

divE =0 in I\ Q(¢), (1.8)
E—0 as z — —00,

E — Exent1  as z — +00,

Note that for classical solutions, F., is defined by (1.4) and independent of ¢ due to
conservation of total charge.

Previous research on this moving boundary problem has been concentrated on special
types of solutions, motivated by the aim to replace it by simpler approximations (see
e.g [2, 6]). In this context, planar travelling waves are most prominent, for similar
investigations concerning cylindrical and spherical geometries see [1].

Our interest here is in constructing solutions (for short times and under suitable initial
conditions) in a fairly more general situation. The main result of this paper, stated
slightly informally, is the following:

Theorem 1.2. Let 0, pg € C1T%(Qy) and such that
(i) po =0 on Iy,
(ii) o0 — po decays exponentially as z — —o0,
(iii) OyepoFo - vo = oo f(|Ep|) on To,
(iv) Ep-vp >0 onTy
where vy = v(0), Ey := E(-,0).
Then the Cauchy problem (1.6)-(1.8) has precisely one solution on some short time

interval [0,T] depending on the data such that U,y T'(t) x {t} is a Cr T _manifold
and o and p are C*T-functions (in space and time) on Useo,r) 2(2) x {t}.

This theorem will follow from Theorem 3.1 and the remark after Lemma 3.6.

All the assumptions made here are satisfied in a special, essentially one dimensional
situation of travelling planar fronts as discussed in [2, 3]. Theorem 1.2 provides sufficient
conditions on the initial data (including the initial domain) that guarantee the existence
of solutions to (1.1), (1.2) that qualitatively resemble these planar fronts in a certain
sense: there is a sharp, forward moving front, the electron density jumps across it while
the ion density (but not its spatial derivative) are globally continuous. Moreover, it will
also be shown that the total charge density ¢ — p decays exponentially far behind the
front.

The contents of this paper is as follows: We will treat the moving boundary prob-
lem (1.7) by transformation to the fixed reference domain {g; due to its character as
a transport problem, this leads to a system of Volterra type integral equations (2.11).
Preliminary to this, we have to discuss the determination of E from p — o on the varying
domain. This will be done essentially by potential operators and corresponding esti-
mates. Finally, the system (2.11) will be solved essentially by a usual Banach fixed
point argument. This necessitates estimates for compositions of Holder functions and
interpolation inequalities. Some technical aspects are discussed in the Appendix.
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2. The transformed problem

We will represent the family of domains {Q(¢) | ¢t € [0,T]} as images of Q) under a family
of diffeomorphisms X = {X (-, )|t € [0,T]} arising from the transport equation (1.1);
for o. As a preparation for this, we introduce a nonlocal solution operator for (1.8)
which, loosely speaking, determines the electric field from the charge distribution. This
will be done first on a fixed domain, and in a second step we consider the dependence of
this operator on perturbations of the domain.

Whenever necessary, we will write z = (2, z) for © € II, where 2’ € T™, 2 € R. As no
confusion seems likely, we will write |1 — x2| for the distance between two points 1, z2
in IT. Fix o, A € (0,1). Define the exponentially weighted Holder space

CR () := {g € C*(Qo) | [(a',2) = e **g(a’, 2)] € C%(Q)}

with norm
Az

gllecr :=ll[(", 2) = e g(2, 2)][|ca()-

Spaces Cy™*(Qp) with k € N and spaces of vector valued functions Cy™*(Qq, R"*1) are
defined in a analogous way. Throughout the paper, we are going to use the properties of
Holder spaces concerning products and compositions as discussed e.g. in the appendix
of [4] without explicit mentioning.

For g € L*(II) we consider the problem

divE = g in II,
E = -V¢ in II

’ 2.1

E — 0 as 2 — —00, (2.1)

E — [jgdre,i1 as z — +oo0.

Essentially, of course, ¢ is a volume potential with density g, however, some issues
concerning the conditions at infinity and the convergence of the convolution integral
have to be addressed, as g may have noncompact support.

In particular, we will be interested in the case where g is C§ on a domain near ¢ and
zero outside this domain. We will discuss (2.1) first under the weaker assumption that g
is in a weighted L2-type space on II. As a preparation, we will discuss a one-dimensional
version first.

Let L3 (R) be the space of all functions u € L?(R) such that

fulls = [ AP ar < .

This space is a Banach space under the norm || -[| 2, and Cp(R) is a dense subspace. We
have u € L3 (R) if and only if
[t — eFMu(t)] € LA(R).
Note that the moments of order zero and one

f e Mo(f) = /R fr)dr,  fe Mi(f) = /R rf(r)dr

are continuous linear functionals on L3 (R).
Fix wo S CSO(R) such that Mo(’lbo) =1, Ml(ﬂ)o) =0.
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Lemma 2.1. (i) For any f € L3(R) there is precisely one u € L3 (R) such that
W = f— Mo(f)o onR.

It satisfies an estimate
lull s < Cllflzs
with C' independent of f.
(ii) For any f € L3(R) there is precisely one w € L2(R) such that
w” = f — Mo(f)tho + Mi(f)¥y onR.
It satisfies an estimate
lwllzz +llw'llzz < Cllfles

with C' independent of f.
Proof. (i) It is sufficient to show the result in the case My(f) = 0 and also, by density
arguments, for f € Cy(R). Let

t
u(t) :== / f(r)dr, v(t) = eMu'(t).
Then v vanishes for |t| sufficiently large, hence v € L?(R),
V' (t) = Xo(t) + e f(2),
and
0= / V' (t)(t) dt = )\/ v (t) dt + / M f(t)(t) dt.
R R R

Therefore

[l < Clifllzz-

Replacing A by —A and repeating the argument yields the estimate. The uniqueness
result is straightforward.
(ii) Applying (i) to the equations

u' = f— Mo(f)vo,
w' = u — Mo (u)ig

and using that due to our choice of v

Mow) = = [ 7d(7)dr = =bs(1)
yields the results. O
Lemma 2.2. Assume f € L3(R), k > 1. The unique solution u € L*(R) of the equation
—u" +ku=f onR (2.2)
is in L3 (R) and satisfies an estimate
K2llullz + Kl [l 2 < Cllflle

where C' is independent of f and k.
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Proof. Again, we can restrict ourselves to the case f € Cp(R). Assume supp f C [t1, ta].
Then u(t) = cie for t < t; and u(t) = coe™** for t > t5. Multiply (2.2) by e* and
substitute v(t) := eMu(t). Then v € L?(R) and

—" 20" + (K2 =N =eMf onR
and as k? — \? is (uniformly) positive we find by standard arguments that
K |[vllzz + kllv'l| 2 < Ol flz-
Repeating the arguments with A replaced by —A\ yields the estimate. O

To treat a parallel problem in II we introduce the space L§ (IT) consisting of the func-
tions in L?(II) for which

||u||2L§ ::/T /Rez/\|zl|u|2(x’,z) dzdz' < oo.
n

Analogous remarks as in the one-dimensional case apply. We introduce the modified
moments

fo ()= [ fasas's poylg) = [ o e
and find the following result: ! !
Lemma 2.3. For any g € L3(I) there is precisely one ¢ € L3 (I1) such that
—Ad =g — My (9)v0(2) + My (2). (2.3)
It satisfies an estimate
I19llz2 + IVellLz +11V?6llz < Cligllz-

Proof. Representing both g and ¢ in terms of Fourier series

9@, 2) = > g™, bl 2) = Y dr(z)e

keznr kezn
yields g, € L3 (R), 3, ||9k||2L§ < Cllglliia
—ol 4+ |k|*pp =g onR, k#0,

and

—¢6 = go — My (9)v0 + M1 (9)1 = go — Mo(go)to + M1 (go) ¥
The lemma is obtained now by applying Lemmas 2.1 and 2.2 and using that ¢ € Li(H)
if and only if ¢y, € L3(R) for all k and

16135 ~ 3 ]2
k

as well as corresponding representations for the derivatives. O

Observe, moreover, that for any a,b € R

1 .
G(a', z) = —|z] + Z meflk”zlelk'z +az+b

1
2(@2m) kezm\{0}
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and in particular, for a = +£1/(2(2m)"), b =0,

1 1 -
! = | = —|k||z| Lik-x
Gi(2',2): @) Zr + E 2|k|6 e
kezn\{0}

are fundamental solutions for the Laplacian on II with
[(2',2) = Gy (2), 2)] € L' (ID). (2.4)

For functions g € L3 (II) that satisfy M{'(g) = M{'(g) = 0, the convolution u* := G x g
is well defined and independent of @ and b. In particular, u* = G4 * g, and consequently

(2, 2) = / FNEOGL (2 — €2 — )eFNg(€,¢) de'dC (2.5)
II

and therefore u* € L3 (II) by (2.4) and Young’s inequality. Thus, the solution ¢ to (2.3)
can be represented as

¢ = G (9= My (g)vo + My (9)¥0)
and the solution E = E[g] to (2.1) is found to be

Elg] = =V(G * (9 — Mg'(g)vo + M{'(9)vh)) + (Mg (9)vr — M1 (9)tbo)ent1,
where
nE) = [ wOd

Let Z : Qo — Z[Qo] C II be a CH-diffeomorphism. To consider the dependence of
our nonlocal solution operator on such diffeomorphisms we introduce the operator &[Z]
by

€Zlg:=Elgo Z Y|z, Z, g€ C3 (), (2.6)
where g o Z71 is understood to be extended to II by 0.

We will need Lipschitz dependence of & on Z. The proof is mainly based on potential
estimates that go back to Lichtenstein [5], §3. For convenience, we quote his original
result in modern notation, generalized to R™, m > 2: For a compactly supported,
bounded function ¢ let V(¢) be the volume potential with density ¢, given by

V(g)(z) = | Pz —y)o(y)dy,

Rm™

where P denotes the standard fundamental solution for the Laplacian on R™. Let 3 C
R™ be a bounded C'**-domain. For a C'*t*-diffeomorphism Z on X, define V[Z] €
L(C*(X),C* (X)) by (cf. (2.6))

VIZ]p:=V(poZ lys)oZ
where ¢ o Z~! has to be extended to R™ by zero.

Lemma 2.4. (Dependence of the volume potential on domain variations)

There is a neighborhood O of 0 in C*+* (%, R™) such that
[z V[Z]] € Lip(id + O, L(C*(5), C*T*(%))).
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The situation we have to discuss is slightly different in three aspects: We work on IT
instead of R™, and we have to consider unbounded domains and (consequently) weighted
Hoélder spaces.

Lemma 2.5. (Dependence of & on domain perturbations)
For a sufficiently small open neighborhood O of 0 in C1+(Qy, R"1) we have

(i) [Z+ &[Z]] € Lip(id + O, L(C5(Q), CyT*(Q0, R 1)),

(i) [Z~ &[Z]] € Lip(id + O, L(Cx(Q), Cx (0, R™1))).
Proof. We are going to show (i). Define the convolution operator G by

Gu = G_ xu.
(This operator is clearly well-defined on C§(€0).) Then
&ilZlg = Z"EiZ.g
= —7%0;,GZ.g
+Mg (Z.9) Z* (18 n11 + 0,Giho) — M{(Z.g) Z* ($00ins1 + 0;Gibyp),

where Z* and Z, denote the pull-back and push-forward by Z. Here and in what follows,
restrictions and extensions by zero are suppressed in the notation for the sake of brevity.
Using

MM Z.g9) = /Q gldet DZ|dx'dz
0

MY (Z.9) :/ Zni19|det DZ|dx'dz

Qo

and the facts that 1, 1, and Gipg are smooth functions in C§ () we easily get

(Z — [g— M{NZ.g) Z* (¥16; i1 + 0;Gibo)]] € Lip(id + O, L(CF (), Cy*(Q0))),
[Z — [g+— M{(Z.g) Z* (Y00in+1 + 0:Gp)]] € Lip(id + O, L(CF(Q), Cy ().

It remains to consider the term Z*9;GZ.g. We will show
[Z — g — 9;270:GZ.g]] € Lip(id + O, L(C (), CX (D)),
the remaining statement
[Z — lg = Z79:GZ.g]] € Lip(id + O, L(CS (), CX ()))
is simpler and can be proved along the same lines. By the chain rule,

0,2°0,GZ.g =Y _ Z"0:GZ.g 0,2
l

and 0;Z; € C*(€), hence it will be sufficient to show
[Z + [g+— Z%04GZ.g]] € Lip(id + O, L(CF(90), C(Q))- (2.7)
In the sequel, we will fix ¢+ and | and write

G(Z) == 7*9,GZ,.
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Assume without loss of generality
{z] (2, 2) € 900} C (0,1)
and define for k € N
Sk =QoN (T" x (—k,—k +2)).
For v € C§(Q) and vy := v|z, we have
Ak
||U||cg(00) ~ igge ||'UkHCa(Ek)
in the sense of norm equivalence.
Consequently, to show (2.7) it will be sufficient to prove
2 = g — e*(G(2)g)lz,]] € Lip(id + O, L(CF (), C* (Er)). (2.8)
with a Lipschitz constant independent of k.
For this purpose, let x € C5°(R) be a cutoff function such that supp x C [-1,3], x =1
on (—1/2,5/2), set
gi(2',2) = g(a', 2)x(2 = k), Gk =g — G,
and decompose
MG(2)9)lz, = M (G(2)a) |z, + M (G(Z)gn) |z, - (2.9)
For the first term we get parallel to Lemma 2.4 for Z;, Zs € id 4+ O, O sufficiently small
1(6(Z1) = 6(Z2))dkllcez,) < ClZ1 = Zallorvamy) Gkl ooy
< CeMNZy = Zallorraa) lGkllog o), (2:10)

where both O and C' are independent of %k, and

li—k|<1

(As mentioned above, we need a slight modification of the result in Lemma 2.4 as we
work with the fundamental solution for the Laplacian on II rather than on R”*! however,
the necessary changes are straightforward and unessential, as G and P have the same
behavior near the singularity.)

To investigate the second term in (2.9), we use that for x = (2, 2) € Ey, Z1, Z5 € id+0,
we have

e ((6(Z1) — G(22))an) (z) = /Q e (L (2, €) — La(x,€))e gr(€) de,
Li(z,&) := K(Zij(x) — Z;(§))det DZ;(&)
E=(&,¢),i=1,2. Here, K : Il — R can be chosen to be a smooth function such that
(', 2) — e MK (2, 2)

decays exponentially as z — foo. Therefore, by Lemma A.2, we have

||(:L‘7§) = e_/\(Z_C)(Ll('Tvg) - L2(x7§))”0“(5k><90) < CHZl - ZQ”CQ(QU)'
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Thus,

M (G(Z1) = G(Z2))iklz, lca =) A

CllZ1 = Zallca @ Iz = e gr ()]l ca @0)

<
< CllZy = Zs oo @) 91l 05 (20) -

Together with (2.9) and (2.10), this proves (2.8) and hence the proof of (i) is complete.
The proof of (ii) along the same lines is easier, as no regularization is involved and the
singularity of the kernel is integrable (cf. (2.4)). O

Using the nonlocal operator &, we can rewrite (1.1), (1.2) as a system of Volterra
integral equations for ¢ — X (-,t). For t € [0,T] define

(}('7t) = U(X('vt)at)a ﬁ('at) = p(X('at)at)7 E('at) = g[X(J)](ﬁ*a—)(vt)
Then we get for x € Qo, t € [0,T]

X(z,t)=x —/O E(x,7)dr,
5(z,1) = 0o(z) + / 6(2,7) (F( B, 7)) + (b — 6)(z, 7)) dr,

ﬁ(l’,t) = pPo (X((ﬂ,t))

+/ (XX (z,t),7),7) (I E(X X (2,1),7),7)|) dr.
O(X,z,t)

(2.11)

In the last equation, X ~!(-,7) denotes the inverse of X(-,7). Moreover, O(X,z,t) is
the uniquely defined smallest time such that X (z,t) € X[Qo, 7] for 7 > ©(X, z,t) and
the pull back in the integrand makes sense. When ©(X, z,t) is positive then the first
summand has to be neglected (or, equivalently, py has to be extended by zero outside
0p.) See Fig. 1.

In the sequel, we will abuse notation and omit all hats, still working with the functions
defined on the fixed domain Q.

3. Existence of solutions

We are going to prove the solvability of (2.11) by a contraction argument. This will be
done under the assumptions (cf. Theorem 1.2)

00, po € C*T*(Qg) such that o¢ — pg € C3T*(Qp) (3.1)
together with the compatibility conditions
po =0, OyypoEo-vo=00f(|Ep|) on 99, (3.2)
where Ey := &[id](po — 00) and
Ey-vg>~>0 on 99. (3.3)
Further, for given € > 0, K = (K3, K»), K; > 0 let M (e, K) be the set of functions
M, K) = {u=(X,0,p) € X | X,0,p satisfy (M1), (M2), (M3)},
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t Q(t) X(x,t)
T v
OX.x,t)
Qq X X IXx,0,7)

Figure 1: Schematic sketch of the transformations involved in (2.11). (For simplicity, the
moving domain is represented as a half line here.) Due to the immobility of the ions in
the model, the transport equations for o and p have different characteristics.

where
X = C*(I,C"*(Q0,R"™1)) x B(I,C'*(Q0)) x B(I,C"*())
and the conditions (M1)-(M3) are given by
(M1) X —id € C*(I,05 1) with
IX — id”C‘*(I,C}\*") <e, (3.4)
(M2) 0 — 0 € C*(I,CY) with
lolls.ci+ay: lo = oollca(rcey < Ki, (3.5)
(M3) p—po € B(I,C)NC(I,Cy) with
o= pollca(r.cnys lp = pollBr.osy < K1, pllpa,crey < Ko. (3.6)
Our main result is the following:

Theorem 3.1. Let Qq, po, oo be given and satisfy (3.1)-(3.3). For sufficiently large
Ky > 0 (depending on the data and on «, A, 7y), sufficiently large Ko > 0, and sufficiently
small e,T > 0 (all depending on the data and on a, A, 7, and K1), (2.11) has precisely
one solution (Xo,p) in M(e, K).

This theorem will be proved by applying the Banach Fixed Point theorem, i.e. it will
follow directly from Lemmas 3.5 and 3.6 below.

As a preparation, we investigate the properties of the map ©. Let vy denote the outer
unit normal vector on 'y := 99 and let dist (-, ') denote the signed distance function
to I'g, taken positive outside 2y. For § > 0 define the “one-sided neighborhood”

Us := {x € II|dist (z,Ty) € [0,6)}.
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Furthermore, to shorten notation, let I := [0, 7] and II := Qg x I. For spaces of functions
defined on Qg we will simply write C, C¥*¢ instead of C'(Qq), C*+%(Qo, II) etc. Moreover,
for functions X defined on II we will not distinguish notationally between X and the
function ¢ + X(-,¢) valued in appropriate function spaces on . Finally, let id denote
both the identity on €y and the canonical projection of II onto .

Lemma 3.2. Let K,y > 0 be given and assume X € C1T(Qq x I,1I) with
X(,0)=id, [X[ere <K, (3.7)
X (,0)-vg>~v>0 on Ty.

There exist 6, M, T > 0 depending only on K and v and functions

(€x,0x) € C'H*(Us, Lo x [0,7))  with  [|(§x,0x)lli4a <M (3.9)
such that for all z € Us, (§,0) = (x(2),0x(z)) is the only solution to
X 0)=2 £E€Ty,0€(0,1). (3.10)

Moreover, if X1, Xy € C1t*(Qq x I,11) both satisfy (3.7), (3.8), then

1€x1 — Exalloaws)s 10x, — O0x, lloa(w,) < M| X1 — Xollca(@yxr,m)- (3.11)

For the proof of this lemma we use the following quantitative version of the Inverse
Function Theorem. It basically asserts that ”locally, inversion of a function is Lipschitz
with respect to C®-norms”, provided the functions to be inverted are C'*+2,

Lemma 3.3. Let K,r > 0 be given and
geCT*W,R™), W:={zeR"||z|<r}

with g(0) = 0 and a non-singular derivative Dg(0) such that

lgllcrien) < K, 1Dg(0)"] < K. (3.12)
Then there exist constants M, N,rqg, 71,72 > 0, depending only on K, «a,m and functions

g e CTHV,R™), Vi={y eR™ ||y <ro} with |lg~"|crrapyy <M
such that x = g~1(y) is the uniquely determined solution to
g@)=y, |z|<n

for all y € V. Further, if g1,g92 € CY(W,R™) with g1(0) = g2(0) = 0 both satisfy
(3.12), then

lgr" = 93 lcaqvry < Nllgr — g2llcaqwy, V' i={y e R™ | |yl < r2}. (3.13)
Proof. We are going to prove (3.13) only. Choose ry small enough to ensure
V' + B(0, |lg1 — g2llcoqvry) C Vi,
this is possible due to (3.12) and g1 (0) = ¢g2(0). Now, by (3.12) and Lemma A.2,
lgr* = 93 lown < CE)Ngr" 092 = 95" © g2ll gy 1 vy
C(K)llgr "o g2 — 97" ° Gilla gzt (v
C(E)|lgy Hlcr+allgr — g2llcaw)-

IN
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This implies (3.13). O

Proof of Lemma 3.2: Applying usual extension theorems, w.l.0.g. we can assume that
X(-,t) is defined for all t € I’ = [-T,T]. Denote by G the restriction of X to Tox (=T, T).
Fix z¢ € Ty and observe that G(xg,0) = g and the derivative DG of G in this point is
surjective due to (3.8) with

IDG(x0,0) 7| < €,

where C' is independent of X, but depends on K,~ and I'y. Therefore, by the Inverse
Function theorem, we find 79, dy > 0 and functions

(&0) e CY(V,To x (—7,7)), V := B(xo,d)
such that (&£,6) = (£(2),6(z)) is the only solution to
X'(&,0)=2 €€Ty, 0€(—70,70)
Differentiation of this equation with respect to z at (z¢) yields (in matrix notation)
DX (w0,0)D=€ () + 0 X (w0, 0)V-0(z0) " = 1,

and after multiplication by vy(xg) from the right and by its transpose from the left we
get from (3.8)

D, 0(0) = (0:X (20,0) - vo(20)) > 0, (3.14)
so 0(z) is positive whenever z € V'\ Qg and dy sufficiently small. Hence for such z, (¢, 0)

also solves the original equation (3.10). All further statements of the lemma follow now
from Lemma 3.3 by combining the local results near sufficiently many points of I'y. [

Observe that under the assumptions of the lemma, we have
O(X,z,t) = 0x (X (x,t)), (3.15)

where 6 has to be extended by zero inside .

The assumptions (3.7), (3.8) ensure that for small T, the mappings X (-,¢) are diffeo-
morphisms satisfying Q¢ C X (€, t). For technical reasons, we have to extend them to
a slightly larger set

Q1 =Q1(0) :== Qo + B(0,9), 0 > 0 small,

with preservation of these properties.
Note first that 0y = {€ + 0v(€) |€ € Ty} and

(&) =w(€), &:=¢E+0(€), €T, (3.16)

and v is the outer unit normal on ;.

Lemma 3.4. Under the assumptions of Lemma 3.2, there are constants §,T > 0 depend-
ing only ony, K such that for anyt € I, X (-,t) has an extension X (-,t) € Diff' T (Qy, X (Q,1))
such that
(i) X(v t)lﬂo = X('a t)7
(i) X (Q0,t) C Q1 C X(Qu,1),
(i) t — X(-,t) € CH(I,CMHe(y, D).
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Proof. Let E = E(d) € L(C*(0),C*(1)), s € [0,1 4 & be a usual extension operator
where § is small enough to satisfy

v = B[l £(ca(00),0 (1)) KI* > 0. (3.17)
Define

X(-,t) := E(X(-,t) —idg,) +idg, .
Then (i) and (iii) are clear. Furthermore,

1X (- t) —idjcr < CKTS*
and hence X (-,t) € Diff'**(Qy, X (4, 1)) if T is small. The first inclusion in (ii) is also
clear for T small. Finally,
X (1) = EQ X (-, t)

and therefore by (3.16), (3.17)

0 X(E,0) - 1(€) = 0X(£0) - vo(€) — [0:X(£,0) — X (&,0)]
Z 7 = Elcce@o).co@llOeX (- 0)|ox|§ — €% > 0.

This implies the second inclusion in (ii). O

On M (e, K) we define the mapping F' = (Fy, F», F3) given by (cf. (2.11))
¢
Fi(u)(z,t) ==Y (x,t) =z —/ E(x,7)dr,
0

t

Fy(u)(z,t) := oo(x) + / o(z,7)(f(|E(z,7)]) + (p = 0) (2, 7)) dr,

0
t
F3(u)(z,t) := po (Y(x,t)) —|—/( )&(Zt(I,T),T)f<|E(Zt(1‘,7'),T)|) dr (3.18)
O(Y,x,t

where p is extended by zero outside 2y, ¢ := Eo, E = EFE, and the abbreviations Z;
and E are given by

Zy(x,7) = 17_1(Y(m,t),7), (3.19)
E(,t) = &[X(0)]((p = 0)(-, 1) (3.20)

Note that Lemma 3.4 ensures that Z;(x, 7) is well defined for all ¢, 7 € T and takes values
in y, provided € and T are small. Moreover, Z;(z,7) € Q if and only if 7 > O(Y, z, 1)
so that F' is independent of the extension operator E.

It easily follows from this observation that (under suitable regularity assumptions) the
fixed point problem

u=F(u), we M K)
is equivalent to the solution of (2.11). Note that differing from (2.11) we have used

Y = F) instead of X in the definition of F3. This is mainly to make use of better
regularity properties of Y with respect to the time variable ¢.

Lemma 3.5. Let K1 > ||og||ci+e , then for Ko sufficiently large and sufficiently small
e, T >0, F maps M(e, K) into itself.
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Proof. Let (X,0,p) € M(e, K), the conditions to be satisfied by e, T, and K» will be
gathered during the proof. Unless otherwise indicated, constants denoted by C' in this
proof are allowed to depend on g, a, A, and the pgy, o¢ as well as v but not on K.

Step 1: Estimate of ||Fy(u) — idHCQ(17C>1\+a).
From (M2), (M3) and the assumption (3.1) we see
[t— (p—0)(-,t)] € B(I,C'T™™) N B(I,C{)NC*(I,Cy), (3.21)
thus, remembering (3.20) and using Lemma 2.5, we find
[t — E(-,t)] € BI,C, )N CY(I,C)) (3.22)
together with estimates
1Bl p(1,crtey < Cllp = ollBa.cg) < C(KL+ [lpo — oollog) < C(Ky +1),
1Ellca(rony < CUX 0w r,ote)llp = ollpr,en + lp = ollca,eyn ) < CKi.
Therefore, by Lemma A.1 (ii), we have
[t = (Fi(u) —id)(- )] € Lip(Z, C3 ) N CTF(1,Cy)
with
[1F1(u) =id[ gp,crtey < C(EL+ DT, [[Fr(u) —id||piq gty < CKL(T +1)
Thus choosing T' > 0 sufficiently small, this implies
13 (1) = idl g 1) < &,
hence Fi(u) satisfies condition (M1). Moreover we find from (3.22)
[F1(u) —id|cr+e(r,cy) < CKL(T' + 1),
and consequently
£ (u)|[crta@oxry < C(K1+1). (3.23)
Step 2: Estimate of ||Fa(u)| p(r,cr+ey and |[Fa(u) — UOHCOL(LCFQ).
In view of (3.22), the smoothness of y — f(]y|), and f(0) = 0 we have
[t — FIE(,1)])] € B(I,Cy ) NC(1,Cy), (3.24)

and by this and (3.21), the integrand in the definition of F5 is in B(Z,C***)NB(I,C{)N
C*(I,Cy), and its norm in this space is bounded by a constant depending (for given f)
only on K. Consequently, due to Lemma A.1 (ii) we have

Fy(u) — 09 € Lip(I, C*"*) NLip(1, CY)
with corresponding estimates

[F2(u) — ool B(1,c1+a), [|1F2(u) — ool p(1,00) < C(K)T,
[£2(u) — oollLip(r,cr+eys [F2(uw) — oollLipr,cey < CE)(T +1).
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This implies via interpolation

[ F2(w)[| B(1,01+0ys [[F2(u) — oollca .09y < K,

if T'> 0 is chosen sufficiently small and K; > ||og]|ci+a-
Step 3: Estimate of || F3(u)(-t)|lc1+a(qy)-
Fix t € I and define D; := Y ~1(Qq, t),

(Zt(x,T),T)f(IE(Zt(1'7T),T)|), Tel (3.25)

Note that
[r = Zy(-,7)] € B(I,C7*(Q0)) N C(1,C(S)).
and consequently
7= (-, 7) € B(I,C'T(Qo) N C(I,C(Qp).
with
|7 = ¥, T)lBr,crtey < C(Ky). (3.26)

The estimate will be given by showing
Fy(u)(-,t)|5, € CF(Dy),  F(w)(-8)|ay\p, € CTH(Q0 \ Dy)
and continuity of F3 and its first spatial derivatives across dD; = Y ~1(T,t). Then

1B () Dll e gy < CUF@ ), leren oy + I1FS @) Dlag b, loree @ o)
(3.27)
with a constant C' that can be chosen independently of ¢ as the boundaries dD; are
“uniformly C*+*”-manifolds as they are images of I'y under C'*“-diffeomorphisms that
are uniformly bounded in this norm.
To estimate the first term on the right, observe that ©(x) = 0 for = € Dy, pgoY (-, t) €
C'*(Dy) and apply (3.26) to get

[ F5(uw) (- V)| p, ler+e(p,) < C(K1). (3.28)
For = € Qy \ D; we have
Fd(u)(x7t) = ¢($77—)d7a
O(x)
0, Fs(u)(x, ) = —0:0(2)0(z, O(x)) + / Oz, ) dr. (3.29)
O(x)

Observe that 0,Y(+,0) - vy = —FEp - 19 > 0 on 09 due to (3.2). Therefore, by Lemma
3.2 and (3.15) we find © € C'*¥(Qy \ D) for Y fixed and T sufficiently small. This
implies C*-smoothness for the first term in (3.29). To get this for the second term, pick
x1,22 € Qo \ Dy such that without loss of generality ©(x1) < O(x3). Then, using (3.26)
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again,

t t
/ Oip(xq,7)dT — / 0ip(xo, T) dT

@(:171) e(EQ)

O(z2) t
</ |ai¢(x1,T)|dT+/ 183 (21, 7) — Dyt (s, 7)| dr

~ Jo() O(z2)
S C(K1)|’Jll — 1’2|a.

Consequently, also

1F5(u) (-, D)lag\p, llor+e < C(K). (3.30)
Let £ € OD;. By (3.2) and continuity of © we have for the one-sided limits

lim F3(u)(z,t) = lim F3(u)(x,t):/oz/}(§77')d7,

D¢dx—¢ DiFz—¢

hence both F3(u)(+,t) and its tangential derivatives are continuous across dD;. To show
continuity of the complete gradient it is sufficient now to consider the directional deriva-
tive in the nontangential direction v := (DY (-,¢) ")~ try. We will write

Oy u(8) = lim h=*(u( + hv) — u(§))

for functions u defined either in D; or Qq \ D;. From the inside, we get

t
0 Fu)(€.t) = o (V(€.0) + [ 0 vt ar
From the outside, using Z;(£,0) = Y (£,t), O(z) = 0(Y(x,t)), and (cf. (3.14))
81,09 = _(EO . l/(_))_1 on 890,

we get with y = Y (x,t)

t
-1
Of Fs(¢,t) = (Eo(y) - wo(y)) oow)f(|1Eo(y)) +/ (&, T)dr,
0
and the equality of both limits follows from (3.2).
Thus F3(u)(-,t) € C1T%(Qp), and from (3.27), (3.28), and (3.30)
| Fs(u) (. 0)[[ T < C(EY) < Ko,

if K is chosen sufficiently large.

Step 4: Estimate of ||F5(u) — p0||B([’C§) and ||F3(u) — pollce(r,cy)-

We first estimate
¢
Fs(u)—poY =[(z,t) — W(x, 7)dr].
O(Y,z,t)
Observe (cf. (3.15)) that the mappings ¢ — O(Y,z,t) and = — O(Y,z,t) are Lipschitz
continuous with uniform bounds. Moreover, the integrand of Fs(u) is C* with respect
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to all arguments. Using the estimate

O(xz2)
/ Y(xy,7)dr

O(z1)

< C(K1)|O(22) — ©(x1)|*|0(w2) — O(x1)|' ™

< C(Ky)|zg — o |*TH
and estimates as given in Step 3, one shows
[1F5(u) = po o Yl|pr,cay, | F3(u) = po o Y [lca(r,e) < C(K)T .
More precisely, using (3.24) we analogously get
1F3(w) = po o Y| Br,cg), | Fa(u) = po o Yloar,cy) < C(K)T . (3.31)
Furthermore, one straightforwardly gets
lpo oY = pollcar.cyy < CIED|Y —id||lga(r,cy) < CEN)T ™ (3.32)
and by Lemma A.3
lpo oY — pollBr.cey < C(K)|Y —id||pu,0g) < C(K1)T. (3.33)
Choosing T' small, we get from (3.31)—(3.33)
[ F5(u) — pollB(r,c9), 1 F3(w) — pollca(r,cy) < Ki
as demanded in (M3).

On M (e, K) we define the metric d by
d(ur,u2) = [ X1 = Xal gy crvey + llon = o2llBr.og) + lor = p2llBr.cg),

u; = (Xi,04,pi), @ = 1,2. It follows from Lemma A.1 that M(e, K) is complete with
respect to d.

Lemma 3.6. Assume ¢,T > 0 and K such that F : M(e,K) — M(e, K) according
to Lemma 3.5. Then F is contractive with respect to the metric d, provided T > 0 1is
sufficiently small.

Proof. Fix u; = (X1,01,p1),us = (Xa2,09, p2) € M(e, K) and denote the corresponding
quantities by Y;, E;, 1, i = 1,2 (see (3.25)). As

lpi = oillpr,cg) < C(K1), 1=1,2,
[(p1 = o1) = (p2 — o2)|lB1,c5) < llo1 — p2llB(1,05) + llor = o2l B(1,05)
we obtain from Lemma 2.5 immediately
1Ex — Eall g1 c1+ey < C(K1)d(us, uz),
hence
|| Fy (uy) — Fl(W)”B(I,C;*“) < CTd(uy,usg). (3.34)

In the same manner (using the smoothness assumptions on f) we find

o1 f(1E1]) — o2 f (| E2)) | B(1,00) < C(K1)d(ur, uz)
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as well as
[(o1 = p1)or — (02 — p2)o2|lp.cg) < C(K1)d(ur, uz),
thus
[F2(u1) = Fa(u2)l|B(r,0e) < CTd(u1, uz). (3.35)
It remains to consider the third component. We write F3(u) in the form

Fy(u)(z,t) = H(u) (Y (2,t),t), x€Qo,tel

with H given by
t

H(u)(z,t) := po(x) —|—/ n(u)(x, 7)dr,

Oy (x)
n(u)(z,7) = 5’(?71($,7’), T)f(|E(Y/71(I,T), 7')|)

for t,7 € I and x € Q. (Cf. Lemma 3.4 and (3.18). If ¢ is fixed and ¢ is defined by
(3.25) then ¢ (-, 7) = n(-,7) oY (x,t).) Then we have

In(@) ()l < CL).
Further, by Lemma 3.3
1Y) = Yo t)lleg < CEDYI(E) = Yol t)llog < O(K1)Td(ur, up),

and by Lemma A.3

In(u1) (1) = n(u2) (-, 7)lleg @) < C(K1)d(ur, ug). (3.36)
Moreover, as in the proof of Lemma 3.5, step 3 we find H(u)(-,t) € C1T%(Q;) with

[H (u) (-, D)l cr+e(0y) < C(K1),
and consequently, again by Lemma A.3,
< C(Kl)Td(ul,u2).

Splitting

t
H(uy)(-,t) = H(ug)(-,1) ¢=/0 ()?7(“1)(-77) —n(uz)(-, 7)dr
vy (¢
ayz(')
+/ n(ug) (-, 7)dr =: I (-, t) + I,
9Y1 ()
we obtain using (3.36)
11 O)lleg < CED) (T + T8y, ()l ow ) d(ur, uz).
On the other hand, by Lemma 3.2 we have
10y, — Oy, llce < Y1 = Yallga (g x1,m) < C(K1)Td(ur, u2),

and consequently
HI2||C;‘ < C(K1)Td(u1,uz).
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Summarizing the above estimates we have finally

||F3(U1) — F3(“2)HB(I,C;\") S O(Kl)Td(ul,Ug) (337)
The estimates (3.34), (3.35), (3.37) imply the assertion for T' > 0 sufficiently small and
the proof is complete. O

Remark: Using our previous results it is not hard to see that if (X, 0,p) € M(e, K)
is the fixed point of F then t — X (x,t), t + o(x,t), and t — p(z,t) are C1T*. This
implies the additional smoothness statements in Theorem 1.2.

A. Some auxiliary results
Let ((Xg, ] - 1lo) |6 € [0,1]) be a scale of Banach spaces such that Xy — X, and
(Al) for any x € A, the mapping 6 — ||z||s is nondecreasing,
(A2) for any = € Xy, the interpolation inequality
Jallo < Cllellla )i~
holds,

(A3) for any € X, we have z € X iff & € &) for all § € [0, 1) and supy ||z]y < oo, and
in this case

[[z[ly = sup [|z[]o.
0
Note that for fixed k € N, o, A € (0, 1) the scales of spaces given by
Xy = CV*T)(Qp), A= CUFT((0,T],2), or Xy :=Cg(Q)
(with appropriate norms) satisfy these assumptions, where Z is any Banach space.

Lemma A.1. Let a scale of Banach spaces ((Xp, || - |lo) |0 € [0,1]) satisfy (A1)—(A3).
Then, for 6 € (0,1),

(i) For any sequence (uy) in Xy satisfying ||un|i < K and u, — u* in Xy we have
u* € Xy, |lut|h < K, and u,, — u* in Xp.

(ii) Let T > 0 and u € C([0,T], Xp) with u(t) € X1 and |u(t)|1 < K for all t € [0,T].

Then
T
/ u(t) dt
0

(Tu)(¥) ::/0 u(r) dr

< KT
1

T
/ u(t) dt € X1,
0

and consequently, if

then
Iu e Llp([oaTLXl)’ ”IUHLip([O,T],Xl) < (T+ 1)K
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(iii)

B(0.T) )0 (0,11, 8%) = C(0.7],%)
B(0,T], ) N C2([0,T], %) — C*0=9((0,T], &),
B(0,T7, %) N Lip([0, 7], %) — C*~*([0,T], Xp).

(iv) Let (un) be a sequence in B([0,T], X1) N C([0,T], Xo) with ||u,(t)]|1 < K. Assume
(un) converges in B([0,T], Xo). Then the limit u* is in B([0,T], X1) NC([0,T], Xp)
and satisfies ||u*(t)]: < K.

(v) Let (un) be a sequence in Lip([0,T], X1) N C([0,T], Xo) with ||un||Lip(jo,7),2,) < K.
Assume (up) converges in B([0,T], Xp). Then the limit u* is in Lip([0,T], X1) N
C([0,T], Xp) and satisfies ||u*||Lip(jo,17,2,) < K.

Proof: (i) As (u,) is a Cauchy sequence in Ay we have because of (A2)

[tn = umllo < Cllun — um||(1>_9||un —upmllf =0 asm,n — oo

for any 6 € [0,1). Thus, (u,) is a Cauchy sequence in Xy, and u,, — u* in Xy as well.
Moreover, ||u*|ls = lim, oo [|unlle < K, and the remaining assertions follow from (A3).
(ii) Note that

n—oo

T
/ u(t)dt = lim I, in A,
0

where

H

gz_: (kKT /n),

and hence I, € Xy, ||I,|1 < KT for all n € N. The assertions follow now from (i),
applied to the sequence (I,,).

(iii) The first embedding is an immediate consequence of (i). The second and third
follow easily from (A2).

(iv) For ¢t € [0,T] we have u,(t) — u*(t) in Xy and ||un(t)||1 is bounded uniformly
in n and ¢. Therefore by (i) ||u*(t)|| < K. Furthermore u* € C([0,T],Xy) by uniform
convergence, and therefore by (iii) u* € C([0,T], Xp)-

(v) Fix s,t € [0,T]. By assumption, the sequence u,(t) — un(s) is convergent in Aj
and |[un(t) —un(s)||1 < Kt —s|. Thus, by (i), u*(t) —u*(s) € Xy and ||u*(t) —u*(s)||1 <
K|t — s|. This proves the result. O

We provide a proof of the following result on superposition operators in Hoélder spaces.

Lemma A.2. Let Q C R™ be a domain, g1,g2 € C*(Q,RF),
2 := {y € R" |dist (y,91(?)) < [lg1 — g2llco},
and F € C'**(Z). Then

[F0g1—Fogallca <|[|F|ci+allgr — g2
Proof: Let z € Q). Then

[F(g1(2)) = F(g2(2))]

ca .

IN

/0 IVF(g2(x) + s(g1(x) — g2(x)))llg1(x) — g2()| ds

[Ellc1llgr — g2llco-

IN
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Let 1,22 € Q and define A; := ¢1(z;) — g2(z;), e = 1,2. Then
Al < lg1 — g2llco,  [A1 — Az| < |lg1 — gallca |y — 22]*.
Now

|F(g1(21)) — F(g2(21)) — F(g1(22)) + F(g2(z2))|
< |F(g1(z1)) = F(g1(z2)) — F(g1(z1) — A1) + F(g1(z2) — A1)
+HF(g1(w2) — A1) — F(gi(x2) — Do) =: I + I,

F
F

and the terms on the right can be estimated separately by

1
Bo< [ IVF(gen) - s8) - TR (o) ~ s ds
0
< [|F||¢1+allgr — g2l|colz1 — 22]%,
I < ||F|cr|Ar = A < [[F|lcrllgr — galleelzr — z2]*.
This proves the result. O

Let now Qg be as above and recall the definition of the weighted spaces C§(£). We
provide a version of Lemma A.2 for these spaces.

Lemma A.3. Let g1,g2 € C§(Qo,R¥), let E be defined as in Lemma A.2 and F €
C*t2(Z)). Then
[Fog1 — Fogallcg <C|F|cr+allgr — gellcg
with C' depending on A\ and Qg only.
Proof: For ( € R, denote
QO ={z=(2,2) € lz< ¢}
and observe that C§(€0) can be equipped with the equivalent norm || - [|[cg given by
llullleg = supe™[lulqwo [lca@o)-
CER
For any ¢ € R we have by Lemma A.2

e ||Fogy — Fogallcaaoy < e M| Fl g1+ llgr = 2llcaoy < I Fllor+alllgr — g2llleg,
and the result follows. O
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