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Abstract

We investigate a moving boundary problem with a gradient flow structure which
generalizes Hele-Shaw flow driven solely by surface tension to the case of noncon-
stant surface tension coefficient taken along with the liquid particles at boundary.
The resulting evolution problem is first order in time, contains a third-order non-
linear pseudodifferential operator and is degenerate parabolic. Well-posedness
of this problem in Sobolev scales is proved. The main tool is the construction
of a variable symmetric bilinear form so that the third-order operator is semi-
bounded with respect to it. Moreover, we show global existence and convergence
to an equilibrium for solutions near trivial equilibria (balls with constant surface
tension coefficient). Finally, numerical examples in 2D and 3D are given.
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1. Introduction

It is the aim of the present paper to consider the generalization of the well-investigated
Hele-Shaw flow problem to the case of nonconstant surface tension coefficient (or surface
energy density). While experiments on such situations have been reported in the litera-
ture (e.g. [10]), theoretical investigations of this seem to be lacking. A first step in this
direction has been made in [8] where short-time solvability was proved for a Hele-Shaw
problem with nonconstant surface tension coefficient and so-called kinetic undercool-
ing. Here we discuss the problem without this regularization, using again the simple
assumption that the surface energy density is convectively transported along the moving
boundary.

This leads to the following moving boundary problem: For a given bounded domain
2(0) ¢ R™ and a given non-negative function vy defined on 9€2(0) one looks for a family
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of C2-domains Q(t) € R™, ¢ > 0 and functions ¢(-,t) € C*(Q(t)), ¥(-,t) € C*(Q(2)),
7: € C*(T'(t)) such that

Ap(,t) =0 in Q(¢),
AY(,t) =0 in Q(t),

M(-s1) = A1“(1:)% on I'(t), (L.1)
o(,t) = mn(t) —¥(,t) on I'(b),
Voo = Onip(-, 1) on T'(t).

Here (t) is the (m — 1)-fold mean curvature of T'(t), with the sign taken such that « is
negative for convex domains, 9, is the outer normal derivative and V,,(¢) is the (outer)
normal velocity of I'(¢), determining its time evolution.

This problem generalizes the well-known Hele-Shaw flow with surface tension regular-
ization in the following way: Any solution represents a gradient flow with respect to the
usual energy functional

E(y,T) = /deF,

where v > 0 is now variable on I', and to the Riemannian metric gr on the infinite-
dimensional manifold .# of surfaces I' enclosing a fixed volume given by

gr(vi, v2) ::/VgolV(pgdm (1.2)
Q

where the ¢;, i = 1,2 are (weak) solutions of the Neumann problems
Ap; =0 1in Q, 0Opp; =v; on I.

The functions v; can be identified with tangent vectors of .#’; note that the conservation
of volume implies [.v; = 0dIl’. For more details and references see [1, 5, 8]. Kinetic
undercooling regularization corresponds to adding in (1.2) a boundary integral term
B [ vive dT' with 8> 0, this case is discussed in [8].

As mentioned already, we assume that the values of the function I' are transported
with the liquid particles: Introducing Lagrangian coordinates x = x(,t), £ € T'(0)
corresponding to the velocity field via

Oz (€, t) = Vg@(x(f,t),t) for t >0, z(£0)=¢, (1.3)

we obtain that x = z(-,t) is a diffeomorphism from I'(0) onto I'(¢), and the transport
law for +; takes the form

n(@(€1) =10(8), €€T(0), t>0. (1.4)

This assumption is reasonable, for example, when ~ depends on temperature and heat
diffusion is negligible compared to convection. While it certainly oversimplifies the physi-
cal situation in the case when e.g. surfactants play a role, it seems that the mathematical
character of the problem is essentially the same there as in our case. Note, however, that
the situation here is qualitatively different from other models like anisotropic Hele-Shaw
flow (cf. [4]) because in our case, the evolution is not determined solely by the shape
of the evolving domain but there is a coupling with a transport problem in the moving
boundary.
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Our approach is based on reformulating (1.1) as a vector-valued evolution equation for
a diffeomorphism mapping a fixed reference manifold to the moving boundary. In this
way, the transport problem for 7y is simply solved by prescribing a fixed smooth positive
function on this reference manifold and pushing it forward to the moving boundary.

The paper is organized as follows:

After announcing our main results on short-time existence in Section 2, we start the
proofs in Section 3 by investigating mapping properties of the occurring nonlocal oper-
ators in Sobolev scales. In particular, we derive flexible multilinear estimates for their
Fréchet derivatives in low norms and extend them to higher norms by a generalized chain
rule based on invariance properties. For related considerations concerning the analytic
dependence of the Dirichlet-Neumann operator on the domain we refer to [3] and the
references given there. Section 4 is devoted to the proof of the crucial estimate providing
the semiboundedness of the evolution operator with respect to a specifically constructed
variable inner product.

Technically, we use the natural decomposition of the right hand side into a second
order operator mapping vectors to scalars and a first order operator mapping scalars to
vectors. Furthermore, we use the fact that the right hand side is -in a sense to be made
precise later - coercive with respect to the normal component. The semiboundedness
enables us to invoke an abstract existence result based on Galerkin approximations and
Rothe’s method. This is done in Section 5. In this way, we prove our main result
(Theorems 2.1 and 2.2) on short-time wellposedness of the moving boundary problem
(1.1),(1.3),(1.4). We will omit certain details as they are parallel to the discussion in [8].
However, the right hand side of the evolution problem obtained there is of order two.
As we are concerned here with an evolution equation whose right hand side is of order
three, we have to refine the construction from [8] by including certain lower order terms.
Differing from the situation there, here we have to demand strict positivity of v because

—1 enters one of these terms.

its inverse y

Finally, in Section 6 we investigate the evolution near the equilibrium solutions given
by balls with constant . In this situation, Theorem 6.8 gives global existence in time
and the evolving domain approaches a nontrivial equilibrium configuration depending
on the given (nonconstant) v and the initial domain. In contrast to the classical case
of constant v where the equilibria are given only by balls, any shape near a ball occurs
as an equilibrium configuration for a certain function 7 near the constant. Due to the
degeneracy of our problem, the proof of long-time existence is more involved compared
to the known proofs for the case of constant v, cf. [6].

2. Statement of the local existence results

We list some notation. C,C1,... etc. denote generic constants; their dependences on
other quantities is only indicated if not obvious from the context. Let £ C R™, m > 2
be a bounded domain with smooth boundary S := OF and v the outer unit normal
on S. For M = S or M = E, we make constant use of the usual L?-based Sobolev
spaces H®(S), H*(S,R™) of order s with values in R and R™, respectively. The norms
of these spaces will be denoted by || - |M; for M = S the upper index M is dropped in
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most cases. When Fréchet derivatives of operator-valued mappings are considered, the
additional arguments describing the variations are written in accolades ({}).

Now, as already mentioned in the introduction, we reformulate the moving boundary
problem (1.1) - (1.4) by describing I'(¢) as an embedding u(-,t) : S — R™ such that the
curves t — u(y,t) for fixed y € S are trajectories belonging to the velocity field and +; is
constant along these curves. This approach enables us to consider ~; as a known function
during the evolution at the cost of describing the moving boundary by m functions. To
do so, let

U:={u:5—R"|u=uwlg with w € Diff(F,Q, UT,)} (2.1)
where
Q, =w(E) and T, =9, =u(S).
Throughout this paper, we use the abbreviation

U, := U N H(S,R™).

Now, (1.1) - (1.4) is reduced to the following Cauchy problem, which will be investigated
in the sequel: For given ug € Us, s sufficiently large, we look for T > 0 and a mapping
[0,T] >t — u(t) € Us, such that

u'(t) = F(u(t)), tel0,T],
u(0) = up.
Thereby, for u € U, we have set
F(u) == F(u)¥9(u) with 9(u):= H(u)+ G(u), (2.4)
where, for any given function f on S,
F(u)f = Ve(u, f)ou (2.5)
and ¢ = p(u, f) denotes the solution of the Dirichlet problem
Ap=0in Q. ¢=fou ' on I,. (2.6)
Further, H(u), G(u) are given by
H(u) :=v(kr, ou), Gu):=—A(u)A(u)y. (2.7)

Here v € C*°(S) is a fixed and given positive function, xr, denotes the mean curvature
of I',, with sign and scaling conventions as above and

A(u)w := Ar, (wou ') ou (2.8)
is the pullback to S of the Laplace-Beltrami operator Ar, on I';, and
Aw)f = o (u, f) o (2.9)
the Neumann-Dirichlet operator, i.e. o = @n(u, f) solves the Neumann problem
Apy =0 in Q,, Oppn=c+ fou"' on Ty, [ @ndz=0. (2.10)
The constant ¢ = c(u, f) € R in (2.10) is determined by the solvability condition
fru(foquc) dr, = 0; (2.11)
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clearly c(u, f) = 0 for f = A(u)y. For fixed smooth v on S, the mapping v — H(u)
constitutes a quasi-linear second order differential operator on S. Moreover, the solutions
of the boundary value problems (2.6), (2.10) depend smoothly on the domain Q,, i.e. on
uw€ H? s> (m+1)/2and f — F(u)f, f — A(u)f represent pseudodifferential operators
of order one and minus one, respectively. In particular, G is a pseudodifferential operator
of lower order than H and may be considered as a correction term to ensure the gradient
flow structure of the evolution problem. We will show later that

[u— Z(u)] € C®(Us, H*3(S,R™)) (2.12)
for s > (m+3)/2, s > 3. Now we are in position to formulate our main results.

Theorem 2.1. (Short-time existence and uniqueness.)

Fiz an even integer so > (m +7)/2, so > 6 and assume v € C*°(S) strictly positive on
S. Let s > sg be an even integer and uy € Us. Then there exist T > 0 and an unique
solution

ue C([0,T),Us) nC'([0,T], H3(S,R™)) (2.13)
of the initial value problem (2.2), (2.3). Additionally, any given ag € Uy, has a suitable

H9o-neighborhood K, such that for initial values ug varying in K N H?®, there are T > 0
and C independent of ug such that

[lu(®)]ls < C(1 + ||u(0)||ls) for all t €[0,T). (2.14)

Theorem 2.2. (Regularity and continuous dependence on initial values.)
Under the assumptions of Theorem 2.1 let u be a any solution to (2.2) in the class (2.13)
with some T' > 0. Then there holds:

(i) w(0) € H*TY(S,R™) implies u(t) € H¥1(S,R™) for all t € [0,T].
(i1) Assume uy — ug in H*(S,R™) for n — co. Then, for n sufficiently large, there

exist solutions uy of (2.2) in the class (2.13) with initial values u,(0) = uf and
there holds u, — u in C([0,T], H*(S,R™)).

The proof of both theorems is given in Section 5.
Remarks: The restriction to even integers s is due purely to the construction of our
bilinear form involving integer powers of a generalized Laplacian. This restriction can
be lifted afterwards by using the nonlinear interpolation result given in [2], Proposition
A.1 and Remark A.2. The dimension independent restriction sg > 6 is needed as we use
dual estimates for elliptic boundary value problems in norms with negative index.

3. Smooth domain dependence of the non-local operators

We start by gathering some properties of the nonlocal operators F';, A, and ¢4 defined
by (2.4)—(2.11). The multilinear estimates for the Fréchet derivatives can be seen as
counterparts to the product estimate

Jur - ugle < Cllualls, - fJurlls,

holding if 0 <t < s; < 0o, 0 > (m—1)/2, Zle si >t + (k — 1)o. Here, however, we
have to deal with nonlocal operators of various orders involving differentiations and the
solution of elliptic BVP.
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The statements and their proofs are essentially parallel to Corollary 4.4 and Lemma 4.5
in [8], therefore proofs will be omitted. Note, however, that f — F(u)f is an operator
of order one here as (2.6) is a Dirichlet problem. In fact, the normal component of F
is given by the Dirichlet-Neumann operator while the tangential component is given by
the tangential gradient of f.

Due to the variability in the choice of the s;, the estimates will be flexible enough to
control various lower order terms that will occur in the sequel.

Lemma 3.1. (i) Let s > (m+1)/2 and t € [1, s] be given. Then
Fe o™ (U, ZH'(S),H " (S,R™)),
Ae (U, LH'"1(S),H' (S,R™))

and for any u € Uy and any choice of s1,...Sk+1 € [t, 8] with s1+...+8g4+1 > t+ks
there exists a constant C' > 0 such that for all f € H*(S), and all uq,...,ux €
H?(S,R™) there holds

[F® ) {u, . urh £,y < Clluallsy -+ ks L] (3.1)
JA® @) {ur, .. un} fll, < Cllunlls, - llurllsp 1 Flsxs -1 (3-2)
(i) Let s > (m+3)/2 and t € [2, 5] be given. Then
¢ € C>(Us, H*(9))

and for any u € Us and any choice of s1,...s, € [t,s] with s1+...+ sgy1 > t+ ks
there exists a constant C' > 0 such that for all uy,...,ux € H*(S,R™) there holds

[9®) () {u, . urd]],_y < Clluallsy - uks, - (3-3)

The constants may be chosen independently of u as u varies in bounded and weakly
closed subsets of Us.

Remark 3.2. Note that a bounded subset of H*(S) is weakly closed if and only if it is
closed in H'(S) for some t < s. Then it is compact in all H*(S) with ¢ < s.

Remark 3.3. The estimate (3.3) is not optimal as we do not use the quasilinear character
of 4. For our purposes, however, it will be sufficient.

Note that Lemma 3.1 implies the smoothness assertion (2.12).

Next, we prove some related estimates in norms with negative index. The use of such
norms implies a loss of flexibility. Essentially, these estimates are parallel to product
estimates of the type

Jur - unlle < Cllualls - - [Jur—r sl
t € [—s,s], s> (m —1)/2, which can be proved by duality arguments if ¢ < 0.
Lemma 3.4. Assume s > (m+1)/2, s >4,t € [-3,s —1]. Then

F e (U, Z(H"(S), H'(S)))
A€ C™ (U, Z(HH(S), H'(S)))
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and for u € Uy

IF (wurlle < Clluallsll flle+a, (3-4)

[A@) flle < Cllflle-1, (3.5)

1AM () {u, . un b flle < Cllualls - luglls| flle-1, (3.6)
1AM () {ur, . un b flle < Cllualls - lun—1 lsllunllel| £lls, (3.7)

Uty . .., ur € H*(S,R™), k € N. The constants C' can be chosen independently of u as u
varies in bounded, weakly closed subsets of Us.

Proof. We will restrict ourselves to the assertions concerning A. Fix sg € ((m+1)/2,s)
and an extension operator & € Z(H'(S), H*+1/2(E)), t > 0. Pick v € U, and choose an
H*0-neighborhood V,, C U, and ug € C*°(E,R™) such that

U= up + &(u — ug) € Diff(E, Q).

This is possible by Lemma 4.1 in [8].
For u € Vs, let the transformed operators L(u) and Z(u) be defined by

L(u)t = 8i(v/99" 0;0),  B(u) = vin/g9" 0,

where /g, g/ are the volume element and the (inverse) coefficients of the metric on
E induced by u, respectively, and v is the outer unit normal on S. We consider the
transformed boundary value problem

L(u)y = @1, B(u)y = w(u)(P2 + ¢), /w(u)(q)g +c)dS = /E Vg1 dz, (3.8)

¢ = c(u,®,P3) € R. Here w(u) = dI',,/dS is the surface element belonging to the
transformation induced by u which is given by a nonlinear first-order differential operator
loll- = sup

/vz dx
2€HT(E),||z|-=1

(This differs from the usual norm in H~7(FE) := (H{(E))’.) The BVP (3.8) is uniquely
solvable and 1 satisfies an estimate
[l + 1012 < CI1R11F 52 + [[®2le-1) (3.9)
(cf. [7], Lemma 3.1).
As A(u)f is the trace of the solution ¢ of (3.8) with ®; = 0, &2 = f, we get (3.5)
immediately from (3.9).
Note that A’(u){u1}f is given as the solution ¢’ of
L(u)' = =L (u){ur}¢,
Bu) = =2 (u){ui}p + ' (w{ur}(f + c(u, 0, f)) + w()duc(u, 0, f){u}.
As f — ¢(u,0, f) and v — Oyc(u, 0, f){v} are given by smoothing operators, to obtain
(3.6) and (3.7) it is sufficient to use (3.9) and estimate either

1L (@) {ur}eli s < C1EuLlIR o + lualle) [¥lls1 < Cllunllell£ls

in u.
For 7 > 0 and v € L*(E) define
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or
1L () {ur}¥lis e < CINE 1 + 10l fualls < Cllurllsllflle-1,

together with analogous estimates for | %’ (u)¥||:—1 and ||w’(u){u1}f|/t+—1. The general
case follows now by induction over k, cf. [8], Lemma 4.5.

The estimate (3.4) can be obtained in a similar fashion, discussing a Dirichlet problem
instead of (3.8).

Finally, the uniformity of the estimates follows from the fact that bounded, weakly
closed subsets of U, are compact in H%0(S). O

We choose m smooth vector fields Dy,...,D,, on S such that
span{D1,..., Dy} =T, forall z € S

and use the multi-index notation D® = DI ... D% o = (a1, ..., Q) for higher order

m

derivatives; for simplicity we assume that (Dq,...,D,,) coincides with the tangential
gradient on S. Note that, for s > 0 integer, we can use

(u,v)s = Z (D%u, D*v)2(s)
laf<s

as scalar product generating the norm in H*(S). Moreover, as an immediate consequence
of the invariance properties

(F(u)f)OT:F(UOT)(fOT)

for any diffeomorphism 7 on S, we have a differentiation rule which resembles Leibniz’
rule at an abstract level, cf. [8]: For any multi-index o and u € Us, f € H*(S), s >
|a| + (m + 1)/2 there holds

DF(u)f =Y cp...pps PP () {DPu, ..., DPu} DPrsr f (3.10)

where the sum has to be extended over all integers k& and systems of non-negative multi-
indices (i, ..., Brk+1 with

0<Ek<|al, 1<|61s--s 1Bkl Br+.. 4 Brg1 = . (3.11)

The coefficients are non-negative integers, in particular, ¢, = cq,0 = 1.
Combining the differentiation rule for F' with the estimate of the derivatives in lower
norms we obtain

Proposition 3.5. (i) Let s > so > (m +1)/2, s integer, u € Us. Then
17 () flls—1 < C(lullsl fllso + 11£11s) (3.12)

with an uniform constant as long as u varies in H%- bounded and weakly H®°- closed
subsets of Us.

(i) Assume additionally s > so + 2 and let o be any multi-index with |o| = s. Writing
D = Dt ... D% with |a1| = ... = |as| = 1, we have

DF(u)f = F(u)D®f + F'(w){Du} f + > F'(w){D“u}D f + Ra(u)f  (3.13)

=1
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where o = a; + B; and the remainder term allows the estimate

[Ra(u)fllo < C(lullsll fllso+r + [l flls-1)-

The constant can be chosen uniformly as u varies in H*0F2- bounded, weakly H%02-
closed subsets of Us.

Proof. We consider the more complicated situation (ii) only. According to (3.10), the
remainder term has a representation as a sum of terms

Iy = FO(u){Du, ..., Dy} DPr+1 f,
where the multi-indices satisfy (3.11) and additionally

|Bl|a"'7|ﬁk|§5_17 |ﬁk+1|§3_2-

Hence k > 1. For each of the terms I3, we will choose numbers 61, ..., 60x+1 € [0, 1] such
that 61 + ... 4+ 0x+1 = 1 and set

S; = (1 — 91')80 + 0;.

If K = 1 we choose 601,62 such that 61 + 602 =1 and |G2] = 61 + 02(s — 2). If Kk = 2 and
|B3] = 0 we choose 6; := (|5;]| —1)/(s—2) for i = 1,2 and €5 := 0. If k =2 and |F5] > 1
or k > 3 we choose
0; = (|6l = 1)/(s = 3) for i =1,2,3, 0, :=|0;|/(s—3) for i > 4.
In all cases, we have
i+ s < (1—60;)(so +2) + 0;s, i=1,...,k,
8+ 55 < (1= 050 +2) 511
|Bk41| + sk41 < (1 —Oq1)(s0o+ 1) + Op1(s — 1).

Set A:=01+4...+0;. Using (3.1) with ¢t = 1, s = s¢, (3.14), norm convexity, and Young’s
inequality we get
Isllo < Cllulligy+s: - - - 1l o 1L 1Bk +50ss
< Cllullds (lullsoralfll=1) ™ QlallallFllso1)
< Ollullsos (lullsor2 L lls=1 + lullsll Fllso+1)
and the result follows. O

The following lemma provides an explicit characterization for the linearization of F,
namely, up to terms of order zero in v,

Flu)f = =F(u)(v- F(u)f).
This structure will be important later. It can be verified in an informal way by performing
the variation on 2, itself instead of transforming the problem to the reference domain.
Lemma 3.6. Let s > (m+3)/2. Then for u € Us, v € H*(S,R™) and f € H*(S) there
holds

IF (w){v}f + Fu)(v- F(u)f)llo < Cllfllsllvo-



10 M. GUNTHER AND G. PROKERT

Proof. From (2.5) we get
Fi(u){v}f = 0i¢' cu+v;0;0;¢ ou
with ¢ = ¢(u, f) from (2.6) and ¢’ = ¢'(u, f){v} given by
¢ (u, F{v}(@) = :(d(u + v, f)(x))|e=0, 2 € Qu.
The function ¢ satisfies
A¢' =0in Q,, ¢ =—-Vo¢-v on Iy, (3.15)
therefore 9;¢’ ou = —F;(u)(v - F(u)f).
Parallel to the proof of Lemma 5.1 in [8] one obtains
[0;0:0;¢ 0 ullo < Cllvllollé(w, Fll 2@,y < Cllfllslvllo-

This proves the assertion. [l

4. The main estimate

In this section we prove H®- a priori estimates for the non-linear operator .% w.r. to
variable bilinear forms which we define in the sequel. As already mentioned in the
introduction, these estimates are the main ingredient in the existence proof.

To begin with, for u € Uy, s > (m + 1)/2 we define

Pu)v:=v-(n(u)ou), Nuw:=w (n(u)ou), (4.1)

Aw)w =V, (wou ') ou (4.2)

as the euclidean scalar product and multiplication with outer normal n(u) of ', and
pullback of tangential gradient Vr, along I',, respectively. Considered as operators in

v and w, the coefficients of P(u), N(u) and A(u) are smooth functions of u and its first
derivatives. Thus,

P(u) € Z(H'(S,R™),H'(S)), N(u)e Z(H'(S),H(S,R™)), (4.3)

A(u) € Z(HY(S), H""1(S,R™)) (4.4)

depend smoothly on u € Us for [t| < s—1 and [t — 1| < s — 1, respectively. Clearly, the
operators P, N, A satisfy invariance properties as stated for F' in [8]. As a consequence,
the differentiation rule (3.10) is also true for P, N, A; we make use of that without explicit

mention. Further recall that the pullback A(u)w of the Laplace Beltrami operator Ap,
on I', according to (2.8) and the operator H(u) according to (2.7) may be expressed as

Auw)w = A;(uw) (Ai(w)w),  H(u) = —yAi(u)(ni(u) o u) (4.5)

respectively.
In the further considerations of this section we fix sy to be the smallest integer such
that so > 6 and sg > (m + 7)/2 and set

[75 =U,NK forall s> s
with a fixed H*°- bounded and weakly H®°-closed subset K C Us,. Note that

1< Cllullsy < Clulls,  lulless) < €
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for all u € 178, s> Sg.
Furthermore, we have the estimates

19 (u)||s—2, |7 (u)||s—3 < Cllu||s for all ue 178, s> sg,

and the operators defined in (4.3), (4.4) are bounded uniformly with respect to u € Us.

Due to our choice of the differential operators D; the Laplace-Beltrami operator on the
compact reference manifold S is given by Ag := D;D;. It has an approximate inverse,
i.e. there is an operator A € £ (H7(S), H"%(S)), T € R, such that

AoAF = AfAp = id + Qo,

with a smoothing operator Qo simply given by orthogonal projection in L2(S) onto
the subspace of functions which are constant on each connectivity component of S; in
particular, Qo € Z(H™(S), H?(S5)) for any 0,7 € R. In the same manner, we define the
approximate inverse AT (u) for A(u). In this case we have

[ur At (u)] € C*(Us, £ (H'(S),H'™(S))), te0,s—2]
and
A()A)T = Alu)TA(u) = id + Q(u), (4.6)
where Q(u) € Z(H"(5), H°(5)) for any o € R, 7 > 1 — s, and the corresponding norms
are bounded independently of u € Us.

Lemma 4.1. Let s > sqg with s =2k, k € N and u € Ug. Then we have
AbF (u) = F(u)(Gu)(Afu)) + F(u)(Ra(w)) + Ry(u) (4.7)

where the abbreviations

F(u)f :=F(u)f+ Fo(u)f, Gu:=yA(u)(P(u)v)+ G1(u)v

have been used. Here f+— Fo(u)f and v — Gy(u)v are operators of order zero and one,
respectively,

Fy(u) € Z(H'(S), H'(S,R™)), Gi(u) € L(H'(S,R™),H"(9)), (4.8)
te[-1,s—1] and t € [-2,s — 3], respectively, and the remainder terms R,, Ry satisfy
[Ra(u)lo < Cllulls-1, (4.9)

[Re(w)]lo < C(IIG(u)(AGu)|| 1 + [|F (w) | so—sllulls + [ulls—1)- (4.10)

The constants are independent of u and and the operator norms of Fo(u) and G1(u) are
bounded independently of u as long as u varies in a set Us.

Proof. The operator F(u) vanishes on constants and, by elliptic regularity,
[ £llso—2 < CIF W) fllso-3,  uweUs (4.11)

if f has zero mean value over S. We define

G(u) =G (u) — I_;‘I /S 4 (u) ds. (4.12)
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Using Proposition 3.5, (i), we write A% (u) = AEF(u)%(u) in the form
k—1
F(u)(A§Z (u) + F'(w){Afu}F (u) + 2> F'(u){Diu} Ay DA™ G (u) + Ry (u)

= F(u)(A§9 (0)) + F'(w){ Afu} 9 (u) + 2kF' (u){ Dyu} D;AE G (w) + Ry (u) + Ra(u).
According to this proposition and (4.11) Ry (u) allows the estimate
1R1(w)lo < C(llulls[1€ (w)lso—2 + 1€ (w)l|s-1) < C(llulls|F (@)llso—3 + 1% (w)]]s-1)
For Ra(u) we find from Lemma 3.1 (with ¢t = 1)

| Ro (u ||o<2ZHF’ ){ Diu, [A), DA G (W)},

<CZH (A, DA TG ()|, < C1G (w)]s-1.

i,j
Further, by Lemma 3.6 we have
"(W{Agu}g (w) = —F (u) (Afu - F (u)) + Rs(u)
with
1Bs(u)llo < CllAGullo|% () so-2 < Clulls]|F (w)llso-3-
Defining Fy(u) by
Fo(u)v := QkF’(u){Diu}DiA(‘fv,
we get
AL (u) = (F(u) + Fo(u)) (A5 (u) — Afu- F(w)) + Ra(u)
with a remainder term
Ra(u) = Fo(u)(Afu - Z(u) + Ri(u) + Ra(u) + Rs(u) — 2kF"(u){ Diu} D;iQoAF ™G (u).
Hence, using
[[Fo(u) (AGu - F (W) ||y < CllullsllZ (w)lls—s

and the above estimates for Ry, Ry, R3 we obtain
[Ra(w)llo < C(I1% (w)|s—1 + [[ulls| -7 () so-3)- (4.13)

Recall that ¥ (u) depends linearly on «y. Slightly abusing notation, we write ¢ (u)~ etc.
in the remaining part of this proof (see (6.6) below). Note that in analogy to (3.10), we
get (for sufficiently smooth u)

DG (u)yy = cs, P (@W{Du,. ., DPuy Doy

with (3.11) holding for k and the multiindices (31, ..., Bk+1. Applying this differentiation
rule, we get

AGY (u)y = F' (u){ Afu}y + G (u)y + Rs(u),

where ¢ (u) contains all terms where derivatives of u of order s — 1 and s — 2 occur.



ON HELE-SHAW FLow 13

Consequently, it is a sum of terms of the forms
%’(u){AéDiA]g*l*ju}Dm, %”(u){Diu,AJO'DiAgflfju}’y,
with j € {0,...,k — 1}, and
G (u){z}yD;Dyy, 9" (uw){Dyu,z}Dyy, 4" (uw){D;Dyu,z}y, 94" (u){Dsu,Du,z}y,

with z := A%DiAngAg_Q_j_“u and j,p € {0,...,k =2}, 5+ p < k — 2. Using the
estimates (3.3) and the assumption s > so > (m + 7)/2, one obtains from analogous
arguments as in the proof of Proposition 3.5, (ii)

[R5 (u)llo < Cllulls—1- (4.14)
Writing in the above terms
Ay um (AL Abu,  AFTET A (AT ARG (4.15)
up to smoothing remainder terms, we get
AGY (u)y = 9" (w){ AGu}y + Do (u){AGu}y + Ro(u) (4.16)

with a first-order operator v — % (u){v}y and a remainder term Rg(u) satisfying the
estimate (4.14) again. Hence, using that the linearization of the mean curvature H (u)
has A(u)(P(u)v) as main part, i.e.

G'(wivty = vAu) P(u)v + G3(u){v}y (4.17)
with a first-order operator v — %3 (u){v}y, we get the representation (4.7) with
Gr(u)v =G (u){v}y + Fs(u){vy —v- F(u)
and with the remainder terms
Ra(u) == Rg(u), Ry(u) := Ra(u) + Fy(u)(Re(u)).
Now the estimate (4.9) of R, coincides with (4.14), whereas the estimate (4.10) of Ry
follows from
[Ro(u)llo < C (I Ra(w)llo + | R6(u)]lo)
< C(I19lls-1 + lull s F (Wl so-3 + l[ulls-1)
by (4.13), (4.14) and
19 (w)lls—1 < CIAGZ ()]l -1 + 14 (w)llo)
= C(IG(u)(Afu) + Re(u)| -1 + % (u)]lo)
< C(IGu)(AFu) -1 + [[ulls—1)-

The statements (4.8) are consequences of Lemma 3.4 and of (3.4). This becomes clear if

(G is written out explicitly in terms of differential operators and Fréchet derivatives of
A. O

Now fix s > sg with s = 2k, k € N. Letting Fy and G; as in Lemma 4.1 we set for
u € Us

Z (u)v := (F(u) + Fy(u)) G (u)v.
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Further, for u € U, let M (u) be the operator defined by
M (u)v == Mo(u)v + Mo(u)v, Mo(u)v = M (u)P(u)v + N (u)Ms(u)v (4.18)
Here, the main part My of M is given by
Mo(u)v :=v — A(u)A(u)P(u)v (4.19)
with A from (2.9) (cf. [8]), whereas the lower order terms are given by

My (w)w := —Mo(u) Fo(u)A(u)w, (4.20)
Ms(u)v == A(u)™ (v 'G1(u)v) (4.21)
From (3.5) and (4.8) we get
My(u) € Z(H'(S,R™),H*(S,R™)), —-4<t<s-2,
Mi(u) € Z(H"(S),H" (S,R™)), —2<t<s-3
Ms(u) € Z(H'(S,R™),H'"T1(S)) —2<t<s-3.
The operators depend smoothly on u € Uy and have uniformly bounded norms as u
varies in Us.

Because of P(u)A(u) = 0 the operator Mo(u) constitutes an isomorphism in L2(S,R™)
with inverse

My(u) " v = v+ A(u)A(u) P(u)v. (4.22)

In particular, we have
cllollo < [|Mo(w)vllo < Cllofo; (4.23)
cllvllo = Cllvf|-1 < [M (w)v]lo < Cllvllo (4.24)

with suitable positive constants ¢, C' independent of u € U, and v € L2. Moreover, after
a simple calculation we obtain

(Mo(u)F(u)f, Mo(uv) g = (B(u)f, P(u)v),, (4.25)

where f+— B(u)f := P(u)(F(u)f) is the Dirichlet-Neumann operator.

For the sake of completeness, we gather some properties of B which we will need in the
sequel. We will use the commutator notation [Q1, Q2] := Q1Q2 — Q201 for operators, in
particular, if f is a function we will write [f, Qlw := fQw — Q(fw). Note that property
b) is in fact the L?-symmetry of B(u) with respect to the measure induced from T',,.

Lemma 4.2. Assumeu € Us, f € C(S), w € H*(S), v e H'(S). Then:
a) If f >a >0 then
/S fwBuwds = clwl?), - Cllwl3
with ¢ = ¢(a) > 0, C = C(||fllc1). Moreover,
b)
/SwB(u)v ds = / w(w)v B(u)(w(u) " w) dS,

S
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[B(u)wl]| -2 < Cfjwl| -1,

I, B(w)]wllo < Cllwllo
with € = C([[fllcr),
e)
I[Ai(u), B(u)]wllo < Cllwl.
All constants are independent of u € Us.
Proof. a) As in the proof of Lemma 3.4 we extend u to a diffeomorphism from F
to Q, and denote the coefficients of the corresponding induced metric by ¢ and the
corresponding volume element by ,/g. Let v denote the outer unit normal on S and let

& denote the harmonic extension from S into E. Let ¢ be the solution of the Dirichlet

problem
L(u)¢ := 9;(v/9970;¢) =0 in E, ¢|s =w.
Then
B(u)w = w(u)~'viy/g9" 0;¢,
and by integration by parts

/waB(u)wdS
= [ routw)nvago0ds = [ oE(ut)ovag 0;0) da
= /E@ﬂ(fw(u)_l)\/ggijaiqﬁ@jqﬁdm+/E@i(za@(fw(u)_l)qb\/ggij@jqbdx

2 2 2
clolli” = Cliglliflells > cllglly™ = Cllollg™ = elwlli /2 = Cllwlfs.

Y

The uniformity of these estimates with respect to u € U, follows by a compactness
argument as in [8].

b) The assertion follows from transforming the integral to I',,, applying Green’s formula
and transforming back.

c¢) Using b), the assertion follows from a standard duality argument and the fact that
B(u) € ZL(H*(S),H'(S9)).

d) Maintaining the notation from the proof of a), we have

[f, Bw)w = w(u) " vi/gg" (f0;6 — 0;)
where 1) satisfies
L(u)y =0 in E, ¢|s = fw=fg[s.
Therefore, by estimates parallel to Lemma 4.3 in [8],
11 Bw)lwll1y2 < lw(u) ™ vi/gg" 0;(08 f = ¥)ll1y2 + Cllgll 2
< C(IL@)(@E NG + 1¢ll2) < C (I617 + I1¢ll/2) < Cllwlao-
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As both multiplication by f and B(u) are symmetric with respect to the L2-inner product
induced from Iy, we get by duality

ILf, B(uw)]wl-1/2 < Cllw]l-1/2,

and the result follows by interpolation.
e) We have, by the chain rule for the operators Dy,

[Ai(u), B(w)] = [o}(u) Dk, B(u)] = [aj.(u), B(w)] D + o} (u)[Dk, B(w)]
= [ak(u), B(u)] D + o (u) B (w){ Dru}.
The result follows now from b) and the estimate
1B (w{Dyutwllo < Cllwll,
which is a simple consequence of (3.1). O

The next lemma will be crucial in the proof of the main estimate as it will provide
coercivity for the normal component.

Lemma 4.3. There are positive constants ¢, C' such that
(A(uw)" (v w), Bw)w)o < —clwl|2 ), + Cllw]2,
for all u € Uy, w € H'(S).

Proof. Set z := A(u)" (v lw). Then w = yA(u)z + vQ(u)(y~12), see (4.6). By
Lemma 4.2, b),

I= (A (v w), Bww), < (2, Bu)yA(u)z) + [[2]1]B(w)(vQ(u) (v~ 2)[| -1
< (w(u)yAw)z, B(u)(w(u)™'2)), + Cllw||2,;.
Setting Z := w(u) "'z, 7 := w(u)
I< (FAW)E Bu)z), + (wuhlw(w), Az, B(w)z), + Cllw|%,
< (JAi(u)Ai(w)z, B(u)Z), + Cllz[i + Cllw2,.

By integration by parts, one obtains an estimate
[ atwsas| <c [ \71s.
s s
cf. [8], Eq. (5.5). This yields

1< —(Ai(w)Z, As(u)FB(u)2)o + Ozl + 0||w||2

2 and using (4.5) we get

< —(Ai(w)z,3Ai(w)B(w)2)o + Clz]x ZII (w)Zllo + Cllwl2,
< —(Ai(w)z, 7B(uw)Ai(u)2)o + Cllz]h ZII )IZllo + Cllw|2,
< —dllAi()z]f5 ) + CllzlI + Cllw]2,

< —dllZl3/2 + Cllwll2y < —cllwl2y )5 + Cllw]2,,

where parts a) and e) of Lemma 4.2 have been used together with interpolation in the
scale H(S). O
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In view of (4.23), (4.24) f9r every fixed u € Uy, s > sg, s = 2k, k € N and A sufficiently
large (independent of u € Uy)

(v, W)s,u = A(Mo(u)v, Mo(u)w), + (M (u)Afv, M (u)Afw) (4.26)

0 0

defines a scalar product on H*(S,R") which is equivalent to the usual one.

The next two lemmas provide properties of the inner product (-,-)s, which will be
used when we apply the abstract existence result of Theorem 5.2 to our situation. They
are parallel to Lemmas 5.3 and 5.4 in [8], therefore the proofs are omitted here. Note
the uniformity of all estimates with respect to u € Us.

Lemma 4.4. Assume s > sg.
(i) There exists a C' > 0 such that for all v € H*"3(S,R™), w € H*(S,R), u € U,
(v, 0)s,u < Cffv]lsysllw]]s—s.
(ii) There exist Xg, co > 0 such that for all v € HST5(S,R™), A > \g
(0, (A3 +0)0) ., = colol2a

As an immediate consequence of Lemma 4.4 (i) we get the existence of a continuous
bilinear form (-, )5, on H*T3(S,R™) x H*~3(S,R™) compatible with (-,+)s 4, i.e. there
holds (v, w)s., = (v,w)sy for all v,w € H¥3(S,R™). Further, we put for € € (0,1]

(U,w>§7u = (0, W) 50 u + 52<v, W)s - (4.27)

Lemma 4.5. We assume as above s > sg, € € (0,1].

(i) For fizxed u € U, the mapping (-,-)5,, : H*T3(S,R™) x H3(S,R™) — R consti-
tutes a continuous, nondegenerate bilinear form whose restriction to H73(S, R™) x
HsT3(S,R™) is symmetric.

(i) With constants C' > 0 independent of €,u,v,w, one has for u,w € U, and v €
Hs+3 (S, Rm) .

CH(IlvllZ, + *0ll3) < (v,v)50 < CIIvlE, +€%[lv]12), (4.28)
(0, 0)5 0 < (0, 0)5 0 (1 + Cllu = wllso-3)- (4.29)

(iii) Weak convergences u, — u in H®, w, — w in H*~3 imply
€ €
<’U, wn>s,un - <Ua w>s,u
for all v € H'3,

Now we are prepared to formulate and prove the following a-priori estimates for %
w.r. to the bilinear forms (-, ) .

Proposition 4.6. Let s > sg be an even integer. Then
(u, Z(w), , < Cllul? (4.30)

for allu € U, N C>®(S,R™) with a constant C independent of u.
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Proof. For later use, we prove the estimate in the following stronger form: For every
g > 0 there exists a constant C'(¢) such that

(u, F (), , < Cllulls((e + 17 (W)l s-3) ulls + Ce) [l s-1).- (4.31)

Setting v := Aku and using the notations of Lemma 4.1 we have
(M (uw)Agu, M(u)Agﬁ(u))O = I(u)v* + J(u) + (M (u)v, M(u)Rb(u))O
with

I(u)v? := (M (u)v, M(u)j(u)v) J(u) :== (M (u)v, M (u)F(u)Rq(u))

0
(From (4.10) we obtain
(M (), M) Ro(w), < Clull (1G]l -1 + |7 @)llao—sllull. + ull—s).
To estimate J(u), we write this term as Jy(u) + ... + Jy(u) with
Ji(u) = (Mo(u)v, Mo(u)F(u)Ra(u)),, Ja(u) = (Mo(u)v,MO(U)F(u)Ra(u))O,
Js(u) = (Mo(wyv, Mo(u)F(u)Ra(w))y,  Ja(u) = (Mo(w)v, Mo(u)F(u)Ra(u)),-
Using (4.25) and (4.9) we obtain for .J;
Ji(u) = ((B(w)Ra(u), Pu)v) ) < C|[Ra(u)llo] P(u)v]ly < Cllufls-allP(u)v]y

07

As
P(u)v = A(u)t ('y*l(é(u)v — G1(u)v)) — Qu)(P(u)v) (4.32)
we see from (4.8)
[P(uyoll < C(IIG(w)ol|-1 + [[v]lo), (4.33)
and consequently
Ji(u) < Cllulls—1 (|G (w)oll -1 + [[uls)-
For Js we have
Ja(u) < O|| Mo(u)ol|1]|Mo(uw) F (u)Ra (u) ]| -1 < Cllollol|Ra(w) o < Cllulls]lufs-1,
and the same estimates are valid for Js, Jy, thus
J(u) < Cllulls—1 (IG (ol -1 + [[ulls)-

Further, we decompose I according to I(u)v? = Ij(u)v? + ... + I4(u)v? in the same
manner as J, i.e.

L (u)v? = (Mo(u)v, Mo(u).Z (u)v)
Is(u)v? = (Mo(u)v, Mo(u).Z (u)v)

L(u)v? = (My(u)v, Mo(u).F (u)v)
Li(u)v® = (My(u)v, Mo(u).F (u)v)

0’ 0’

0’ 0
and estimate each term separately. Using (4.25) again, the term /7 may be written as
I (u)v® = (Mo(w)v, Mo(u)F(u)G(u)v) ) + (Mo(w)v, Mo(u) Fy(u)G (u)v)

= (P(u)v,B(u)é(u)v)O + (Mo (u)v, Mo (u) Fo(u)G (u)v)

0
o
In the first summand we insert (4.32) and use

[(Qw) P(w)v, B(u)G(u)v)y| < Cllvllo]|G(u)v]-1,
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and by Lemma 4.3
(At (v Gu), Bw)G(u)v) ) < —eol|Glu)v2y o + C|Glu)v]|2y.
Remembering the definitions (4.20), (4.21) of M; and My, we have
(Mo(u)v,Mo(u)Fo(u)é(u)v)O:—(MO( Yv, M1 (u ) (u)G(u)v )0
(A(w)* (77 Gi(w)o), Bu)G(u), = (Ma(u)v, Bu)G(u)v),,

and consequently we arrive at

L) < = (Mz(u)v, B(u)G (u)v), — (Mo(u )v M (u)B ( ) 2 (u)v),

— col|Gul21 )3 + C([lvllo + |G (u)ol-1) |G

From Lemma 4.2, ¢) we get F' € Z(H~1(S), H=2(S,R™)) and therefore for I, we have
the estimate

[La(w)v?| < C|| Mo(u)olly | Mo(u)-F (u)v]| -1
< Cllvllol[(F(w) + Fo(u))G(u)v]l-2 < Clloflol|G(w)v]l -1,
where (4.8) has been applied again. Further, concerning I3 we have

Iz(u)v* = (Mo(u)v, MOF(u)é(u)v)O + (Mo (u)v, MOFO(u)é(u)v)

. (4.34)

(4.35)

0
where the last summand allows the estimate
| (Mo (u)v, Mo (u) Fo(u) G (u)v) | < Clollo]| |G (w)v]| -1
Remembering Mo (u) = M (u)P(u) + N (u)Ma(u), the first summand is written
(Mo(u)v, Mo (u) F(u)G(u)v),
= (Mo(u)v, My (u)B(u)G(u)v) ) + (P(u)v, Ma(u)F(u)G(u)v),,.
Using (4.33) we get

|(P(u)o, Ma(u) F()Glu)o) | < Ol Pl |Gluyo]
< O(llvllo + G wwll-1) 1G(w)vl -1,
and consequently
I (w)v? < (Mo(u)o, My (w) Bw)G(w)v), + C([vllo + |Gyl 1) |G u)o] 1. (4.36)
Arguing along the same lines for I we obtain
L(u)v? = (Mo (u)v, MO(U)F(u)é(u)v)O + (My(u)v, Mo(u)Fo(u)é(u)v)O,
where again

| (Mo(u)v, Mo Fo(w)G(w)v) | < Cllv]lo]| G(w)v]| -1

and

(Mo (w)v, Mo(w)F(u)G(u)v),,
= (Ma(u)v, B(u)é(u)v)o + (M (u)P(u)v, Mo(u)F(u)é(u)v)O
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with
| (M (w) P(uw)v, Mo(u) F(u)G(u)v) |
< 1My (u)P(u)v || HMo( )F (u)G(u)v]| 2 < C|P(u)v||1[|G(u)v]| -1
< O([lvllo + IG(w)v]| 1) |G (w)v]| -1
Thus we have
Io(u)® < (Ma(uyo, B)G(u)w)y + C(llolo + |G@el| ) |Gl (437)
Summarizing, we get
(u, F ()5 < —cr]|G()o]? j + Cr(I|G(u)o| 2y + [l (|G (u)v] -1
HZ ()| so—sllulls + llulls-1))

and, estimating further

~ € ~
lullIG@)ll-1 < Fllulls + Ca()IG (el

C1

WHG( u)v ||%1/2+C(5)||G(U)U||2_3,
Cllull?

1G],

G (w)v]2
we obtain (4.31). O

IN

s—1»

Remark 4.7. Reinspecting the estimates in the previous proofs it is straightforward to
check that for fixed s > sg the occurring constants, in particular in (4.30), (4.31), are
independent of v as long as y varies in some fixed set

{reC®S) [v>7">0,|nlls < M} (4.38)
with some sufficiently large s; = s1(s).

Using Lemma 3.6, we write for u € f]s, v e H?® s> sg

F'(u)v = F(u) (vA(u)(P(u)v) + G2(u)v) + R(u)v (4.39)

where v — Ga(u)v := %(u)v — F(u) - v and v — R(u)v are operators of order one and
zero, respectively. Note that .#'(u) coincides with % (u) if Gy is replaced by G2 and Fj
is replaced by 0. Hence, defining (cf. (4.18)-(4.21))

Ms(u) = A(u)* (v Ga(u)v),  M(u) := Mo(u) + Ms(u),

we find that M has the same properties as M above, and we obtain, parallel to (4.31),
the following estimate which will be used in the uniqueness proof:

Lemma 4.8. Let s > sg. Then there exists a constant C' such that for all u € Uy,
v € H® we have

(M (uw)F' (u)v, M(u)v)o < C|v||2.
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5. Proof of short time existence and uniqueness

We are ready now to prove our main results as announced in Theorems 2.1 and 2.2. As
the existence proof is in some respects analogous to the corresponding considerations in
[8], we restrict ourselves to an outline and refer to that paper for the details.

Fix an even integer so > (m + 7)/2, so > 6 and let s > sy be an even integer as
well. Let U, be defined as above. The notations C,,([0,7],X) and CL([0,T], X) will
denote the spaces of weakly continuous and weakly continuously differentiable functions,
respectively, with values in some subset X of a normed space.

At first an estimate which provides uniqueness and Lipschitz continuous dependence
on the initial value in the L?-norm is given:

Proposition 5.1. Let u,v € Cy([0,T],Us,) NCL([0,T], H*~3(S,R™)) be two solutions
of (2.2). Then

[o(t) —u(t)llo < Cllv(0) —u(0)llo (5.1)
with C depending only on USO and on T.
Proof. Set w(t) := v(t) — u(t) and note that
w(t) € C([0,T], H°(S,R™)) N C* ([0, T], H*3(S,R™))
for o < sg. In particular, the map
t— g(t) := | M(u(t))w(t)|[5
is differentiable and has the derivative
g'(t) = 2(M'(u(t){u () yw(t), M (u(t))w(t)),

+2(M (u(t))(F (v(t)) — F (u(t)), M (u(t)w(t)),-

To estimate the first term we note that, parallel to the estimates in Lemma 3.1,
1M (w(@®){e () }w(B)lo < Clle (t)llso-sllw(t)llo
< Ol Z w®)llso-sllwt)lo < Cllw(@)lo-

The second term can be estimated by using

F(v(t) — F(ut)) = F'(u(t))w(t) + R,
where

1 T
R= / / F(00(t) + (1 — O)u(t) {w(t), w(t)} dodr

o Jo

allows an estimate
[Rllo < Cllw(®)llsllw(®)llso-3 < Cllw®)llse [w®)]lo < Cllw(t)llo,

where estimates on .#” parallel to Lemma 3.1 and norm convexity have been used. Thus,

by Lemma 4.8,
g'(t) < 2(M(u(t)F' (u(t))w(t), M(u(t))w(t)), + Clw(®)]3
lw(®)lls < Cy(?).

IN A
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Therefore, by Gronwall’s inequality,
lo(t) —u(®)llf < Cy(t) < Cg(0) < Clv(0) — u(0)]5.
O

To prove existence, we will rely on an abstract existence theorem whose proof has
been given in [8]. It generalizes an existence theorem concerning evolution equations
with semibounded operators by Kato and Lai [9] to the case of variable bilinear forms.
The setting is the following:

Let X C Y C Z be real, separable Banach spaces with dense and
continuous embeddings and % C'Y open. For every u € % let (-, )y :
X x Z — R be a continuous and nondegenerate bilinear form, such
that with fixed constants C' > 1, M > 0:

(H1) (v, w)y = {(w,v), for all v,w € X; (H)
(H2) C ||} < (v,v)y < C|v||3 forallv € X, u € %;

(H3)  (v,0)u < (0,0)0 (1 + Mllu—w|z) forallv e X, u,w € %;
(H4) weak convergences u, — uin Y, uy,u € Z, and w, = win Z
imply (v, Wp )y, — (v, w), for allv e X.

Assuming (H) to hold, by the dense embedding X C Y and
‘(v,w)uf < (0, V) (w, W)y < C% |3 ||w||3 for v,w e X

there exists to each u € % a scalar product (-, -),, on Y, which is compatible with (-, ).,
i.e. we have

(v,w)y = (v,w), for ve X, wey.

Moreover, for uy,u € %, U, — u, wy, — w in Y implies
(v, wp )y, — (V,w), forall veX.
For the sake of brevity we put
[vlle = (0,0)32, Nl = (u,u)y/?.
Theorem 5.2. Assume (H) is satisfied with some ball
% =B:={ueY||ully <R}, R>0,
and & : B — Z is a weakly sequentially continuous mapping such that
2w, F () + M |F @) | 7llull < B(I?) for all ue XNB  (5.2)
with a Ct-function B: Ry — Ry =[0,00). Let ug € B,
lluoll < ri= R/(2C%)12,
and T > 0 such that the solution p of the scalar Cauchy problem

dp/dt = B(p(t)), p(0) = [|luoll® (5.3)
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exists on [0,T] and satisfies p(t) < r? there. Then the Cauchy problem
u'(t) = F(u(t)), u(0) = ug, (5.4)
possesses a solution u € Cy,([0,T],%)NCL([0,T],Z) for which additionally
lluI* < p(t) for all t € [0,T),
u(t) = ug in Y for t — 40.

Proof of Theorems 2.1, 2.2 (outline): Instead of (2.2), (2.3) we consider the

Cauchy problem
V' (t) = F(v) = F (v + wo), (5.5)
v(0) = up — wo, '
where wq is smooth and near wug.
To apply Theorem 5.2, we set for € € (0, 1]

X o= HP(S,R™), || - |lx = || lso+s +&ll - lls+3,
Vo= HY(S,R™), - llx o= flso + €l s,
Z:=H"(SR™), | x =1 lsp-s +ell - [ls-s.

For u € Uy, let (-, )¢ be the bilinear form compatible to the inner product on Y given
by

('Ua w);, = (v, w)Smu + 52(7}’ w)s,u
with (v, w)sgu, (V,W)s, given by (4.26). Lemma 4.5 ensures that this bilinear form

satisfies the assumptions (H), with constants independent of €. Thus Theorem 5.2 yields
existence of a solution

u € Cy([0,T),U,) NCL([0,T], H*=3(S,R™))

and an estimate
[u(®)lls < C(A + [Juolls) (5.6)
with C independent of ug and t.

The uniqueness result from Proposition 5.1 enables us to define an evolution operator
T; by setting Tyup := u(t). By a nonlinear interpolation result given in [2], Proposition
A.1 and Remark A.2, the estimates (5.1) and (5.6) imply H"-continuity of T} for T € [0, s),
uniformly in ¢ € [0,7]. Approximation of the initial value ug by uf € H*"! and of the
solution u by the corresponding solutions ujy € C([0,T],Us) N C*([0,T], H5=3(S,R™))
yields then

u e C((0,7],0:) N C*([0,T), H**(S,R™))
by uniform convergence. Finally, the existence time 7' can be shown to be independent
of s by standard continuation arguments. For further details we refer to [8]. O

6. Nontrivial equilibria and long-time existence

In this section we will investigate the existence of equilibrium points and the long-time
dynamic of the evolution problem (2.2). Our considerations are restricted to situations
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near trivial equilibria; i.e. we will assume that the domain is near a ball and v is near a

constant. Therefore in the following we specialize the reference domain to
E:={zeR™||z| <1}, S:=0E={zecR™||z|=1}.

First we show that for any given domain {2, near a ball there exists a corresponding v such
that (u,~) yields an equilibrium point for (2.2). Of course, the opposite question is more
interesting for our evolution: Given a surface energy density, find a corresponding class
of equilibrium shapes and for given initial shape, show global existence of the solution
in time and convergence to some member of this class. Our proof of this is organized as
follows. Using the refined semiboundedness estimate of Proposition 4.6 we obtain weak
exponential growth of a solution in higher Sobolev norms provided the solution remains
near the trivial equilibrium with respect to some lower norms. This enables us to show
that the scalar function f(¢), which is defined by (6.11) below, controls the evolution.
Then a simple dicussion of the spectral properties of the evolution equation for f yields
global existence.

We start by stating some simple integral identities needed later on; in particular,
assertion (ii) of following lemma together with volume conservation implies that the
center of gravity remains fixed during evolutions under consideration.

Lemma 6.1. (i) We have
/Sw(u)Ni(u)uj dS = 65|, (6.1)
where §;; denotes the Kronecker symbol, and
/Sw(u)N(u) (9 (u)y) dS =0. (6.2)
(i) For any solution u = u(t) of (2.2) the vector of first moments
M(t) = / xdx (6.3)
Qu(r)

is independent of t.

Proof. (i) After retransformation onto I, with outer normal n, the equation (6.1) follows

/ n;Tyj dFu = / &'xj dr = (SU|QU|,
Ty Q.

/ n(yk — 1) dl, =0,
Cu

where 1 is harmonic in §2,, with Neumann boundary condition 9,% = Ar,v on I';,. By

Green’s formula we get
/ nydl', = / 20 dl 'y,
r, r

w
hence writing nk = Ar,x on I', we obtain

/ n(yk — ) dl, = / (vAr,z — zArp,v) dl'y, =0 (6.4)
Fu

'y

from

whereas (6.2) reads
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by an integration by parts.
(ii) Consider the solution to (1.1) corresponding to u. We have, using Green’s formula
and (6.4),

M(t) = /F " zV,, dU(t) = /F (t)x(’)nqﬁdf‘(t)

_ / Oz 6 dT(t) = / n(yk — ) dT(#) = 0,
r(t) r(t)
which is the assertion. O

Remark 6.2. Note that the presence of the correction term G is crucial not only for the
generalized gradient flow property but also for the validity of above Lemma.

In further considerations we assume s > sg with s € N fixed as in Section 4, set
U, = {ue H*(S,R™) | lu—wollsy <0}, wo(z):=x for z €8 (6.5)

and assume g > 0 sufficiently small, whenever necessary. Moreover, to stress the depen-
dency on v, we consider now % (u) and ¢ (u) as linear operators defined by

F(u)v = F(u)(Z(u)), G(u)v:=—vA;(u)(n;(u)ou) — Au)A(u)v; (6.6)
for s > sp und 2 <t < s the operators
G (u) e L(H'(S),H"(S)), F(u)eL(HS),H ) (6.7)

depend smoothly on u € U,. For a given surface energy density v € C>(S) and ug € U,
the Cauchy problem (2.2), (2.3) reappears as

u=Zu)y, u(0)=uop. (6.8)
We call a function v on S an equilibrium surface energy density for a given u € U, iff
F(u)y=0 on S orequivalently ¥ (u)y = const. on S. (6.9)

The latter condition yields a nonlocal first-order elliptic equation for the determination
of an equilibrium surface energy density . By straightforward perturbation arguments
and expansion into spherical harmonics in case of u = wg, the next lemma ensures the
existence of a solution of this equation, uniquely determined up to a scaling factor and
a linear combination of m functions.

Lemma 6.3. Assume 8y > 0 sufficiently small. Then for any given u € Uy, s > sq there
exists a uniquely determined positive function y(u) € H*~(S) such that

Y (u)y(u) =—1 on S, /SN(U)')/(u) ds = 0.

Proof. By elliptic regularity it suffices to consider the case s = sg. If a € R™, v € U,
and v € H*~1(S) such that

Y(u)y=—-14+a-u on S,
then (6.2) implies

/ w(w)N(u)(a-u)dS =0,
S



26 M. GUNTHER AND G. PROKERT

and further a1 = ... = a,, = 0 by (6.1). Hence it suffices to show the invertibility of the
operator

[(v,@) = L(u)(v,0)] € Z(H*7H(S) x R™, H*"*(S) x R™)
given by
L(u)(v,a) :== (4 (u)y —a-u,c), c:= /SN(U)W ds.
As L(u) depends smoothly on u € U, it remains to show the existence of
L(wo)™! € L(H**(S) x R™, H*71(S) x R™). (6.10)
In this case we have
G(wo)y = —(m — 1)y — AsAs7,

where Ags and Ag denote the Neumann-Dirichlet operator and the Laplace-Beltrami
operator on the unit sphere S, respectively. Hence, if we expand

Y=Y m m=b-z
1=0
where +; is a spherical harmonic of degree [ and b € R™, it follows from
Asy=—ll+m—=2)y, Asy=I1""n (1>0)
that

S 5]
L , :(— 1)y —a- -1 ,—b).
(wo)(v,a) = (—(m = 1)y —a -z + ;( M
This gives immediately (6.10). Clearly, the equilibrium surface energy density belonging
to wy is the constant function

¥ = y(wo) = L(wo) " (~1,0) = =1/ko on S
with the curvature kg = —(m — 1) on S. The proof is complete. O

In the following considerations, to derive a-priori estimates independent of the existence
interval [0, T, let

u € C([0,T), Usyya) NCH([0,T), HOTH(S,R™))
be any solution of (6.8). Thereby, without explicit mentioning, we always assume that
[uollso+a = [[u(0)[lso+a4 < M

and -y is taken from some set of the form (4.38) with fixed positive constants v*, M and
with a sufficiently large s; € N, such that, in view of Remark 4.7, the constants in the
estimates of Section 4 are independent of v for s < sg + 4. Further we define (cf. (4.12))

0 = F(ult)y = 9 ()1~ 57 [ F(u(o)ras. (6.11)
Note that F(u(t))v = 0 for v = const implies

u(t) = F (u(t))y = F(u(®)) f(t). (6.12)
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The following Lemmas 6.4, 6.5 show in which sense the evolution of u can be controlled
by f(t), t € [0,T] with constants independent of the existence time 7. As main step,
we find from the improved semi-boundedness estimate (4.31) that ||u(¢)|| has only slow
exponential growth, more precisely we have

Lemma 6.4. Let e > 0, a > 0, ¢ > 0 be given. There are constants C = C(a,c,¢),
d = 0(g) > 0 such that each of the assumptions
() 1 @llsya <6, t € [0,T], or
(i) Nf()llso—2 < e, t€0,T],
implies
lu(t)||spra < Cet for all t € [0,T). (6.13)
The constants C' and § may be chosen independently of u and T.

Proof. In view of Theorem 2.2 it is sufficient to prove (6.13) for any sufficiently regular

solution u = u(t) of (6.8). In particular, the mapping ¢ — ¢(t) := (u(t),u(t))s u(t) with

s := s0 + 4 may be assumed to be differentiable. From Proposition 4.6, estimate (4.31)
we get for any given € > 0

(w), F @), o < (CIF@Es0s + 5 ) 9(0) +C(e)

and, using D(u){w}v? as abbreviation for the derivative of the mapping u — (v, v)s,u,
| D(u(t){F (w®))v}u(t)?| < CIF ()Yl so-sllu®)lf3.
Consequently, by differentiating g, we have
(1) = 2(ult). (1)), + D(u(®) {i(t)}u(

t)?
< (CIZ @M llso-s + 5 ) 98 + CE) < (CLllFB)leg2 +

3

=) o) +C(e).

Defining
c t
a(t)i= 5+ Co [ (52
0
and noting that under the assumptions (i) or (ii) we have
0<a(t) <et+C(a,c)

we get from Gronwall’s inequality

w02 < Cyto) < e (510 + 0 [ e as
< Cle)e(9(0) + 1) < Cle)e**(g(0) +1) < C(e)(M? + 1)e*".
This implies the assertion. [l
Lemma 6.5. Let € > 0 and a > 0 be given. Then there exists 6 > 0 such that
1u(0) — wollsy <0, [[f()|lsor1 < de™ for all t €0,T] (6.14)

imply
lu(t) — wollsy < e for all te€[0,T].
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The constant 6 may be chosen independently of T and w.

Proof. We assume according to Lemma 6.4
()|l so41 < Ce? for t e [0,T).
Define g(t) := |lu(t) — wol|2,- Then
g'(t) = 2(Z (u(®))y, u(t) —wo), < CIIF (t))Vllso = ClIEF(u®)f ()]s
and consequently,
9 (1) < Cllu®)sg1llF (D)l sg1 < C'de/2e
Hence, for 0 sufficiently small,
§(1) < Lac?e a2 and g(0) < 1e?
This implies
g(t) < 322 —e %) < &,
which is the assertion. O

Now, to obtain estimates of f(¢) we derive the evolution equation satisfied by f. Dif-
ferentiation of (6.11) with respect to ¢ gives

fy =9 o) i} - g [ Fw) i} as,

hence inserting (6.12) we obtain

f(t) = (ult), ) f (1) (6.15)
where the operator 7 is given by
H(u,y)w =G (u){F(u)why — = / G (u){F (u)w}ydS. (6.16)
S| Js

The operator # is negative semi-bounded in L? in the following sense:

Lemma 6.6. For ||lu — wo|ls, and ||y —7||s, sufficiently small we have with a positive
constant c independent of u and y:

(A (u, )w,w), < —cllwl3/ (6.17)
for all w € C*°(S) with

/Swds —0, /Sw(u)Ni(u)w ds = 0.

Proof. Instead of (6.17) we prove the estimate in the form

(f%ﬂ(u,v)ugw)o < —cl||w||§/2 + caR(u, w) (6.18)

for all w € C*°(S) with some constants ¢y, ce > 0, where

o= o) (somiome)
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Further, by perturbation arguments using
1 (u, y)w — A (wo, V)wl|—3/2 < Cllwllzsa (lu = wollsy + 1y = Flls0 )
it suffices to show (6.18) for u = wyp, v = 4. For v =% we have
G (u)y =7H (u),
therefore the linearization of the mean curvature at a sphere yields
G (wo){v}7 =7((m = D(w-v) + As(x-v)),

As [w — x - F(wg)w] = Bg is the Dirichlet-Neumann operator on the unit sphere S, this
implies (6.18). O

Lemma 6.7. There exists a > 0 with the property that for any € > 0 there exists § > 0
such that ||u(0) — wolls, <0 and ||y — Flls, < 9 imply

IfOllsor1 < e for all t € [0,T].

0 may be chosen independently of uw and T > 0.

Proof. First note, that by definition of f(¢) and Lemma 6.1, (i) we have

/ f(t)ds =0, / w(u(®))N;(u(?)) f(t)dS = 0.
S S

Consequently (6.15) and Lemma 6.6 imply

%(I\f(t)llg) =2((u(t), V) (1), F(1)y < =l F B3,
with some ¢ > 0, hence

1F @)l < e (£ (0)]o.

Further, as

1) lls-2 < C(llult) = wollso + v = Fllse) < C (00 + ),
we get from Lemma 6.4 (i) by assuming § and the constant dg in the definition (6.5) of
U, sufficiently small,

[u(®)llso+a < O™, pi=c/(2(s0 + 1))
and moreover, using the estimate (2.14),
1 O)llso+2 = 19 @)Vl so+2 < Cllu(®) 544 < O
Now we have by interpolation
sotl . _1_ o —a
1fO)llso+1 < C(") 707 (e[ £(0)l0) 77 = CIF(0)]lg" e
with a = ¢/(2(so + 2)). This implies the assertion. O

Now we are in position to formulate our main result about the long-time existence and
convergence to an equilibrium configuration for ¢ — oco.
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Theorem 6.8. Let M > 0 be given. Then there exists an € > 0 such that for v € C*(S)
with ||v]ls, < M, |7 =7lls, < € and for any initial value ug € H*°F* with ||ugl|syra < M,
|luo — wolls, < & the solution of the Cauchy problem (6.8) exists for all t > 0. Moreover,
u(t) converges exponentially to some u* = u*(ug,7y) in H®, s < sg+4 fort — oo, i.e.

Ju(t) — u*|ls < Ce™ (6.19)

with suitable Cya > 0 (depending on s < so +4). Finally we have 4 (u*)y = const. on
S, i.e. v is an equilibrium surface energy density for u*.

Proof. First, choose § € (0,dp) and T > 0, such that, by our local existence theorems,
initial values ug € H®™* with ||ug — wo|ls, < J guarantees the (unique) solvability of
(6.8) on the time interval [0, 7] with u(t) € Ug, 44, t € [0,T]. Then, for ¢ > 0 sufficiently
small, Lemmas 6.5, 6.7 ensure ||u(T) — wo|ls, < d, hence the solution can be continued
to the interval [T, 27] with u(t) € Usy44, t € [0,27T]. Applying now Lemma 6.5 and 6.7
to the time interval [0,27] (note the independence of the constants in these lemmas of
the time interval length) we obtain ||u(2T) — wol|s, < do again and the solution can be
continued to the interval [27, 3T]. Repeating these arguments yields global existence of
the solution. Moreover, Lemma 6.7 implies

f)lsg+1 < Ce™ forall t >0
with @ > 0. Consequently for any € > 0 there exists a constant C(g) such that
lu()]|sgra < C(e)et for all ¢ >0 (6.20)

by Lemma 6.4 (ii). Further, for 0 <t < 6 < oo,

6 0
() = u(@)lo < / |Fu(m)f(Dlodr < C / 17 (") llsg dr < Ce™,
t t
and by interpolation using (6.20) with e sufficiently small,
lu(t) —u(®)|s < Cse™ " for s < sg+4

with suitable constants Cs, as > 0. This implies convergence of u(t) to some u* in H*(S),
s < so+4 ast — oo and the estimate (6.19). The final statement follows from letting
t — oo in (6.11). O

Remark 6.9. It is not hard to see the following regularity property of w*: if the initial
value ug belongs additionally to H*® with some s > so + 4 then u*(ug,~) € H* for s’ < s
(recall that we have always assumed v € C*°). The question whether or not u* belongs
to H?® remains open and requires more sophisticated estimates.

To illustrate possible equilibrium shapes I',,» according to Theorem 6.8 we have per-
formed several numerical test calculations for m = 2,3. In a 2D situation, starting from
a circle S =Ty, and a surface energy density of form

v(z) =1+ 0.8cos(6p), x = (cosp,sing) €S, 0<p <2,

we obtain an equilibrium shape I',,» as pictured by the solid line in Figure 1. In contrast,
if the correction term G(u), which ensures the gradient flow structure of the evolution
problem, is dropped in the definition (2.4), then the resulting shape '« is given by the
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dotted line in Figure 1. Clearly, in the latter situation the center of gravity remains fixed
due to the symmetries of the chosen initial values and every equilibrium configuration
(u,7) is characterized by vk = const. on I';, hence I';, must be convex. (This is similar
to a Hele-Shaw evolution where the values of vy are transported only in normal direction
to the moving boundary, as this also leads to a dropping of the term G(u).) As Figure 1
shows, this convexity is not true for the full problem. The second example concerns an
axisymmetric situation in 3D. Here the evolution starts from the unit sphere S = I'y,,
with the surface energy density

y(z) = 1.0 + 0.821(4.023 — 3.0), 2 = (v1,22,23) €S

and results in a equilibrium shape as shown in Figure 2. To indicate the length scale we
have added grid lines with distance 0.25 in each direction.

ANAVAN, AN, \:&.:
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Figure 1: 2D examples Figure 2: 3D example
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