Conformal geometry of gravitational plane waves
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ABSTRACT: It is well known that the conformal group of a non-flat vacuum pp-wave is at
most 7-dimensional. Here we explicitly determine all solutions with a 7-dimensional group
in three particular families of gravitational plane waves. All of them are exact solutions in
terms of elementary functions. Furthermore, it turns out that a gravitational plane wave
with a 6-dimensional homothety group (larger than the isometry group) does not have
to be real analytic. It may contain an open flat part even if it is not conformally flat.
Finally we classify all vacuum pp-waves admitting a particular standard conformal vector
field arising from flat Minkowski space.
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1. Introduction and Results

NoTATIONS: We consider 4-dimensional Lorentzian manifolds (M, g) with a metric tensor
g of type (3,1). A conformal diffeomorphism f:(M,g) — (M,q) is a mapping preserving
the angles (or the orthogonality) between any two directions and the type (space-like
or time-like) of vectors. An equivalent formulation is that the induced metric f*g is
everywhere a positive multiple of g. We denote this positive factor by f*g = ¢ ~?g where
p: M — IR, is a function. We can then consider two conformally equivalent metrics g
and § = ¢ 2g on the manifold M. The mapping f is called an isometry if ¢ = 1, it
is called a homothety or similarity if ¢ is constant. The classical case of a similarity in
flat Minkowski space is the mapping x — cx with a real constant c¢. Let V denote the
Levi-Civita connection induced by g. For any given smooth function ¢ on (M, g) let Vi
denote the gradient of ¢, V2p denotes the Hessian (0,2)-tensor, Ap = tT‘(ICCQVQQO is the
Laplacian of ¢. A conformal vector field V is generated by a local 1-parameter group of
conformal mappings. A vector field V is conformal if and only if the equation

Lyg=2)-g

holds for a real function 1) where necessarily 41 = div(V'). If ¢ is constant then V' is called
homothetic. By the equation Ly,g = 2V2p a gradient field V is conformal if and only
if V2 is a scalar multiple of g. The local theory of conformal gradient fields is known,
see [17].
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Theorem A. (Eardley et al. [7, Thm.3]) A vacuum spacetime admitting a non-
homothetic conformal vector field is locally either flat or is a pp-wave (plane—fronted wave).

This result is already implicitly contained in a classical paper by Brinkmann [3]. Moreover,
from the mathematical point of view from Brinkmann’s paper one can formulate the
following slight modification:

Theorem B. A 4-dimensional Riemannian or Lorentzian Einstein space admitting a
non-homothetic conformal vector field is either locally conformally flat (i.e., of constant
sectional curvature) or is locally a vacuum pp-wave (plane—fronted wave).

The first case is called the “proper case” in [3], the second case is the “improper case”.
This refers to the distinction whether the gradient of the conformal factor is a null vector
(“improper”) or not (“proper”), compare [13]. If the Ricci tensor vanishes it is trivially
preserved by the corresponding conformal diffeomorphisms. Thus we have the special type
of what is called a Liouville transformation in [16]. The conformal factor in this case must
be very special, compare [10].

However, this result does not immediately lead to a classification of the metrics and
the conformal vector fields. The “improper” case of a pp-wave does not yet seem to
be completely understood. The converse to Theorem A is not true: Not every vacuum pp-
wave admits a non-homothetic conformal vector field, see Corollary 2 below. It seems that
an explicit example of a non-flat vacuum pp-wave carrying a non-homothetic conformal
vector field is not described in the literature, compare [19]. An implicit example can be
found in [7, Appendix A]. However, it is possible to write down exact solutions in terms
of elementary functions, see Theorem 1 below. Our main results are the following:

Theorem C. There are exact solutions of vacuum spacetimes admitting a non-homothetic
conformal vector field. Moreover, all vacuum spacetimes admitting a 7-dimensional con-
formal group (together with the vector fields themselves) can be explicitly determined in
terms of elementary functions and a finite number of parameters.

Theorem D. The class of all vacuum spacetimes admitting a 6-dimensional conformal
(or homothety) group cannot be described in terms of a finite dimensional space of param-
eters. More precisely, there are solutions which are C°° but not real analytic, depending
on the arbitrary choice of a real C*°-function.

Corollary A Lorentzian Einstein manifold is not necessarily real analytic.



This is in sharp contrast with the Riemannian case where Einstein spaces are always real
analytic in appropriate coordinates, see [2, Sect.5F].

2. The conformal geometry of flat Minkowski space

The conformal mappings and the conformal vector fields on the flat Minkowski space R}
with n > 3 are well known by the analogue of Liouville’s theorem, see [12], [21]. Up to
isometries, a non-isometric conformal mapping is necessarily a composition of the following
three types:

1. a similarity (or dilatation) z — cz,
2. an inversion x — x/{x,x),

3. a special type of a transformation with a parallel null vector field as the gradient of
the conformal factor.

A simple example for type 3 is the space IR} = {(u,v,z,y)} with the metric ds? =
2dudv + u?(dz?® + dy?). Here the mapping F(u,v,z,y) = (%, —v — %u(:nQ + 92, uzr, uy)
is conformal with F*(ds?) = %dsQ. The gradient Vu of the conformal factor is the null
vector %. Type 3 was first described by Haantjes [12]. It occurs also for pp-waves and for
gravitational plane waves, see below. Type 1 and type 2 occur also on cones where the
apex need not be part of the manifold. A special example for type 1 is the flat Lorentzian
warped product metric ds? = —dr? +r?ds%, where ds?; denotes a 3-dimensional compact
Riemannian manifold of constant negative curvature. The mapping F(r,xz) = (cr,x) is
such a similarity. By the transformation r = e’ the metric can also be written in the form
ds? = e?'(—dt? + ds*;). This is called the expanding hyperbolic spacetime in [7].

A non-isometric conformal vector field V' on the Minkowski space is of one of the following
three types (compare [21]):

1. The radial vector field V(X) = X,

2. The field V(X) = 2(X, T X — (X, X)T for a fixed vector T' with (T,T) # 0 (also

called general conformal vector field),

3. The field V(X) = 2(X,T)X — (X, X)T for a fixed vector T' with (T',T) = 0 (also
called special conformal vector field). In this case the gradient of the conformal
factor is a parallel null vector field.



If we write the flat metric in the form ds? = —2dudv + da? + dy? and if we choose T' = 9,
then the special conformal vector field can be written in the form

V = 2020, + (22 + y*)0, + 2uxd, + 2uy0,.

We will refer to it as the standard special conformal vector field. Obviously, this field is
globally defined. It vanishes precisely along the v-coordinate axis. The conformal factor of
V' is the function 2w, its gradient Vu is the vector 20,. We shall come back to this vector
field several times because it has a chance to survive in a Ricci flat pp-wave manifold since
all of these manifolds carry parallel null vectors dv.

If we combine the radial vector field with the vector field u0, — v, then we obtain the
homothetic vector field 2v9, + 20, + y9d, which is also of some special type. It vanishes
along the u-coordinate axis. This vector field is important because it survives in a large
class of Ricci flat pp-waves, see below. Consequently, these two special types gives us an
idea how homothetic or conformal symmetries can look like in vacuum space-times or in
pp-waves.

The conformal group of Minkowski space is 15-dimensional. It contains the 4-dimensional
abelian group of translations, the 6-dimensional group of rotations, one additional homo-
thety and 4 independent conformal transformations defined by the various choices of the
vector T' above. Among them we find the standard special conformal vector field. Clearly
all conformally flat manifolds have (locally) the same 15-dimensional conformal group.

3. Homothetic and conformal vector fields on pp-waves

The class of pp-waves in general is given by all Lorentzian metrics on IR* = {(u,v,z,y)}
which are of the form

ds* = —2H (u, z,y)du® — 2dudv + dz* + dy?
with an arbitrary function H, the potential, which does not depend on v.

The subclass of plane waves is given by all H of the form [11], [23]

H(u,z,y) = a(u)z? + 2b(u)zy + c(u)y?.

The difference between these cases as well as the history is very well explained in a paper
by Schimming [20]. A pp-wave is a plane wave if and only if the curvature tensor is parallel
in 0,- direction and 0,-direction, compare [11].

The following lemma is well known [11].



Lemma 1:

1. A pp-wave is conformally flat if and only if the Hessian of H with respect to x,y is
a multiple of the identity matriz.

2. Itis Ricci flat if and only the Laplacian of H with respect to x,y vanishes identically:
AH =H,, +Hy,, =0.

3. Consequently, it is flat if and only if H is linear in x and y.

4. Furthermore, a plane wave is Ricci flat if and only if a(u) + c¢(u) = 0.

In Relativity a Ricci flat pp-wave (or plane wave) is called a vacuum pp-wave (or a gravi-
tational plane wave, respectively) since it satisfies the Einstein field equations Ry, = 0 for
the vacuum.

The study of conformal vector fields V' on pp-wares is based on an examination of the 10
equations

Ly gir = ViV gji + ViV gji = 20 g,
or, equivalently,
OV gir + OkV7 gji + VITijk + VIThs = 2¢gin
where 4, j, k range from 1 to 4. The only Christoffel symbols I';;; which do not always
vanish identically are

g =—-Hy, T'mg=-T131=H;, T'nig=—-T141=H,.
In more detail a given vector field
V=V"0,+ V"0, +V*0, + VY0,

is conformal on a pp-wave with conformal factor ¢ if and only if the following equations
are satisfied:

0,V + 20,VUH + VU9, H + VZ0,H + VY9,H = 2pH
V" =0
BV + 0,V =2
2HO,VY + 9,V — 0,VT =
2HO, V" +0,V" —9,VY =0

OV — 0,V =

B,V — 9,V =0
0, VT =
9,V¥ =1

VY +09,VT =0
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Corollary 1: On any pp-wave the following hold:
1. Xy := 0, is always isometric and even parallel.
2. Xy := 9, is isometric iff H,, = 0.
3. The boost X5 := ud,, — v0, is isometric iff uH, + 2H = 0.

4. The rotation vector field X3 := y0, — x0, is isometric iff H depends only on u and
2 2
e+ yc.

5. The radial vector field Y7 := w0, + v0, + x0; + y0d, is homothetic with ¢ = 1 iff
ulH, +xH, +yH, =0

6. Yo :=Y1 — X3 = 200, + 20, + y9y is homothetic with ¢ =1 iff 2 H, + yH, = 2H.

This type was studied by D.Alekseevskii in a more general context. By [1] the class
of plane waves forms a subclass of all Lorentzian manifolds admitting a self-similarity
which fixes pointwise a ligtlike geodesic line which in our case is y(u) = (u,0,0,0)
since Hy(u,0,0,0) = 0.

7. The standard vector field Z; := u?9, + %(wQ + 430, + uxd, + uy0y is conformal
with ¢ = v if ulH, +xH, +yH, = —2H.

Z1 coincides with the standard special conformal vector field in Minkowski space
above (where T is a null vector).

4. Vacuum pp-waves with a large conformal group

Conformal mappings between Ricci flat manifolds were studied in a pioneering paper by
Brinkmann [3]. First of all, Brinkmann proved that an Einstein space of non-zero scalar
curvature admitting a non-homothetic conformal mapping onto some other Einstein space
is conformally flat, i.e., of constant curvature. Secondly Brinkmann proved that a Ricci
flat (but non-flat) 4-manifold can admit a nontrivial conformal mapping onto another
Einstein 4-manifold only if it is of a fairly special type which later was called a pp-wave.
The transition from Brinkmann’s presentation of the solution to the notion of a pp-wave
is discussed in [11] and [20], compare [4]. On the other hand it does not seem to be
known which pp-waves precisely occur although exact solutions to Einstein’s equtions with
nontrivial homothety or conformal groups were discussed in the literature quite extensively,
compare [5] for the homothetic case and [7] for the conformal case. Maartens and Maharaj
[19] investigated the differential equation governing conformal vector fields on pp-waves,
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and Eardley et al. [7, Appendix A] found the existence of conformal vector fields on some
pp-waves by the method of evolution equations (somehow implicitly) but it seems they
missed the explicit solutions below which, in the simplest cases, are just rational functions.
This situation is improved by our following main theorem:

Theorem 1: Assume that (M*,g) is a pp-wave with metric tensor of the form
g = —2H(u,z,y)du* — 2dudv + dz* + dy*

which is not flat and which satisfies the Einstein field equations for the vacuum (i.e., which
is Ricci flat). Assume that M admits a conformal group which is larger than the isometry
group.

Then the conformal group is at most 7-dimensional, and if it is T-dimensional, then H is
a linear combination of the real and imaginary parts of one of the following three cases
(up to a shift of the coordinates and up to a fixed rotation in the (z,y)-plane):

Case 1: 2H (u,x,y) = c(z + iy)? exp(2kui) where ¢ and k are constants,

(z + iy)?

Case 2: 2H(u,x,y) =
ase (u,z,y) =c 02

exp(2kui) where ¢ and K are constants,

. _ . (etiy)y? : du
Case 3: 21w 29) = ¢ 07 o+ g &% (2 )

where ¢, o, 3,7 are constants and where a non-homothetic conformal vector field can
be chosen as

V =271 4+ o(udy — v0y) + B0y + ¥(y0y — x0y)

where Zy is the standard conformal field Z, = u?0, + %(3}2 + y2)0y + uxdy + uyOy
which we know from Minkowski space (Section 2).

In each of these three cases a mon-isometric homothetic vector field Y can be chosen as
Yy = 200, + 20, + y0, (Alekseevskii’s type). The radial vector field Y1 is homothetic only
in Case 2 for k = 0.

In addition, for k = 0 the metric in Case 2 admits a conformal diffeomorphism onto itself
(a conformal inversion). The same conformal diffeomorphism interchanges the special
subcases 2H = 12 — y? and 2H = (2% — y?)/u? of the Cases 1 and 3.



Note that the integral in case 3 can always be evaluated in terms of elementary functions,
depending on the discriminant 43 — a?. The metric in Case 1 (see also [6]) is clearly
complete on the entire 4-space, in the Cases 2 and 3 the metric is globally defined on
{(u,v,2z,y) | v > 0} and complete in Case 2. In particular, no singularity is involved,
and the (z,y)-planes are always complete Euclidean planes. So these metric are honest
gravitational plane-fronted waves. The isometry group is 6-dimensional in the Cases 1 and
2, it is 5-dimensional in Case 3. The conformal group is purely homothetic in the Cases 1
and 2.

PROOF. First we restate some basic facts.

1. The dimension of the conformal group does not exceed the dimension of the homothety
group by more than 1. This can be seen as follows: It is well known that for Ricci flat (but
non-flat) space-times the divergence of any conformal vector field has a parallel gradient.
This is the improper case discussed in [3]. The proper case would lead to a warped product
metric with an Einstein fibre which would necessarily have to be flat, compare [18]. So if
Lyvg=2Y-gand Lyg=2¢- g then the gradients of ¥, ¢ are both parallel vector fields.
On a non-flat pp-wave this is possible only if both are linearly dependent and pointing into
the J,-direction. Consequently, a linear combination of ¢, ¢ is constant, hence a linear
combination of V, W is homothetic.

2. The dimension of the homothety group does not exceed the dimension of the isometry
group by more than 1. This follows similarly: If Ly g = 2¢-g and Ly g = 2¢ - g with two
constants ), ¢ then the linear combination ¢V — ¥ W is isometric.

3. The possible isometry groups of vacuum pp-waves were classified in [8], compare [15],
[19], [22]. Such a group is at most 6-dimensional. There are three cases of large groups
of dimensions 5 and 6. In these cases the function H has the form H(u,z) = F(u)z? in
complex notation where z = x+iy. Its real part is H = Re(F(u))(2? —y?) — Im(F (u))2zy.
It follows that the conformal group is at most 8-dimensional, and if it is 8-dimensional, then
the corresponding isometric part must coincide with one of the two possible 6-dimensional
groups.

In any case the function H is of the type H(u,z,y) = a(u)(x? — y?) — 2b(u)zy. This is
a particular form of a plane wave. By Lemma 1 and Corollary 1 the metric admits the
homothetic vector field Y = 2v0, + 20, + yd,, compare [1] where this type of homothety
is studied in the context of generalized pp-waves. So in the two cases of a 6-dimensional
isometry group we have a 7-dimensional homothety group where either F'(u) = cexp(2ixu)
or F(u) = cexp(2iku)u~2, with the real part

H(u,z,y) = ccos(2ku)(z? — y?) — 2esin(2ku)zy



in Case 1 or
H(u,z,y) = ccos(2ku)u2(x? — y?) — 2¢sin(2ku)u" 2y

in Case 2 with a constant ¢ and with another constant x determining a certain rotation.
This rotation induces a term x(yd, — x0,) which is added to one of the generators in the
space of isometric vector fields. Note that yd, — x0, itself is never part of the isometry
group since the function H is not rotationally symmetric in z, y.

It remains to discuss Case 3 and all possible conformal vector fields on a pp-wave admitting
a b-dimensional isometry group. Again the function H is of the form

H(u,2,y) = a(u)(@® - ) - 2b(u)ay.

Up to isometric vector fields and up to a constant multiple of the homothetic vector field
Y1, any conformal vector field has to be of the type

V =71 4+ o(udy, — v0y,) + B0y + (y0y — x0y)

with constants o, 3,y where Z; = u?0, + %(:{:2 +9?)0y + uzdy +uydy, see [19, p.511]. This
vector field is conformal with (necessarily) the conformal factor ) = u if and only if the
equation

2(u+ @) H + (u® + au + B)Hy, + u(xH, +yH,) +v(yH, — 2H,) =0

is satisfied. If we put in the special form of H we obtain the following linear system of

ODEs: /
creaen ()2 (00010 ) (0) - (0

The eigenvalues of the matrix are A\ = 2u + « & i with corresponding eigenvectors ( ill),
independently of u. Hence the matrix is simultaneously diagonalizable for all u. This
implies that the system of ODEs has an explicit complex solution ©( ilz) as in the case of
constant coefficients where © ist a solution

2 + v
U+ o 'yz@_

O +2——" 0=
+ u? + au+ 3

0.

In more detail we have

c 1 . du
@i(u):§‘ (u? + au + §)? exp($2m/u2+au+ﬂ>
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with a constant c. We then obtain the solution (Z) as the real or the imaginary part of
O ( ilz) The real part is

o

1 du
o) =5 rant 7 @ Fraets)

\V)

c 1 . du
) =5 a0 )

The simplest subcase is the case a = 8 = v = 0 with the solution 2H (u, z,y) = ¢ - zi;lyg.

This leads to a 7-dimensional conformal group in case 3. It also shows that the 7-
dimensional homothety groups in the cases 1 and 2 are maximal since the equation for an
additional conformal field is not satisfied, see Corollary 2. Consequently, the 8-dimensional
case cannot occur. This completes the proof of the theorem. In fact the conformal group
of any non-flat vacuum spacetime is at most 7-dimensional [14] but this result is not used
above.

Remarks: In Case 1 with k = 0 and ¢ > 0 the conformal group is generated by the
following vector fields where only the last one is not isometric:

Oy

Oy,

sinh(y/cu)0y + v/c cosh(y/cu)yd,
cosh(y/cu)dy + v/csinh(y/cu)yo,
sin(y/cu)0; + v/ccos(y/cu)xd,
cos(y/cu)d, — v/esin(y/cu)xd,
200, + 20, + YO,

In Case 2 with k = 0 and ¢ > 0 the conformal group is generated by the following vector
fields where only the last one is not isometric:

Oy
w0y, — V0O,
u®dy + au®~1yd,

where «?

—a—c=0 (two roots)
uw?o, + puP120,
where 82 —3+c=0 (two roots)

U0y + v0y + 10, + Yoy
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The corresponding ODE for the coefficients is Euler’s equation f” 4 5 f = 0 which can be
solved by (real or complex) powers of u. There are two distinct roots in all cases except
for ¢ = 1. Here we have two roots v = 1(1£+/2) but only one 8 = 1. In this case we have
the solutions u!/2 and u'/?logu instead. In the special case ¢ = 2 we obtain o = 2, —1,
i.e., u?0y + 2uyd, (a null rotation) and w19, — u=2yd,.

In addition, there is the conformal inversion

1
Inv(u,v,z,y) = —(1, —uv + JUQ;'yz,:z:,y)
u

which commutes with the 1-parameter group generated by Alekseevskii’s vector field Yo =
200y + 205 + yO,.

In Case 3 for the special choice of 2H (u,x,y) = c- xi;yZ with ¢ > 0 the conformal group
is generated by the following vector fields where the first five generate the isometry group.
Here the corresponding ODE is f”4 5% f = 0. The reader might be amused when seeing the
function sin(1/u) involved in a l-parameter group of isometries of a spacetime satisfying
Einstein’s field equations for the vacuum, even though all entries of the metric tensor are
rational functions.

Dy

usinh %% + (sinh % — % cosh %)y@v
u cosh %6@ + (cosh % — % sinh %)y@v
usinﬁa + sinﬁ—ﬁ ﬁ 0,

U COS \[8 + (cos \[ \[sm \[)338
200, + 20, + YOy
w20, + %(x2 +y?)0y + uxd, + uyOy

All these generators are in accordance with [8, p.235], just by solving the corresponding
differential equations.

Corollary 2: The gravitational plane wave with metric
g = —(2% — y?)du® — 2dudv + dz* + dy?
does not admit any conformal vector field which is not isometric or homothetic.
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PROOF. If there were such a conformal vector field V' then a constant multiple of V' would
have to be of the form in Case 3 above, i.e.,

&V =u?d, + %(:1:2 + 420y + uxd, + uyOy + a(udy — v0y) + B0y + Y(y0y — x0y)

with constants «, 3,7y. Hence the equation
2(u+a)(® — %) + 2u(z® — y?) + dyay = 0
would have to be satisfied for any u, z,y, see above. This is impossible.

If the group is only 6-dimensional, then a theorem analogous to Theorem 1 cannot hold.
Moreover, even though the function H must be analytic in x, y because it is harmonic, the
function H itself does not have to be analytic in u, as is demonstrated by the following
example:

Proposition 1: There is a complete gravitational plane wave admitting a 6-dimensional
conformal group (larger than the isometry group) which is C*° but not real analytic. In
particular, a Ricci flat and self-similar Lorentzian manifold is not necessarily analytic.

We can choose the following function

exp ()22 —y?) ifu?<1
H(nyyy):{ 0 wi-l 1fu2>1

The Ricci tensor vanishes everywhere identically. The curvature tensor vanishes for u? > 1
but does not vanish for u? < 1. Therefore, the metric is not analytic, independently of the
choice of coordinates. For the completeness compare [9, Remark 3.3]. The isometry group
is 5-dimensional, together with the homothetic vector field we obtain a 6-dimensional
conformal group. The isometric vector fields are 0, and four vector fields determined by
four solutions of the equation equation f” + A(u)f = 0 where H = A(u)(z? — y?). These
vector fields are not real analytic either since A is not.

Another example is given by

1 2 2 : 2
exp (—— ) log(x* + ifu® <1
H(u,@y) = { (u2 1) g( Yy ) " u2 oL

but this is not complete in the (z, y)-planes, because there is a spatial singularity. However,
this admits a 3-dimensional conformal group containing the rotation vector field y0, —x0,.
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5. The standard special conformal vector field

In the following theorem we characterize those vacuum pp-waves which admit the standard
special vector field from Section 2 as a conformal vector field. This gives a large number
of additional explicit examples.

Theorem 2 Assume that a vacuum pp-wave with metric
g = —2H (u,z,y)du® — 2dudv + dz? + dy?

admits the standard special conformal vector field Z1 = u?0, + %(1:2 + %)y +uxd, +uydy.
Assume further that the function H is defined in a neighborhood of x = y = 0 for any
fized w. Then H can be written as

H(u,z,y) Zu "2 p (x,7)
n>0

where P, denotes a homogeneous polynomial of degree n in the variables x,y which is
harmonic, i.e. AP, = 0.

If the pp-wave is not Ricci flat then the same expression holds (without harmonicity of
P,) under the assumption that H is real analytic in a neighborhood of x = y = 0. Vice
versa, any function H of that type admits the standard conformal vector field Z;.

PrOOF. By assumption H is analytic in x,y in a neighborhood of z = y = 0 for any fixed
u. Therefore there is a power series expansion

ny Z Zaz]

n>0 i+j=n

for any fixed u. Now we come back to the equation uH, +xH,+yH, = —2H from Lemma
1 and Corollary 1 which must be satisfied if Z; is conformal. This leads to the equation

Zuaw u)z'y’ + Zaw (u)nxly’ = fZZaij(u)x

Therefore for any fixed 4, j the coefficient a;; has to satisfy the ODE ua;j = —(n + 2)ay;

with solution a;j(u) = ciju_(i+j+2) with a constant c;;. This leads to the representation
above.

Vice versa, any power series of this type leads to a pp-wave admitting the standard special
conformal vector field Z; provided that the series converges. As a special case we recognize
the solution H = u~*4(2? — y?) of Theorem 1 above. Another special case is the solution
H = v 5(z* + azdy — 62%9% — axy® + y*).
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