SECTIONAL CURVATURE RIGIDITY OF ASYMPTOTICALLY HYPERBOLIC MANIFOLDS

MARIO LISTING

Abstract. This paper presents a rigidity result of the real hyperbolic space in analogy to M. Min–Oo’s result [19], but without assuming that the strongly asymptotically hyperbolic manifold is spin. In order to prove this, we consider special Killing forms on the exterior form bundle. Moreover, we make an assumption on the sectional curvature to obtain the necessary eigenvalue estimates of the curvature endomorphism in the Bochner–Weitzenböck formula of Ω^kM.

1. Introduction

M. Min–Oo proved in [19] that a strongly asymptotically hyperbolic spin manifold (M^n, g) with scalar curvature scal ≥ −n(n−1) must be isometric to the real hyperbolic space RH^n. In order to obtain this result, Min–Oo used Witten’s idea for the proof of the positive energy theorem (cf. [4, 17, 22]) as well as the existence of imaginary Killing spinors on RH^n.

In this paper a non–spin rigidity result of RH^n is given by replacing the scalar curvature bound by a sectional curvature bound.

Definition 1.1. (RH^n, g_0) denotes the real hyperbolic space of constant sectional curvature −1 and B_R(q) ⊂ M is the set of all p ∈ M with geodesic distance to q less than R. (cf. [19]) A connected Riemannian manifold (M^n, g) will be called strongly asymptotically hyperbolic if there is a compact set C ⊂ M and a diffeomorphism f : M − C → RH^n − B_R(0) in such a way that the positive definite gauge transformation A : T M_{|M−C} → T M_{|M−C} induced by f and given by g(AX, AY ) = (f^∗g_0)(X, Y ) g(AX, Y ) = g(X, AY ) satisfies:

(1) A is uniformally bounded, i.e. there is a constant c > 0 with 1 c |X|_g ≤ |AX|_g ≤ c |X|_g for all X ∈ T M_{|M−C}. (2) If r is the f^∗g_0–distance to a fixed point, then | |(f^∗∇^0)A | |_g + |A − Id|_g ∈ L^1(M − C; e^{2r}vol_g ) ∩ L^2(M − C; e^{2r}vol_g ).

Note that this definition differs from the one given in [19] respectively [3], since the objects which are used for the proof of the following theorem grow like e^{2r} and imaginary Killing spinors grow like e^r.

Date: May 8, 2003.

2000 Mathematics Subject Classification. Primary 53C24, Secondary 53C20, 53C21. Key words and phrases. hyperbolic space, rigidity, special Killing form.

Thanks: This result originated from the author’s PhD–thesis “Rigidity of Hyperbolic Spaces” and it was supported by the Graduiertenkolleg “Analysis, Geometrie und ihre Verbindung zu den Naturwissenschaften”. The author would like to express particular gratitude to the supervisor of this PhD–thesis Prof. Dr. Hans–Bert Rademacher. The author is also grateful to Frank Klinker for discussions. 1

Theorem 1.2. A complete, orientable, and strongly asymptotically hyperbolic manifold with sectional curvature K_g ≥ −1 is isometric to the real hyperbolic space RH^n. 2. Preliminaries 2.1. Special Killing forms on the hyperbolic space. Let (RH^n(K), g) be the n–dimensional real hyperbolic space of constant sectional curvature K < 0. On this space there exists (n + 1)–linearly independent functions f_1, . . . , f_{n+1} of the equation ∇^2f = −Kf · g , where ∇^2f is the Hessian of f. Under the canonical isomorphism ∗ : T RH^n → Λ^1(RH^n) , X → g(X, .), this is equivalent to ∇_X (df) = −KfX^∗ . In the disc model ( D^n, − 1 Kρ^2 ∑ j dx^2_j )

with ρ :=^1_2 ( 1 − ∑ x^2_j ) these functions can be given as follows (1 ≤ k ≤ n):

f_k := x^k ρ , f_{n+1} := 1 − ρ ρ . If σ ∈ S_{n+1} is a permutation, we define

ψ^σ_l := ψ^σ_{l−1} ∧ df_{σ(l+1)} +

(−1)^l l f_{σ(l+1)}dψ^σ_{l−1} ∈ Ω^l(RH^n) with ψ^σ_0 := f_{σ(1)} in an inductive way. This leads to

dψ^σ_l = l + 1 l dψ^σ_{l−1} ∧ df_{σ(l+1)} = (l + 1)df_{σ(1)} ∧ df_{σ(2)} ∧ . . . ∧ df_{σ(l+1)} as well as ∇_X (dψ^σ_l ) = −K(l + 1) X^∗ ∧ ψ^σ_l ∇_X ψ^σ_l = 1 l + 1 X⌞dψ^σ_l . Such a l–form ψ^σ_l is called special Killing form (cf. [20]). The vector fields dual to ψ^σ_1 are Killing fields.

More generally, let X be a Killing field on a space of constant sectional curvature K. The equation L_X g(V, W ) = g(∇_V X, W ) + g(V, ∇_W X) = −dX^∗(W, V ) + 2g(V, ∇_W X) yields for X: ∇_Y X^∗ = 1 2 Y ⌞dX^∗ . A space of constant sectional curvature K satisfies R(X, Y, V, W ) := −K · X^∗ ∧ Y^∗(V, W ) which implies (∇_Y dX^∗)(V, W ) = 2g(∇_Y ∇_V X − ∇_{∇Y V} X, W ) = 2R_{Y X} (V, W ) = −2K · Y^∗ ∧ X^∗(V, W ) for the exterior derivative of a Killing 1–form. Thus, Ψ = X^∗ +^1_2 dX^∗ ∈ Γ(V^1) is parallel with respect to ~∇ if K equals −^1_{n−2} .

2.2. Bochner–Weitzenböck formula. Let (M, g) be an oriented Riemannian manifold and Λ^∗(M) be the exterior form bundle of M. Λ^∗(M) is a Dirac bundle (cf. [14]) with respect to the relation V · φ = V^∗ ∧ φ − V ⌞φ, V ∈ Γ(T M) and φ ∈ Ω^p(M) := Γ(Λ^pT M), if the Levi–Civita connection ∇ and the Riemannian metric induced by g are chosen. The corresponding Dirac operator is given by D = d + d^∗, where d^∗ is the codifferential of the exterior derivative d. Sections of Λ^∗(M) satisfy the so called Bochner–Weitzenböck formula (cf. [5, 14]):

(2.1) △ = (d + d^∗)^2 = dd^∗ + d^∗d = ∇^∗∇ + R .

In this case R is a section of End(Λ^∗(M)) preserving Ω^p(M) and depending on the Riemannian curvature operator. On the subbundle Λ^1(M), R is the Ricci tensor considered as endomorphism of Ω^1(M) and (2.1) is the classical Bochner equation. If the manifold has constant sectional curvature K, we obtain

R = p(n − p)K · Id_Ωp .

Conversely, if there is a p with 1 < p < n − 1 and a constant K in such a way that R(φ) = p(n − p)K φ holds for all φ ∈ Ω^p(M), the manifold has to be of constant sectional curvature K (cf. [20, prop. B4]).

Let α ∈ R and l ∈ {0, 1, . . . , n − 1}. Consider the following connection on the subbundle V^l := Λ^l(M) ⊕ Λ^{l+1}(M) of the exterior form bundle: ~∇_X Φ := ∇_X Φ + T^l_X Φ

with

T^l_X : Γ(V^l) → Γ(V^l), Φ = ϕ_l + ϕ_{l+1} → −αX^∗ ∧ ϕ_l − X⌞ϕ_{l+1} , where ϕ_l ∈ Ω^l(M) and ϕ_{l+1} ∈ Ω^{l+1}(M). The Dirac operator to ~∇ is given by ~DΦ = (d + d^∗)Φ − (l + 1)ϕ_{l+1} + α(n − l)ϕ_l .

In particular an exterior form Φ parallel with respect to ~∇ satisfies

0 = dϕ_{l+1} = d^∗ϕ_l

as well as

d^∗ϕ_{l+1} = −α(n − l)ϕ_l and dϕ_l = (l + 1)ϕ_{l+1} .

Thus, if ψ_l + dψ_l ∈ Γ(V^l) is a special Killing form, ψ_l +^1_{l+1} dψ_l is parallel with respect to ~∇. In the preceding subsection is shown that on the real hyperbolic space of constant sectional curvature K the bundle V^l is trivialized by forms parallel with respect to ~∇ if and only if α equals −K.

We are interested in an integrated Bochner–Weitzenböck for ~∇ which allows the usage of the non–compact Bochner technique. Some straightforward calculations supply | | | ~∇Φ | | |^2 = |∇Φ|^2 + 2α ⟨d^∗ϕl+1, ϕl⟩ − 2 ⟨ϕl+1, dϕl⟩ + +α^2(n − l) |ϕ_l|^2 + (l + 1) |ϕ_{l+1}|^2

as well as | | ~DΦ | |^2 = |(d + d^∗) Φ|^2 + α^2(n − l)^2 |ϕl|^2 + (l + 1)^2 |ϕl+1|^2 +

+2α(n − l) ⟨d^∗ϕ_{l+1}, ϕ_l⟩ − 2(l + 1) ⟨ϕ_{l+1}, dϕ_l⟩ .

Thus, if N is a compact and oriented manifold with boundary ∂N, Stokes theorem implies ∫ N | | ~∇Φ | |^2 − | | ~DΦ | |^2 = ∫ ∂N ⟨∇_ν Φ + ν · DΦ, Φ⟩ + 2l ⟨ν⌞ϕ_{l+1}, ϕ_l⟩

+ ∫ N ⟨(∇^∗∇ − △) Φ, Φ⟩ − l(l + 1) |ϕ_{l+1}|^2

− ∫ N α^2(n − l − 1)(n − l) |ϕ_l|^2

+ ∫ N 2 (l − α(n − l − 1)) ⟨d^∗ϕ_{l+1}, ϕ_l⟩ , where integration is done with respect to the volume form in the cases that no n–form is specified. Applying the Bochner–Weitzenböck formula (2.1) yields the following.

Proposition 2.1. Let (N, g) be a compact and oriented Riemannian manifold with boundary ∂N. Then the integrated Bochner–Weitzenböck formula ∫ ∂N ⟨ ~∇_ν Φ + ν · ~DΦ, Φ ⟩ = ∫ N | | | ~∇Φ | | |^2 + ⟨ ~RΦ, Φ ⟩ − | | | ~DΦ | | |^2

holds for all sections Φ of V^l = Λ^l ⊕ Λ^{l+1} if l < n − 1 and α =^l_{n−l−1} . In this case ν is the outward normal vector field on ∂N and

~R := R + αl(n − l)Id_{Ωl} + l(l + 1)Id_{Ωl+1}

is the curvature endomorphism on Γ(V^l). Since the curvature endomorphism R is symmetric w.r.t. g, the boundary operator is symmetric too (cf. [18]): ∫ ∂N ⟨ ~∇_ν Φ + ν · ~DΦ, Ψ ⟩ = ∫ ∂N ⟨ Φ, ~∇_ν Ψ + ν · ~DΨ ⟩

for all Φ, Ψ ∈ Γ(V^l).

Lemma 2.2. If (M^n, g) has sectional curvature K_g ≥ −α = − l n − l − 1 , the eigenvalue functions of ~R ∈ End(Γ(V^l)) are non–negative.

Proof. Let X and Y be linearly independent. The sectional curvature for the plane ϑ = span{X, Y } satisfies:

K_ϑ = R(X, Y, Y, X) g(X, X)g(Y, Y ) − g(X, Y )^2 . Consider the Riemannian curvature tensor R as endomorphism on Ω^2(M): ⟨R(X^∗ ∧ Y^∗), Z^∗ ∧ T^∗⟩ = R(X, Y, Z, T ) , then K ≥ −α implies that every eigenvalue function of R : Ω^2(M) → Ω^2(M) is less or equal to α. Confer [10, cor. 2.6], we have ⟨R(φ), φ⟩ ≥ −p(n − p)α |φ|^2 for every p–form φ. But this supplies the claim. □

2.3. Coercivity of the Dirac operator ~D. If E → M^n is a Riemannian vector bundle and ω is a positively oriented nowhere vanishing n–form, L^2(M, E; ω) denotes the completion of compact supported sections of E with respect to the L^2 norm ‖φ‖_ω = ∫ M ⟨φ, φ⟩ ω . Suppose that E is equipped with a Riemannian connection ∇, and consider the scalar product (φ, ψ)_{1,ω} := ∫ M ( ⟨∇φ, ∇ψ⟩ + ⟨φ, ψ⟩ ) ω on Γ_{cpt}(E). The Sobolev space W^{1,2}(M, E; ω) is the closure of Γ_{cpt}(E) in L^2(M, E; ω) with respect to the norm ‖.‖_{1,ω} := √ (., .)_{1,ω} . Moreover, W^{1,2}(M, E; ω) becomes a Hilbert space with respect to the extension of the product (., .)_{1,ω}. For notational simplicity set W^{1,2}(M, E) := W^{1,2}(M, E; vol_g ) and L^2(M, E) := L^2(M, E; vol_g ), where vol_g means the volume form of (M, g).

Proposition 2.3. Suppose (M^n, g) is a complete and oriented Riemannian manifold as well as ~R is uniformly bounded and has no negative eigenvalues. Then ~D : W^{1,2}(M, V^l) → L^2(M, Im( ~D))

is an isomorphism of Hilbert spaces if 0 < l < n − 1. L^2(M, Im( ~D)) denotes the closure of { ~DΨ ∈ L^2(M, Λ^∗M), Ψ ∈ Γ(V^l) } in L^2(M, Λ^∗(M)).

Proof. Since ~R is uniformly bounded, the extension of the smooth operator ~D is well defined and continuous. Let ~D^∗ be the operator ~D^∗ : Γ(Λ^{l−1} ⊕ Λ^l ⊕ Λ^{l+1} ⊕ Λ^{l+2}) → Γ(Λ^∗(M))

with

~D^∗Φ := (d + d^∗)Φ + (l + 1) (ϕ_{l+2} + ϕ_l) − α(n − l) (ϕ_{l−1} + ϕ_{l+1}) . Then ~D^∗ ~D = △ + α(n − l)(l + 1)Id_{Vl} preserves Γ(V^l) and

(2.2) ~D^∗ : Γ(Λ^∗(M)) ∩ L^2(M, Im( ~D)) → Γ(V^l) . Let Φ and Ψ be compact supported sections of V^l. The symmetric bilinear form

B(Φ, Ψ) := ∫ M ⟨△Φ + α(n − l)(l + 1)Φ, Ψ⟩ satisfies

B(Φ, Φ) = ∫ M |∇Φ|^2 + ⟨ ~RΦ, Φ ⟩ + α(n − l) |ϕ_l|^2 + α(l + 1) |ϕ_{l+1}|^2 .

Thus, B can be extended to a bounded and coercive symmetric bilinear form on W^{1,2}(M, V^l) if α > 0. In particular W^{1,2}(M, V^l) is a Hilbert space with respect to the scalar product B. Since ~DΦ = 0 implies B(Φ, Φ) = 0, ~D is injective on W^{1,2}(M, V^l). Therefore, the surjectivity of ~D remains to show. For any Ψ_0 ∈ L^2(M, Im( ~D)) the linear functional l_{Ψ0} : Υ → ∫ M ⟨ ~D^∗Ψ_0, Υ ⟩ is bounded on W^{1,2}(M, V^l). The Riesz representation theorem supplies a form Φ_0 ∈ W^{1,2}(M, V^l) with B(Φ_0, Υ) = l_{Ψ0} (Υ) for all Υ ∈ W^{1,2}(M, V^l).

Set Θ := ~DΦ_0 − Ψ_0 ∈ L^2(M, Im( ~D)), then 0 = ∫ M ⟨ ~D^∗Θ, Υ ⟩ ∀Υ ∈ W^{1,2}(M, V^l)

together with equation (2.2) yields the weak solution ~D^∗Θ = 0. Moreover, elliptic regularity implies smoothness of Θ and the strong solution ~D^∗Θ = 0. Since DΘ = (d + d^∗)Θ is contained in L^2(M, Λ^∗(M)), Θ is in the maximal L^2 domain of a generalized Dirac operator in the sense of Gromov and Lawson [13], i.e. Θ is contained in W^{1,2}(M, Λ^∗(M)). Set

~D^† := d^∗ + d − (l + 1)Id_{Ωl+3} − (l + 1)Id_{Ωl+1} − (l + 1)Id_{Ωl−1} +α(n − l)Id_Ωl + α(n − l)Id_Ωl+2 + α(n − l)Id_Ωl−2 , this leads to ~D^† ~D^∗ = △ + α(n − l)(l + 1)Id_{Ωl+2} + α(n − l)(l + 1)Id_{Ωl+1} +α(n − l)(l + 1)Id_Ωl + α(n − l)(l + 1)Id_Ωl−1 .

Therefore, ~D^∗Θ = 0 and Θ ∈ W^{1,2}(M, Λ^∗(M)) ∩ Γ(Λ^{l−1} ⊕ Λ^l ⊕ Λ^{l+1} ⊕ Λ^{l+2}) imply 0 = ∫ M ⟨ ~D^† ~D^∗Θ, Θ ⟩ = ∫ M |(d + d^∗)Θ|^2 + α(n − l)(l + 1)|Θ|^2.

Since α > 0, this gives the claim Θ = 0. □ The proof of the last proposition fails if (M, g) is not assumed to be complete, since in this case the Dirac operator D = d + d^∗ is not essentially selfadjoint on W^{1,2}(M, Λ^∗M).

3. Proof of the rigidity theorem Choose l := 1 and α :=^1_{n−2} . Let (M, ĝ) be the strongly asymptotically hyperbolic manifold in theorem 1.2, then g := (n − 2)ĝ has sectional curvature K_g ≥ −^1_{n−2} . Consider the gauge transformation A : T M_{|E} → T M_{|E} with g(AX, AY ) = g^′(X, Y ) g(AX, Y ) = g(X, AY ) , where g^′ is the hyperbolic metric on the end E = M − C with sectional curvature −^1_{n−2} . Set A(X^{∗′} ) := A(X)^∗ for the canonical isomorphisms ∗^′, ∗ : T M_{|E} → Λ^1(M)_{|E} , then A is an isomorphism Λ^1(M)_{|E} → Λ^1(M)_{|E} which satisfies g(Aω, Aη) = g^′(ω, η) . Extend A to the exterior algebra in such a way that A(ω ∧ η) = A(ω) ∧ A(η) and A(X⌞ω) = A(X)⌞A(ω) hold. Then A : Λ^∗(M)_{|E} → Λ^∗(M)_{|E} respects Clifford multiplication: A(w ·^′ φ) = A(w) · A(φ) , where ·^′ and · are the Clifford multiplications w.r.t. g^′ and g respectively. Define ∇_X Y := A(∇^′_X A^{−1}(Y )) and extend this connection as derivation to Λ^∗(M). Let ψ^′ be a special Killing 1–form on (E, g^′), i.e. ψ^′ is dual to a Killing field. Then

Ψ^′ := ψ^′ + 1 2 dψ^′ ∈ Γ(V^1_{|E} ) is parallel with respect to ~∇^′ on (E, g^′). Suppose f : M → [0, 1] is a smooth cut off function for E, i.e. supp(df) is compact, f = 0 outside of E and f = 1 at infinity of E. Set Ψ_0 := fA (Ψ^′) ∈ Γ(V^1) = Ω^1(M) ⊕ Ω^2(M) ,

we obtain from AT^′_X Φ = T_{AX} AΦ

~∇_X Ψ_0 = df(X)AΨ^′ + f (∇_X AΨ^′ − ∇_X AΨ^′) − fT_{(A−Id)(X)}(AΨ^′) .

Compare estimates for ∇ − ∇ in [3] respectively [9], this supplies near infinity for some constant c > 0: | | | ~∇Ψ0 | | |^2 ≤ c ( |∇^′A|^2 + |A − Id|^2 ) g^′(Ψ^′, Ψ^′) .

Consider g_0 =^1_{n−2} g^′, then (Ψ^′ = ψ^′_1 + ψ^′_2)

∇^0_X Ψ^′ = ∇^′_X Ψ^′ = X^{∗0} ∧ ψ^′_1 + X⌞ψ^′_2

as well as |X^∗ ∧ ψ^′_1 + X⌞ψ^′_2|^2 ≤ |X|^2 |Ψ^′|^2

imply

|∇_X g_0(Ψ^′, Ψ^′)| = |2g_0(∇^′_X Ψ^′, Ψ^′)| = |2g_0(X^{∗0} ∧ ψ^′_1 + X⌞ψ^′_2, Ψ^′)|

≤ 2 |X|_{g0} |Ψ^′|^2_{g0} .

Thus, g_0(Ψ^′, Ψ^′) as well as g^′(Ψ^′, Ψ^′) can be estimated by c · e^{2r} for some constant c > 0 if r is the g_0–distance to a fixed point. Therefore, the asymptotic assumptions imply ~∇Ψ_0 ∈ L^2(M, T^∗M ⊗ V^1) as well as ~DΨ_0 ∈ L^2(M, Im( ~D)). Lemma 2.2 and Proposition 2.3 yield a form Θ ∈ Γ(V^1) with ~DΘ = ~DΨ_0. Set Φ := Ψ_0 − Θ, then Φ is non–trivial, since Ψ_0 /∈ L^2(M, V^1), and it satisfies ~DΦ = 0. The above estimates also imply | | | ~DΨ0 | | |^2 ≤ c ( |∇^′A|^2 + |A − Id|^2 ) e^{2r} , which gives | | ⟨ ~∇_ν Ψ_0 + ν · ~DΨ_0, Ψ_0 ⟩| | ≤ ce^{2r} √ |∇^′A|^2 + |A − Id|^2 .

Thus, if {M_r} is a non–degenerate exhaustion of M by compact manifolds M_r (cf. [3, 18]), the asymptotic assumptions as well as the selfadjointness of the boundary term guarantee

lim inf r→∞ ∫ ∂M_r ⟨ ~∇_ν Φ + ν · ~DΦ, Φ ⟩ = 0.

Therefore, proposition 2.1 and ~R ≥ 0 imply ~∇Φ = 0, i.e. Φ = ϕ_1 + ϕ_2 is a special Killing 1–form on M and the vector field dual to ϕ_1 is a Killing field. Since this method works for any g^′ special Killing 1–form ψ^′, there is a full set of Killing vector fields on (M, g) (cf. [18, thm. 5.3]):

dim Isom(M, g) = 1 2 n(n + 1). Remark 3.1. This proof works for any l ∈ {1, . . . , n − 2} and special Killing form ψ^σ_l if α equals^l_{n−l−1} , and if we consider the manifold (M, α^{−1}g), where g is the strongly asymptotically hyperbolic metric in theorem 1.2. The final conclusion follows in the case l > 1 if we compute the curvature of the Killing connection.

4. Remarks

• The proof of this rigidity result can be extended to hyperbolic quotients. Let (M_0, g_0) be a non–compact oriented hyperbolic quotient, i.e. complete and of constant sectional curvature K_{g0} . If the manifold (M, g) is complete and strongly asymptotic to (M_0, g_0) with K_g ≥ K_{g0} , we obtain

dim Isom(M, g) ≥ dim Isom(M_0, g_0).

Nevertheless, (M, g) may not be a hyperbolic quotient if it is not possible to conclude constant scalar curvature from this inequality.

• Does the non–spin rigidity result holds under weaker curvature assumptions, for example Ric ≥ −(n − 1)g in analogy to Bartnik’s result [4]? This seems to be a very difficult question. Presuming that this is false, leads to the search for a non–spin conformally compact Einstein manifold having the standard sphere as conformal infinity. Conversely, in order to prove rigidity we could use the conformal vector fields of the hyperbolic space. For any V denote the conformal Lie–derivative of g by L_V g := L_V g −^2_n (div V )g. If F : Ω^1(M) → Ω^1(M) is the elliptic operator n − 1 n dd^∗ + 1 2 d^∗d + (n − 1)Id,

a straightforward calculation gives for all Y ∈ Γ(T M): ∫ ∂M L_Y g(Y, ν) = ∫ M 1 2 |L_Y g|^2 − ⟨F(Y^∗), Y^∗⟩ + ⟨ Ric(Y ), Y ⟩ , where Ric = Ric + (n − 1)g. In the case Ric ≥ 0, F is coercive on W^{1,2}(M, Λ^1M). In particular for any asymptotic conformal vector field V_0, there is a W^{1,2} perturbation X with F(V^∗_0 + X^∗) = 0. But in general the boundary values at infinity of V := V_0 + X and V_0 do not coincide: ∫ ∂M_r L_V g(V, ν) = ∫ ∂M_r L_{V0} g(V_0, ν) + L_X g(V_0, ν) +

+L_{V0} g(X, ν) + L_X g(X, ν).

The first part in the sum of the right hand side only depends on the asymptotic assumptions while the third and fourth summand are in L^1. The reason for failing of this method is the second summand on the RHS. Even if we make the full elliptic estimate for F on weighted Sobolev spaces of conformally compact manifolds (cf. [2, 11, 12, 15, 16]), L_X g will not have the necessary decay behavior.

• There exists several mass definitions for asymptotically hyperbolic manifolds and for anti–de Sitter space times respectively (cf. [1, 6, 7, 8, 21]). But in contrast to the asymptotic flat case, the mass functional depends on the choice of the asymptotic Killing spinors.

References

[1] Abbott, L. F. and S. Deser: 1982, ‘Stability of gravity with a cosmological constant’. Nucl.

Phys. B 195(1), 76–96.

[2] Andersson, L.: 1993, ‘Elliptic systems on manifolds with asymptotically negative curvature’.

Indiana Univ. Math. J. 42(4), 1359–1388.

[3] Andersson, L. and M. Dahl: 1998, ‘Scalar curvature rigidity for asymptotically locally hyperbolic manifolds’. Ann. Global Anal. Geom. 16(1), 1–27.

[4] Bartnik, R.: 1986, ‘The mass of an asymptotically flat manifold’. Comm. Pure Appl. Math.

39(5), 661–693.

[5] Besse, A. L.: 1987, Einstein manifolds, Vol. 10 of Ergebnisse der Mathematik und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)]. Berlin: Springer-Verlag.

[6] Chruściel, P. T. and M. Herzlich: 2001, ‘The mass of asymptotically hyperbolic Riemannian manifolds’. arXiv:math.DG/0110035.

[7] Chruściel, P. T. and G. Nagy: 2001a, ‘The Hamiltonian mass of asymptotically anti-de Sitter space-times’. Classical Quantum Gravity 18(9), L61–L68.

[8] Chruściel, P. T. and G. Nagy: 2001b, ‘The mass of spacelike hypersurfaces in asymptotically anti-de Sitter space-times’. preprint.

[9] Dahl, M.: 1997, ‘The positive mass theorem for ALE manifolds’. In: Mathematics of gravitation, Part I (Warsaw, 1996), Vol. 41 of Banach Center Publ. Warsaw: Polish Acad. Sci., pp. 133–142.

[10] Gallot, S. and D. Meyer: 1975, ‘Opérateur de courbure et laplacien des formes différentielles d’une variété riemannienne’. J. Math. Pures Appl. (9) 54(3), 259–284.

[11] Graham, C. R.: 2000, ‘Volume and area renormalizations for conformally compact Einstein metrics’. In: The Proceedings of the 19th Winter School “Geometry and Physics” (Srní, 1999). pp. 31–42.

[12] Graham, C. R. and J. M. Lee: 1991, ‘Einstein metrics with prescribed conformal infinity on the ball’. Adv. Math. 87(2), 186–225.

[13] Gromov, M. and H. B. Lawson, Jr.: 1983, ‘Positive scalar curvature and the Dirac operator on complete Riemannian manifolds’. Inst. Hautes Études Sci. Publ. Math. (58), 83–196 (1984).

[14] Lawson, Jr., H. B. and M.-L. Michelsohn: 1989, Spin geometry, Vol. 38 of Princeton Mathematical Series. Princeton, NJ: Princeton University Press.

[15] Lee, J. M.: 1995, ‘The spectrum of an asymptotically hyperbolic Einstein manifold’. Comm.

Anal. Geom. 3(1-2), 253–271.

[16] Lee, J. M.: 2001, ‘Fredholm operators and Einstein metrics on conformally compact manifolds’.

arXiv:math.DG/0105046.

[17] Lee, J. M. and T. H. Parker: 1987, ‘The Yamabe problem’. Bull. Amer. Math. Soc. (N.S.)

17(1), 37–91.

[18] Listing, M.: 2003, ‘Rigidity of Hyperbolic Spaces’. Ph.D. thesis, Uni Leipzig. [19] Min-Oo, M.: 1989, ‘Scalar curvature rigidity of asymptotically hyperbolic spin manifolds’. Math.

Ann. 285(4), 527–539.

[20] Semmelmann, U.: 2001, ‘Conformal Killing forms on Riemannian manifolds’. Habilitation, Uni München.

[21] Wang, X.: 2001, ‘The mass of asymptotically hyperbolic manifolds’. J. Differential Geom. 57(2), 273–299.

[22] Witten, E.: 1981, ‘A new proof of the positive energy theorem’. Comm. Math. Phys. 80(3), 381–402.

[23] Zhang, X.: 2000, ‘Strongly asymptotically hyperbolic Spin manifolds’. Math. Res. Lett. 7(5-6), 719–727.

E-mail address: listing@mathematik.uni-leipzig.de

Mathematical Institute, University of Leipzig, D-04109 Leipzig, Germany