Between Paris and Linköping: Applications of Integral Transforms to Planning and Finance

Hans-Joachim Girlich

University of Leipzig, Institute of Mathematics, Augustusplatz 10, 04109 Leipzig, Germany

Abstract

We sketch the integral transform method in a close connection with its historical development and survey newer applications to problems in production economics and finance.

1 Introduction

Integral transforms have been created for solving problems in science. Now, they will be used also in business administration and production economics. We begin to sketch the historical sources of this valuable tool to get a better understanding and to develop a feeling for further applications.

The propagation of heat is one of the first examples in physics to test this method. Jean-Baptist Fourier (1768 - 1830) proposed a mathematical model and a procedure for solving it in his book [1] (submitted to the Academy in Paris in 1807, finally published in 1822). He formulated an initial-value problem for the heat equation ∂u ∂t = κ ∂^2u ∂x^2 , −∞ < x < +∞, t > 0, (1) under the condition u(x, 0) = f(x) , −∞ < x < +∞, (2) where f is a given initial temperature distribution in a linear body. Introducing so-called “Fourier series” he obtained “hand made” the temperature at the point x ∈ R at time t > 0 as u(x, t) = 1 √ π ∫_∞ −∞ e^{−q2} f ( x + 2q √ κt ) dq. (3)

Today, we can get solution (3) by integral transforms depending on a parameter t which are not used in [1]. Define the Fourier transform U of u by U(ω, t) := 1 √ 2π ∫_∞ −∞ e^{iωx}u(x, t)dx (4) under the condition ∫_∞ −∞ |u(x, t)|dx < ∞, (5) cutting short: u ∈ L^1.

In the case U ∈ L^1 there exists u the inverse of U (see [2] Prop. 5.1.10): u(x, t) = 1 √ 2π ∫_∞ −∞ e^{−iωx}U(ω, t)dω. (6) Fourier has found an inverse formula only for the so-called Fourier sine transform (see [1] p. 405).

In connection with problem (1), (2) we can also consider the two-sided Laplace transform Ũ(s, t) := ∫_∞ −∞ e^{−sx}u(x, t)dx. (7) If the integral in (7) converges absolutely for Re(s) = c ∈ R, then a nice inversion theorem u(x, t) = lim_{r→∞} ( 1 2πi ∫_{c+ir} c−ir e^{sx}Ũ(s, t)ds ) (8) holds at a point of continuity of the function u(·, t) (see [3] p. 210).

Pierre Simon Laplace (1749 - 1827) did not use the special transforms (7), (8) or (4), (6). He developed a general transform method to solve problems or obtain properties of mathematical objects by “transforming” them into another space, then solving the problem there, and finally transforming the solution back. In his monograph “Théorie analytique des probabilités” (see [4] p. 7) he studied the generating function G for a discrete random variable X with P (X =n)=y_n, n ∈ N_0 , and distribution F_X G(t) = ∫_∞ −∞ t^xdF_X (x) = ∞∑ n=0 y_nt^n. (9)

Here, Laplace used only the power series but not integral representation. In the gambler’s ruin problem, y_n is the ruin probability of the player having n counters. These probabilities satisfy a difference equation of the second order. Difference equations for the y_n may be solved by simple operations to the associated generating function G and its series expansion. Such a calculus (see [4] pp. 7 - 11) is a basis for the integral transform method which we use now for solving the problem (1), (2). Applying the Fourier transform (4) to equation (1) we obtain ∂U(ω, t) ∂t = −κω^2U(ω, t) (10)

which may be solved by classical methods yielding

U(ω, t) = A(ω) exp(−κω^2t). (11)

According to the initial condition (2) with f ∈ L^1 we have

A(ω) = U(ω, 0) = 1 √ 2π ∫_∞ −∞ e^{iωx}f(x)dx. (12) In the case A ∈ L^1 we apply (6) to (11), (12) and find u(x, t) = 1 2 √ πκt ∫_∞ −∞ exp ( − (x − y)^2 4κt ) f(y)dy. (13) With the substitution y − x = 2q √ κt we get again solution (3).

This example shows that in Paris at the beginning of the 19th century the basic ideas of the integral transform method were developed (after Euler’s preparatory work [5], [6]) by the experts Laplace and Fourier reinforced by Cauchy who introduced complex numbers in this calculus (see [7]). But the first satisfactory functional analytic justification was given more than 100 years later (see [8]).

The connection between the equations (11) and (13) may be interpreted as follows: the convolution product (13) of two functions is associated to the product (11) of their Fourier transforms. This fact is basic for the probability theory as it was explicitly pointed out by Paul Lévy (1886 - 1971) in his book [9]:

The distribution of the sum of independent random variables is equal to the convolution product of the variables’ distributions, and therefore, the Fourier-Stieltjes transform of the distribution of such a sum is equal to the product of the Fourier-Stieltjes transforms (so called characteristic functions) of those variables.

The characteristic function φ_X of a R^n -valued random variable X with distribution F_X is defined on R^n by

φ_X (v) = ∫ R^n exp(i < v, x >)F_X (dx), (14) where < v, x > denotes the scalar product of v, x ∈ R^n .

Lévy found this way in Paris a simple proof of the Central Limit Theorem for independent and identically distributed random variables.

In the 1930s Harald Cramér (1893 - 1985) and William Feller (1906 - 1970) co-operated in Sweden and propagated the method of characteristic functions too. They gave conditions for properly normalized sums of random variables to converge in distribution to a normally distributed random variable showing the convergence of the associated characteristic functions and applying a uniqueness theorem instead of an inversion formula (see [10] - [13]). Cramér’s graduated students Herman Wold and Ulf Grenander applied integral transforms to stochastic processes (see [14], [15]).

After the historical sketch providing simultaneously main properties of integral transforms, the aim of this note is to discuss the application of integral transforms to problems in engineering economics and finance, the different viewpoints and the limitation of their use. We start in Section 2 with a decision problem. Then we study cash flows under uncertainty and their use for material requirement planning in Section 3. Finally, we investigate special options on financial markets (Section 4).

2 Optimal planning in discrete time

Ronald A. Howard considered in [16] a discrete-time Markovian decision process describing an economic system with N states with the following properties. If the system is in state i and an action k is chosen, then the probability of a transition to state j during the next time interval is equal to p^k_{ij} and it will earn r^k_{ij} dollars. Let v_i(n) denote the present value of the total expected reward for the system in state i with n transitions remaining before termination if an optimal policy is followed. Applying Bellman’s “Principle of Optimality” (see [17]) Howard got for an infinite horizon

v_i(n + 1) = max_k N∑ j=1 p^k_{ij} [ r^k_{ij} + βv_j (n) ] , n = 0, 1, 2, . . . , i = 1, 2, . . . , N (15)

where β ∈ [0, 1) is the discount factor. He solved the planning problem by policy iteration which consists of the value-determination operation (i) and a policy-improvement routine (ii):

(i) The present values v_i for a given policy k(i), i = 1, 2, . . . , N are determined by solving the set of equations

v_i = q^{k(i)}_i + β N∑ j=1 p^{k(i)}_{ij} v_j , i = 1, 2, . . . , N (16)

q^{k(i)}_i := N∑ j=1 p^{k(i)}_{ij} r^{k(i)}_{ij} .

(ii) The policy k^′(i) maximizing

q^k_i + β N∑ j=1 p^k_{ij} v_j improves the previous policy k(i).

Howard obtained formula (16) using Laplace’s method of generating functions just as A.A. Markov did in his pioneering paper [18] getting a limit theorem for stochastic processes with three and more states. However, integral transforms are not always the shortest way to approach a limit. In the case of discounting we get directly the present values for large n and with them Howard’s nice procedure (see [19] p. 97).

3 The Linköping model

Robert W. Grubbström presented in [20] a single-product, single-location production-inventory model - the corner-stone for a general modelling of material requirements planning developed at the Linköping Institute of Technology during the last decade. The structure of this model is chosen in such a way that a Laplace transform approach is applicable (see [21] -[26]).

3.1 Model assumptions and transform analysis

Let H(t) denote the Heaviside function with a unit step at zero. The deterministic production process may be described by the staircase function

P (t) = ∞∑ k=1 Q_k · H(t − t_k), (17)

0 < t_n < t_{n+1}, n ∈ N, that means, production takes place in batches of the size Q_k made up at discrete points in time t_k .

We consider the one-sided Laplace transform of the time function H: H̃(s) = L{H(t)} := ∫_∞ 0 e^{−st}H(t)dt = 1 s (18)

and obtain P̃ (s) = 1 s ∞∑ k=1 Q_ke^{−stk} . (19) The stochastic demand process is a compound renewal process. More precisely, the cumulative demand up to time t is given by D(t) = ∞∑ k=1 X_kH t − k∑ j=1 T_j , (20) where T_j is the random time between (j − 1)st and jth demand events, and X_k is the size of the kth demand.

Analogously to equations (17), (19), for a fixed scenario we get

D̃(s) = 1 s ∞∑ k=1 X_k exp −s k∑ j=1 T_j . (21)

If the random variables X_k, T_j are all independent, if the T_j , j ∈ N, have the same density f with f(t) = 0 for t ≤ 0, and E(X_k) = m for all k, then the expected transformed cumulative demand will be ED̃(s) = m s ∞∑ k=1 k∏ j=1 E(e^{−sTj} ) = m s ∞∑ k=1 f̃^k(s) = m f̃(s) s(1 − f̃(s)) . (22)

Here, a production plan is a static policy characterized by the batch times t_k and the batch sizes Q_k or the cumulative production levels P_k := ∑_k j=1 Q_j.

An objective function takes into account costs of production P , inventory I, stockouts S or revenues. In a backlogging system at any time t, it holds

I(t) = P (t) − D(t) + S(t), S(t) := [D(t) − P (t)]^+. (23)

In the case X_k = 1, P (t) = P_k ∈ N for t ∈ [t_k, t_{k+1}) Grubbström has found for the stockouts ES̃(s) = f̃^{Pk} (s) · ED̃(s), (24) as well as (use (8) and (22)) ES(t) = lim_{r→∞} ( 1 2πi ∫_{c+ir} c−ir e^{st} f̃ Pk+1(s) s(1 − f̃(s)) ds ) . (25)

The right hand side of equation (25) may be evaluated explicitely for special distributions by using the residue theorem (see [20], pp. 412 - 414, [24], pp. 34 - 39). This handling of shortages is also applicable to holding inventories. Laplace transform analysis leads in the same way to EI(t).

3.2 Present value and Laplace transform

The present value V of a given continuous cash flow C for a given interest rate ρ is defined by V (ρ) := ∫_∞ 0 e^{−ρt}C(t)dt. (26) Comparing (26) with (18) yields

V (ρ) = [L{C(t)}]_{s=ρ} = C̃(ρ). (27)

Grubbström has already used in [22] (see also [26]) the Laplace transform for determining the present value of economic processes. Especially, he considered a deterministic cash flow C(t) = ∞∑ k=1 V_kδ(t − t_k) (28)

where the Dirac Pulse δ(t) is a generalized function in the usual sense of L. Schwartz (see [27]). We use only the property L{δ(t − t_k)} = sL{H(t − t_k)}. (29) From (26) and (28) with V_k = −(K + pQ_k) we obtain analogously to (17) and (19) the present value of the production costs

V_{production} = C̃(ρ) = − ∞∑ k=1 (K + pQ_k)e^{−ρtk} , (30) where K is a fixed and p a proportional cost factor.

Now, we consider a stochastic cash flow which is connected to (28) with a random variable X_k and V_k = EX_k.

The expected present value of revenues by sales of demanded units reduced through backlogging is easily derived as

V_{revenues} = qρE[D̃(ρ) − S̃(ρ)], (31)

where q is the payment per sold unit at the time of each sale.

The sum V_{production} + V_{revenues} is a special objective function which will be maximized by the optimal plan t^∗_k, P^∗_k , k = 1, 2, . . . as a solution of the set of equations obtained from the usual first-order optimization conditions.

3.3 Modifications and MRP Let us consider further objective functions for a single-product, single-loca-tion model. For a given finite horizon τ < ∞ and a limited number n of setups we have to modify (30) to a sum running up to n, and (31) by a lost sale term (see [24], p. 56).

For the finite horizon, Grubbström used the traditional average cost approach proposing the objective function 1 τ ∫_τ 0 [hEI(t) + gES(t) + nK]dt

= h τ [ L^{−1} { 1 s EĨ(s) }] t=τ + g τ [ L^{−1} { 1 s ES̃(s) }] t=τ + NK τ (32) which is to minimize with N = nτ and L^{−1}{x̃(s)} = x(t) (see [20] p. 415). Instead of expected cost we may consider the reliability of the system characterized by the probability that no stockouts arise in the time interval [0, τ): P ( inf_{t∈[0,τ )}[P (t) − D(t)] ≥ 0 ) . (33)

Models with reliability constraints have been investigated by A. Prékopa, the present author and others (see [28] - [30]).

The important extension of the Linköping model to two-level and finally multi-level structure as a basic model for Material Requirements Planning (MRP) has been realized by R. Grubbström, A. Molinder, O. Tang, and others (see [31], [32], [21], [23], [24]).

4 The price of Asian options

The aim of this section on stochastic finance is to give further examples of application of integral transforms which is based on a simple trick creating the needed structure for such a transform.

4.1 The Wiener-Bachelier-process

We return to Paris where Louis Bachelier defenced his doctoral dissertation in 1900 and where the first World Congress of the Bachelier Finance Society has celebrated the centenary of this event. With his Thesis (published in [33], rediscovered in the 1950’s) modern finance was born. Bachelier presented a model for the price changes on the Exchange consistent with the market at a given instant. He derived the transition density p = p(x, t) = 1 2 √ πκt exp ( − x^2 4κt ) (34)

under temporal and spatial homogeneity assumptions. He tried to show with a “radiation of probability” argument that p is a solution of the diffusion equation (1). This statement is true and may be easily proved using equation (13) under the special initial condition p(x, 0) = δ(x), −∞ < x < +∞ (35) where δ(x) is the Dirac Pulse (see section 3.2).

A stochastic process W = {W (t) : 0 ≤ t < ∞} with independent and homogeneous increments and the transition density (34) is a Brownian motion. It has been called by Feller (for κ = 0.5σ^2) a Wiener-Bachelier process. It was N. Wiener (1923) - not A. Einstein (1906) - who gave a clearly mathematical foundation of this process (see [25] p. 99, [34], [35]).

4.2 The Geman-Yor approach

Consider a stochastic process {X(t) : 0 ≤ t < ∞} where X(t) = X(t, ω) is a real-valued, and T = T (ω) a non-negative random variable. We introduce the process stopped at the random time T as a random variable X_T defined by X_T (ω) := X(T (ω), ω). For Y (t) = t∫ 0 X(t^′)dt^′ we may study Y_T .

Under certain assumption it is easier to compute the distribution of Y_T and especially its expectation E(Y_T ) than E[Y (t)] for a fixed time t. This is the case for instance for a geometric Wiener-Bachelier process {X^{(ν)}(t) : 0 ≤ t < ∞} with X^{(ν)}(t) := exp(W (t) + νt), (36)

ν ∈ R, which yields a better modelling of the price changes of an asset than Bachelier’s model (see [36]).

For pricing an Asian option, this is an exotic option depending on the history of the price process, we have to investigate

C^{(ν)}(t) := E[(Y^{(ν)}(t) − K)^+] (37)

where Y^{(ν)}(t) := ∫_t 0 X^{(ν)}(t^′)dt^′ and the strike price K is a constant.

The transform approach given by H. Geman and M. Yor works as follows: if T is exponential with parameter λ and does not depend on W , then

E[C^{(ν)}(T )] = λ ∫_∞ 0 C^{(ν)}(t)e^{−λt}dt = λ [ L{C^{(ν)}(t)} ] s=λ (38)

can be determined explicitly, and inversion yields

C^{(ν)}(t) = L^{−1} { 1 s E[C^{(ν)}(T )]_{λ=s} } . (39)

For details and explicit price formulas see [37] - [39]. Further applications may be found in [40], [41].

5 Conclusion

We had started our trip through the story of integral transforms in Paris about 200 years ago, where Laplace and Fourier were developing a transform approach for series but not for integrals. Our well-known Laplace transform is a younger child born after Laplace’s death carrying his features. Finally, we terminated today in the capital of France again, where H. Geman, the President of the Bachelier Finance Society, opened the Bachelier Congress 2000 mentioned above (see section 4.1). We have seen the origin and the development of integral transforms to a useful method for solving certain problems in physics, and now especially in production economics and finance.

Howard wrote the first comprehensive textbook on Markov models from simple Markov chains to semi-Markov decision processes which based on Laplace’s method of generating functions (z-transform). He applied transform analysis also to a simple inventory system and a marketing example (see [42]).

Systematic applications of integral transforms to production economics is closely connected with the name Linköping, more precisely, with PROFIL, that is ”Production-Economic Research in Linköping”. Since the 1970s, in the PROFIL series interesting results of associates of Linköping Institute of Technology have been published (see [43], [44], and in particular [32], [24]).

The transform approach is limited to linear systems and by the effort for the inversion procedure. That seems to be the reason why this useful approach does not dominate other methods neither in inventory research nor in options pricing.

References

[1] J.-B. Fourier, Théorie analytique de la chaleur, in: Œuvres de Fourier, Gauthier-Villars, Paris 1888.

[2] P. Butzer, R. Nessel, Fourier Analysis and Approximation, Birkhäuser, Basel 1971.

[3] G. Doetsch, Handbuch der Laplace-Transformation, Band 1, Birkhäuser, Basel 1950.

[4] P.S. Laplace, Théorie analytique des probabilités, troisième édition, Paris 1820, in: Oeuvres completes de Laplace, vol. V, Gauthier-Villars, Paris 1886.

[5] L. Euler, De constructione aequationum, Commentarii academiae scientiarum Petropolitanae 9 (1737), 1744, p. 85 - 97. In: Leonhardi Euleri Opera Omnia, ser. I, vol. 22, 150 - 161, Teubner, Leipzig 1936.

[6] L. Euler, De constructione aequationum per quadraturas curvarum, Institutiones Calculi Integralis, Volumen Secundum, St. Petersburg 1769, In: Leonhardi Euleri Opera Omnia, ser. I, vol. 12, 242 - 243, Teubner, Leipzig 1914.

[7] A. Cauchy, Mémoire sur l’intégration des équations linéaires aux différences partielles et à coefficients constans, Journal de l’École Polytechnique 19/XII (1823), 510 - 592.

[8] G. Doetsch, Theorie und Anwendung der Laplace-Transformation, Grundlehren Bd. 47, Springer, Berlin 1937.

[9] P. Lévy, Calcul des probabilités, Gauthier-Villars, Paris 1925.

[10] H. Cramér, On the composition of elementary errors, Skand. Actuarietidskrift 11 (1928), 13 - 74.

[11] W. Feller, Über den zentralen Grenzwertsatz der Wahrscheinlichkeitsrechnung, Math. Zeitschrift 40 (1935), 521 - 559; 42 (1937), 301 - 312.

[12] H. Cramér, Random Variables and Probability Distributions, Cambridge Tracts in Mathematics 36, Cambridge 1937.

[13] H. Cramér, Mathematical Methods of Statistics, Almquist & Wiksell, Uppsala 1945, Princeton University Press 1946.

[14] H. Wold, A study in the analysis of stationary time series, Thesis, Stockholm 1938.

[15] U. Grenander, Stochastic processes and statistical inference, Arkiv Mat. 1, nr 17 (1950), 195 - 277.

[16] R. A. Howard, Dynamic Programming and Markov Processes, M.I.T. Press, Cambridge 1960.

[17] R. Bellman, Dynamic Programming, Princeton University Press, Princeton 1957.

[18] A. Markov, Extension of the limit theorems of probability theory to a sum of variables connected in a chain (in Russian), Bulletin de l’Académie Impériale des Sciences de St.-Pétersbourg, VIII Série, Classe Physico-Mathématique, Volume XXII, No. 9, Dec. 5, 1907.

[19] H.-J. Girlich, P. Köchel, H.-U. Küenle, Steuerung dynamischer Systeme: mehrstufige Entscheidungen bei Unsicherheit, Birkhäuser, Basel 1990.

[20] R. W. Grubbström, Stochastic properties of a production-inventory process with planned production using transform methodology, Intern. J. Production Economics 45 (1996), 407 - 419.

[21] R.W. Grubbström, A net present value approach to safety stocks in a multi-level MRP system, Intern. J. Production Economics 59 (1999), 361 - 375.

[22] R.W. Grubbström, On the application of the Laplace transform to certain economic problems, Management Sciences 13 (1967), 558 - 567.

[23] L. Bogataj, R. W. Grubbström (Eds), Input-Output Analysis and Laplace Transforms in Material Requirements Planning, FPP Portorož and Linköping Institute of Technology, Storlin 1997.

[24] O. Tang, Planning and Replanning within the Material Requirements Planning Environment - a Transform Approach, PROFIL 16, Linköping 2000.

[25] W. Feller, An Introduction to Probability Theory and its Applications, Vol. II, Wiley, New York 1971.

[26] R.W. Grubbström, J. Yinzhong, A survey and analysis of the application of the Laplace transform to present value problems, Rivista di matematica per le scienze economiche e sociali 12 (1990), 43 - 62.

[27] I.M. Gelfand, G.E. Schilow, Verallgemeinerte Funktionen (Distributionen) I, Berlin 1960.

[28] A. Prékopa, Stochastic Programming, Kluwer Academic Publishers, Dordrecht 1995.

[29] H.-J. Girlich, H.-U. Küenle, Reliability type inventory models with ordering time limit, Studies in Production and Engineering Economics 2B, 355 - 364, Elsevier, Amsterdam 1982.

[30] H.-J. Girlich, Dynamic inventory problems and implementable models, J. Information Processing Cybernetics 20 (1984), 462 - 475.

[31] R.W. Grubbström, A. Molinder, Further theoretical considerations on the relationship between MRP, input-output analysis and multiechelon inventory systems, Int.J. Production Economics 35 (1994), 299 - 311.

[32] A. Molinder, MRP Employing Input-Output Analysis and Laplace Transforms, PROFIL 14, Linköping 1995.

[33] L. Bachelier, Théorie de la spéculation, Annales Scientifique de l’ École Normale Supérieure, 3^e Series, 17 (1900), 21 - 86.

[34] N. Wiener, Differential-space, Journal of Mathematics and Physics 2 (1923), 131 - 174.

[35] A. Einstein, Zur Theorie der Brownschen Bewegung, Annalen der Physik 19 (1906), 372 - 381.

[36] P. A. Samuelson, Mathematics of speculative prices, SIAM Review 15 (1973), 1 - 42.

[37] M. Yor, Some Aspects of Brownian Motion, Birkhäuser, Basel 1992.

[38] M. Yor, Exponential Functionals of Brownian Motion and Related Processes, Springer, Berlin 2001.

[39] H. Geman, M. Yor, Bessel procecces, Asian options, and perpetuities, Mathematical Finance 3 (1993), 349 - 375.

[40] J. Zhu, Modular Pricing of options. An Application of Fourier Analysis. Lecture Notes in Economics and Mathematical Systems, Vol. 493, Springer, Berlin 2000.

[41] K. Schürger, Laplace transforms and suprema of stochastic processes, in: Sandmann/Schönbucher (Eds.): Advances in Finance and Stochastics, 287 - 293, Springer, Berlin 2002.

[42] R.A. Howard, Dynamic Probabilistic Systems, Volume I and II, Wiley, New York 1971.

[43] R.W. Grubbstöm, J. Lundquist, Theory of Relatively Closed Systems and Applications, PROFIL 2, Linköping 1975.

[44] A. Thorstenson, Capital Costs in Inventory Models - A Discounted Cash Flow Apporoach, PROFIL 8, Linköping 1988.