An Attempt to Explain the Ascent of Sap in Defoliated Trees

by Markus Scholz^1, University of Leipzig November 2001

Abstract: The biologist Zimmermann has criticized in his book [12] that the effect of capillarity has been neglected in the past to explain the ascent of sap in trees. We want to propose a method how the sap ascent can be calculated, based on generalized solutions of the capillary equation. Although the theory of such solutions is not simple, the extracted method of calculating the sap storage in given cross sections of xylems can be applied also without having a large mathematical knowledge.

Keywords: ascent of sap, capillary problem, cusp, generalized solution

1. Motivation and the Model

The ascent of sap in trees has been traced back mainly to transpiration suction. This has been criticized by Zimmermann in his book [12]. He did dendrometer measurements and found that defoliated trees can also absorb water, which cannot be explained by transpiration suction. Further, he observed that water rises in intercellular spaces formed by cylindrical fibers, which are arranged in form of honeycombs. That means we have a lot of cylinders with a cross section bounded by 3 circular arcs (see later figure 2) and therefore containing 3 cusps.

The fibers are very small (about 5μm [12], p. 49). Consequently, the model of capillarities in zero gravity should be a good one, since we have, roughly speaking, the following property

narrow vessels ⇔ low gravity.

In both cases the gravitational energy can be neglected against the surface and contact energies. We want to discuss this fact more detailed. We assume at first that the liquid forms a surface u over the bounded domain Ω ⊆ R^2 with piecewise smooth boundary, that is, the liquid is a graph solution over the cross section Ω of a cylindrical container with perpendicular walls. Then we can consider the following variational problem E[u] = ∫ Ω √ 1 + |Du|^2 + ∫ Ω λ(u) dx − ∮ ∂Ω βu ds → min.! where β is the so called adhesion coefficient, which measures the adhesion force between liquid and container wall. It is determined by the involved substances and constant if these substances are homogeneous. According to [8], E is the sum of the three participated energies: the surface, gravitational and contact energy, which has to be counted as negative (see the model in [8], p. 239). For a gravity field with constant, perpendicular force component we have λ(u) = κ 2 u^2

where κ =^{gρ}_σ is the capillary constant (g the gravity-field intensity, ρ the density difference between the liquid and the upper medium, σ the surface tension). We transform our problem to a dimension-less one by introducing a representative length a of our system and using U :=^u_a , X :=^x_a . We get

Ẽ[u] = ∫ Ω̃ √ 1 + |DU|^2 + ∫ Ω̃ κ 2 a^2U^2 dX − ∮ ∂Ω̃ βU dS → min.!. 1Contact: Markus Scholz, Universität Leipzig, Fakultät für Mathematik und Informatik, Augustusplatz 10/11, 04109 Leipzig, Germany, e-mail: scholz@mathematik.uni-leipzig.de

We see that the term

∫_~ Ω κ 2 a^2U^2 dX can be neglected against the other terms if a is very small. The influence of this term tends to zero even quadratically with a. On the other side, the dependence on g is only linear. We write again untilded quantities and small letters for convenience. Consequently, we consider the problem E[u] = ∫ Ω √ 1 + |Du|^2 + ∫ Ω 2Hu dx − ∮ ∂Ω βu ds → min.!. (1.1)

Here, the middle term arises from a volume restriction, which we have to assume for the gravity-free case to get a meaningful physical problem. Therefore, 2H is a Lagrange multiplier. According to [3], a volume restricition does not influence the shape of the solution. It only fixes the shift of the liquid surface. We summarize our assumptions:

Physical and Biological Assumptions for the Model:

1. The xylems are cylindrical vessels (for the special definition of E).

2. The cylindrical fibers that form the intercellular spaces, in which the liquid rises, have a very small radius (a is small).

3. There is no water scarcity (to get a graph solution).

4. The xylems have constant wetting behaviour (β is constant).

From (1.1) we obtain the Euler-Lagrange equations:

div T u = 2H in Ω

(1.2)

ν ∘ T u = β = cos γ on smooth parts of the boundary ∂Ω.

(1.3)

Here “∘” denotes the euclidian scalar product, T u =^{∇u}√_{1+|∇u|2} , ν the outer normal, H, β constant and 0 < β ≤ 1 (the case β = 0 is trivial). The quantity γ is the contact angle, which is the angle between the liquid surface and the container wall. Because of equation (1.2) solutions are surfaces of constant mean curvature.

If there is a smooth solution of our problem, then H is not arbitrary. By integration of (1.2) and applying the Gauss theorem we obtain H = |∂Ω| cos γ 2|Ω| (1.4)

where | · | denotes the measure of the corresponding quantity.

Unfortunately our problem has no smooth solution if Ω contains cusps (cf. [11]). Also the variational problem is not free of limitations, see [3] for further details. Therefore, the concept of generalized solutions has been developed (originally Miranda used it in the theory of minimal surfaces cf. [9], [10]). Such solutions exist under very weak conditions ([11]) and have the property that they can be plus or minus infinity on sets of positive measure.

2. Generalized Solutions of the Problem

Observation shows (e.g. [6], [12]) that only a special class of generalized solutions should be of physical interest. Such solutions are of the type u = { u_0(x) : x ∈ Ω_0 +∞ : x ∈ M̄ (2.1) where ¯· is the closure of a set and Ω_0, M are disjoint subsets of Ω with Ω_0 ∪ M = Ω. The set M is a minimizer of the functional (see [11])

Φ[Ω^∗; H, γ, Ω] = |Γ_Ω∗ | − |Σ_Ω∗ | cos γ + 2H|Ω^∗|,

(2.2) Ω^∗ ⊆ Ω denotes a Caccioppoli set (roughly speaking a sufficiently regular set). We define Γ_Ω∗ = ∂Ω^∗ ∩ Ω, Σ_Ω∗ = ∂Ω^∗ ∩ ∂Ω (more exactly ∂ here denotes the measure-theoretic boundary, see [2]). It is easy to see that then Ω_0 = Ω \ M̄ minimizes the functional

Ψ[Ω^∗; H, γ, Ω] = |Γ_Ω∗ | + |Σ_Ω∗ | cos γ − 2H|Ω^∗|.

(2.3) The set M is most interesting: On this set the sap rises theoretically infinitely high. Remark: For convenience we use Φ[Ω^∗; H, γ, Ω] = Φ[Ω^∗] and so on if it is clear to what quantities H, γ, Ω we refer.

Conversely, minimizers M of Φ have a very restricted geometry.

Theorem 2.1 (cf. [3], [4], [7], [11]): Suppose that M ≠ ∅, Ω then the set Γ_M = ∂M ∩ Ω is analytic and consists of arcs of radius R =^1_{2H} , the set M is opposite to that side, into which the curvature vector points. If an arc meets a smooth part of ∂Ω then it forms an angle γ with ∂Ω. If γ > 0 then the arcs are pairwise isolated. An arc of Γ_M cannot end in a corner of opening angle 0 ≤ α < π. It is not difficult to find further restrictions.

Lemma 2.1: The set M contains the (outward) cusps of Ω.

Proof: We prove that a small neighbourhood A of a cusp always gives a negative contribution to Φ. Without restriction of generality, we can assume that the peak of the cusp is in the origin of a coordinate system and the cusp is formed by two functions f_1 and f_2 with f_1(x_1) = o(x_1) and f_2(x_1) = o(x_1) where “o” is the second Landau order symbol. Consider figure 1 we obtain

|Γ_A| = f_1(x_{1,0}) − f_2(x_{1,0}) = o(x_{1,0}) |Σ_A| = ∫_{x1,0} 0 √ 1 + f^{′2}_1 (ξ) dξ + ∫_{x1,0} 0 √ 1 + f^{′2}_2 (ξ) dξ = x_{1,0} + o(x_{1,0}) |A| = ∫_{x1,0} 0 (f_1(ξ) − f_2(ξ)) dξ = o(x^2_{1,0}).

Thus,

Φ[A] = − cos γx_{1,0} + o(x_{1,0}).

If we choose x_{1,0} sufficiently small, we can deduce that Φ[A] < 0, which means a negative contribution to Φ and therefore, A must be contained in a minimizer of Φ. □

x1,0 Ω x2

x1 f1

f2

ΣA A

ΣA

ΓA

figure 1

Lemma 2.2: Assume that 0 < γ <^π_2 and Ω contains only corners with opening angle less than π then the set Γ_M cannot contain complete circles B_R(x_0).

Proof: Suppose that Γ_M contains such a circle. This circle cannot meet the boundary of Ω because then the angle condition of theorem 2.1 is not satisfied. It can also not meet other components of Γ_M because of the analytizity of Γ_M . Consequently, we can expand the circle by a factor 1 + ε (ε sufficiently small) and the expanded circle still satisfies the above conditions. We compare this new set M^′ with M. If follows |Γ_M ′ | = |Γ_M | + 2πRε |Σ_M ′ | = |Σ_M | |M^′| = |M| − πR^2(2ε + ε^2). In view of R =^1_{2H} we have:

Φ[M^′] < Φ[M], which is a contradiction to the minimization property of M. □

With theorem 2.1, lemma 2.1, 2.2 we can nearly guess where possible minimizers appear for a given set Ω.

On the other hand, the function u_0 in (2.1) has to be a so called C-singular solution ([4]) that is a solution of div T u = 2H in Ω_0 = Ω \ M̄

(2.4)

ν ∘ T u = cos γ on smooth components of ∂Ω_0 ∩ ∂Ω

(2.5)

ν ∘ T u = 1 on ∂Ω_0 ∩ Ω.

(2.6) We cannot expect that for every H and minimizer M there is a C-singular solution in Ω_0. Integrating (2.4) on Ω_0 and applying again the Gauss theorem we obtain:

Ψ[Ω_0; H, γ, Ω] = 0.

(2.7) From this identity we can conclude (see [11]) that

0 < H ≤ H_0 = |∂Ω| cos γ 2|Ω| . (2.8)

Equation (2.7) can be interpreted as some kind of choice condition for the “correct” mean curvature H of the liquid that is the “physically interesting” one. This yields exactly the H from equation (1.4) if a smooth solution exists on the whole domain Ω (e.g. if ∂Ω is smooth) that means Ω_0 = Ω. We still want to remark that there is always a solution of the type (2.1) with a special H (which does not have to be uniquely determined) whenever a smooth solution of (1.2), (1.3) fails to exist (see [4], [11]). The next lemma is another property of the corresponding minimizers to our solutions.

Lemma 2.3: Let M ≠ Ω be a minimizer of Φ[Ω^∗; H, γ, Ω] and assume that (2.7) is satisfied for Ω_0 = Ω \ M̄, then the set Ω is also a minimizer of Φ[Ω^∗; H, γ, Ω] and the empty set is a minimizer of Ψ[Ω^∗; H, γ, Ω].

Proof: This lemma follows immediately by the property that if M minimizes Φ, then Ω_0 minimizes Ψ and vice versa. □

We can fix a strategy to calculate the solutions (2.1) (cf. [11]).

Strategy for the Calculation of Generalized Solutions of the Type (2.1):

1. For the H with (2.8) we calculate the minimizers Ω_0 of Ψ[Ω^∗; H, γ, Ω] with the help of the geometric properties (theorem 2.1, lemma 2.1, 2.2).

2. We check if equation (2.7) is satisfied for the calculated Ω_0 and the corresponding H. Only these pairs (H, Ω_0) we will continue to consider.

3. We check if there is really a C-singular solution on Ω_0.

4. We form the function (2.1).

The third step can best be done with the existence-nonexistence principle discovered by Finn.

Theorem 2.2 ([4] or [3], p. 206): Let β ∈ L^1(∂Ω), |β| ≤ 1 and H =^1_{2|Ω|} ∫ ∂Ω β ds then a smooth solution of (1.2), (1.3) exists if and only if the functional

Φ̃[Ω^∗] = |Γ_{Ω∗} | − ∫ ∂Ω φ_Ω∗ · β ds + 2H|Ω^∗| (2.9)

is positive for every Caccioppoli set Ω^∗ ⊂ Ω with Ω^∗ ≠ ∅, Ω.

In the theorem β is allowed to vary. For our case we use the theorem in the situation of problem (2.4) to (2.6) that means β is piecewise constant. Obviously, the condition about H in theorem 2.2 here is the same as equation (2.7).

3. Calculation for our Example

In this chapter we want to apply the strategy to the xylem structures observed in the book [12], p. 49 (see chapter 1). That means we have a large number of xylem vessels with a cross section bounded by three circular arcs of radius r (see figure 2), which in the following will be a parameter and can be interpreted as our representative length. We consider one of these vessels.

γ

Ω_0

figure 2

We use the geometric conditions to determine a minimizer of Φ for a fixed H for which (2.8) holds. Note that if M is a minimizer for Φ then Ω_0 = Ω \ M̄ is a minimizer of Ψ.

The application of congruence theorems yields that the components of Γ_M (arc(D, E), arc(F, G) and so on) are circular arcs, whose centres are on the tangent through A, B and so on to satisfy the angle condition of theorem 2.1.

We consider at first the case γ > 0. The geometric conditions of theorem 2.1 in combination with lemma 2.1, 2.2 enable only the shape of Ω_0 drawn as in the figures 2 or 3 or it holds M = Ω. A set of the shape of fig(D, E, F, G) from figure 3 can also occur in two or three of the cusps.

γ

Ω_0

figure 3

However, the constellations of figure 3 can be excluded because we calculate that for every H it holds Ψ(Ω_0) > 0. That means our choice condition (2.7) is not satisfied and no solution of the type (2.1) can exist.

Proof: From the angle condition of theorem 2.1 we can conclude that the arcs arc(D, E) and arc(F, G) are from one and the same circle of radius R =^1_{2H} . For the description of the set Ω_0 we consider the next figure 4.

γ_1

γ

γ_2

figure 4

We have

γ_1 + γ_2 = γ

(3.1) and because of γ > 0

0 < γ_1 < min ( γ, π 6 ) . (3.2)

The calculation of the height of the triangle fig(F, I, O) with respect to the edge IO yields:

r sin γ_1 = R sin γ_2.

(3.3) We determine the quantities for the functional Ψ with respect to Ω_0.

|Σ_{Ω0} | = 4γ_1r

(3.4)

|Γ_{Ω0} | = R (2π − 4γ_2)

(3.5)

|Ω_0| = πR^2 − r^2 (2γ_1 − sin 2γ_1) − R^2 (2γ_2 − sin 2γ_2) .

(3.6) Thus,

Ψ[Ω_0] = 4γ_1r cos γ + R (2π − 4γ_2) − πR + r^2 R (2γ_1 − sin 2γ_1) + R (2γ_2 − sin 2γ_2) = r ( 4γ_1 cos γ + (π − 2γ) R r + 2γ_1 ( R r + r R ) (3.7)

− r R sin 2γ_1 − R r sin 2γ_2 ) . Because of r R sin 2γ_1 + R r sin 2γ_2 = 2 sin (γ_1 + γ_2) = 2 sin γ r R = sin (γ − γ_1) sin γ_1

= sin γ cot γ_1 − cos γ R r > 1 sin γ cot γ_1 we can estimate (3.7)

Ψ[Ω_0] > r ( 2γ_1 cos γ + (π − 2γ) R r + 2γ_1 ( sin γ cot γ_1 + 1 sin γ cot γ_1 )

− 2 sin γ )

> 2r sin γ (γ_1 cot γ_1 + γ_1 tan γ_1 − 1) .

(3.8)

It is not difficult to prove that for γ_1 with the property (3.2) it holds that

γ_1 cot γ_1 + γ_1 tan γ_1 > 1.

(3.9)

From (3.8) we can deduce by using the estimate (3.9)

Ψ[Ω_0] > 0.

(3.10)

Thus, there is no C-singular solution on Ω_0. We can analogously exclude constellations, in which a set of the type fig(D, E, F, G) from figure 3 occurs in more then one of the cusps. □

Next we consider the case γ = 0 separately. By the geometric conditions a connected component of Ω_0 could be a circle that contacts at most one of the arcs arc(A, B), arc(B, C), arc(A, C). From an inspection of the proof of lemma 2.2 it is easy to see that this cannot provide a minimizer. A connected component of Ω_0 could be a circle, which contacts exactly two of the arcs. We can translate this circle along the corresponding tangent through A, B or C and enlarge it, so that it again contacts the boundary in exactly two points. From the proof of lemma 2.2 we see that this decreases the functional Ψ and that Ω_0 cannot have been a minimizer. From this it follows that also in the case γ = 0 the set Ω_0 must be of the type fig(D, E, F, G, I, J) of figure 2 or Ω_0 = ∅ or Ω_0 is the inscribed circle of fig(A, B, C). A short calculation shows that for the last case we have again Ψ(Ω_0) > 0 and no solution of the required type can exist.

We now calculate the exact shape of the set fig(D, E, F, G, I, J) for a fixed H and check if the condition (2.7) is satisfied. This leads to a choice of H. It will turn out that there is one and only one H and Ω_0 of the shape of fig(D, E, F, G, I, J) for every γ so that (2.7) holds. According to lemma 2.3, this set Ω_0 together with the empty set are the only two minimizeres of Ψ.

For the calculation we consider figure 5. Obviously, the set Ω_0 is already determined for a given γ_1. We easily see from the quadrangle fig(A, O, D, K) that

γ_1 + γ_2 + γ = π 2 . (3.11)

By decomposition of the lines AK and AO it can be obtained that

r = r cos γ_1 + R sin γ_2

(3.12)

x_0 = r sin γ_1 + R cos γ_2.

(3.13)

We set b = R r = 1 − cos γ_1

sin γ_2 . (3.14)

γ_1

γ γ_2

x_0 x_1 x_2

figure 5

We still want to show that the mapping γ_1 → R is one-to-one. One direction is clear because of (3.14). Furthermore, from (3.14) follows from the intermediate-point theorem that for every R there is at least one corresponding γ_1 ∈ ( 0,^π_2 − γ ) . After a short calculation we obtain from the equations (3.12), (3.13):

cos γ_1 = r^2 + R (r cos γ + x_0 sin γ) r^2 + x^2_0 . (3.15)

From (3.14) and (3.15) it follows that for every R there is one and only one corresponding angle γ_1 ∈ ( 0,^π_2 − γ ) . Therefore, we can choose γ_1 freely instead of R and H (H =^1_{2R} ) and R, H dependent on γ_1.

It must hold that

γ_1 ∈ ( 0, π 6 ] if γ < π 3 (3.16)

γ_1 ∈ ( 0, π 2 − γ ) if γ ≥ π 3 (3.17)

to obtain really a set of the shape of fig(D, E, F, G, I, J). Otherwise, there is no solution of the required type.

Now we can determine the quantities for the calculation of Ψ[Ω_0].

|Σ_{Ω0} | = (π − 6γ_1) r

(3.18)

|Γ_{Ω0} | = 6γ_2R.

(3.19)

To determine the quantity |Ω_0| we calculate the area bounded by the arcs arc(A, D), arc(D, E) and arc(A, E). Because of |Ω| = (√ 3 − π 2 ) r^2 we obtain after calculation

|Ω_0| = (√ 3 − π 2 ) r^2 − 6r^2 sin γ_1 + 3 2 r^2 sin 2γ_1 + 3γ_1r^2 + 3γ_2R^2 − 3 2 R^2 sin 2γ_2.

(3.20)

Now we get for the functional Ψ of Ω_0:

Ψ[Ω_0] = r b ( 3b^2γ_2 + b cos γ (π − 6γ_1) − (√ 3 − π 2 ) + 6 sin γ_1 − 3 2 sin 2γ_1 − 3γ_1

(3.21)

+ 3 2 b^2 sin 2γ_2 ) . The right-hand side of the equation depends only on γ_1 (see relations (3.11) and (3.14)). We set the term in the outer parenthesis equal to f(γ_1) and check the condition (2.7), that is

f(γ_1) = 0.

(3.22)

We want to find out whether this non-linear equation has a solution for γ_1. At first we have lim γ_1 →0+0

f(γ_1) = − (√ 3 − π 2 ) < 0. (3.23)

We have to consider two cases to determine the behaviour of f on the right bound of the interval of definition.

Case 1: γ <^π_3 Consequently, f (π 6 ) = 3b^2γ_2 − (√ 3 − π 2 ) + 3 − 3 √ 3 4 − π 2 + 3 2 b^2 sin 2γ_2

> 3b^2γ_2 + 3 − 7 √ 3 4 . Since^{γ2}_{sin2 γ2} ≥ 1, from the last equation it can be concluded that

f (π 6 ) > 3 ( 1 − √ 3 2 )_2 + 3 − 7 √ 3 4 = ( 3 − √ 3 ) 7 − √48 4 > 0. (3.24)

From (3.23) and (3.24) it follows, by using the intermediate-point theorem, that there is at least one solution of (3.22) in the corresponding domain of definition.

Case 2: γ ≥^π_3 We obtain lim γ_1 →^π_2 −γ−0

f(γ_1) = +∞

and, with the same reasoning as above, also in this case at least one solution for (3.22). Finally, it shall be shown that there is exactly one solution of (3.22). Therefore, we examine the monotonicity of f. dγ_2 dγ_1 = −1 db dγ_1 = cos γ_2 − sin γ

sin^2 γ_2 df dγ_1 = 2bb^′ ( 3γ_2 + 3 2 sin 2γ_2 ) + b^2 (−3 − 3 cos 2γ_2) + b^′ cos γ (π − 6γ_1)

− 6b cos γ + 6 cos γ_1 − 3 cos 2γ_1 − 3 = T + cos γ_2 − sin γ

sin^2 γ_2 cos γ (π − 6γ_1)

(3.25)

because of

−3 − 3 cos 2γ_2 = −6 cos^2 γ_2 6 cos γ_1 − 3 cos 2γ_1 − 3 = 6 cos γ_1 (1 − cos γ_1) = 6b cos γ_1 sin γ_2

we have used for abbreviation T = 6b sin γ_2 ( (cos γ_1 − 1) cos^2 γ_2 + γ_2 sin γ_2

(cos γ_2 − sin γ)

(3.26)

+ cos γ_2 (cos γ_2 − sin γ) − cos γ sin γ_2 + cos γ_1 sin^2 γ_2 ) . Equation (3.26) can be simplified: T = 6b sin γ_2 ( γ_2 sin γ_2

(cos γ_2 − sin γ) + cos γ_1 − sin (γ + γ_2) )

= 6bγ_2 sin^2 γ_2

(cos γ_2 − sin γ) .

(3.27)

From (3.11) and (3.16), (3.17) we obtain:

cos γ_2 > sin γ.

(3.28)

From (3.25), (3.27) and (3.28) it follows that: df dγ_1 > 0. (3.29)

Thus, equation (3.22) has one and only one solution in our domain of definition. Consequently, there is exactly one H, for which there is a set Ω_0 of the type of fig(D, E, F, G, I, J) from figure 2, satisfying the choice condition (2.7). This set is also uniquely defined and is, together with the empty set, the only minimizer of Ψ[Ω^∗; H, γ, Ω].

We can now solve equation (3.22) numerically. The next table shows the results. We rounded to four decimals.

γ in^o γ_1 in^o γ_2 in^o Hr H_0r V_{st} in lm^{−3} Remark

0 23.2444 66.7556 5.6599 9.7411 25.5204 water and glass by 18^oC^1 30 20.2713 39.7287 5.1597 8.4360 21.1808 45 18.2651 26.7349 4.4644 6.8880 16.6372 54 16.7455 19.2545 3.8882 5.7257 13.2779 water and cellulose acetat 60 15.5113 14.4887 3.4346 4.8706 10.7733 68 13.4133 08.5867 2.7367 3.6491 07.1372 water und cellulose nitrat 89 00.9971 00.0029 0.1672 0.1700 00.0030 89.99 00.0100 00.0000 0.0017 0.0017 00.0000

1all data taken from [1], p. 474-479

The first column is the parameter γ, given by the involved substances. The second and third column give the shape of the set Ω_0 and M respectively, as described in figure 2 with the notations from figure 5. For the quantities γ_1 and γ_2 holds (3.11). Since |∂Ω| = πr |Ω| = (√ 3 − π 2 ) r^2,

we have for H_0 the relation

H_0 = π cos γ ( 2 √ 3 − π ) r . (3.30)

In the fourth column we calculated our unique H of physical interest for the corresponding γ. When comparing the fourth and fifth column, we can see that (2.8) is always satisfied. For γ →^π_2 , which means vanishing wetting, we obtain, as expected, H → 0, Ω_0 → Ω.

The sixth column is the minimum liquid storage V_{st} for the considered configuration. Since the fibers are arranged in form of honeycombs (chapter 1), we cover the plane with hexagons and calculate the ratio between the sets M in the numerous vessels of cross section fig(A, B, C) and the entire plane. The unit of this quantity is litre of liquid per cubic metre of xylem tissue. We can see from (3.20) V_{st} = 1000 √ 3 ( 6 sin γ_1 − 3 2 sin 2γ_1 − 3γ_1 − 3 4 γ_2 1 (Hr)^2 + 3 8 1 (Hr)^2 sin 2γ_2 ) . (3.31)

Note that V_{st} is independent of r, since Hr is independent of r. We will discuss this in the next chapter. We still have to show, that there is really a smooth solution of (2.4) to (2.6) on the calculated Ω_0 (step 3 of the strategy in chapter 2). Therefore, we apply theorem 2.2. as described there. Let Ω^∗ ⊆ Ω_0 with

Φ̃[Ω^∗] ≤ 0. (3.32)

Let M = Ω \ Ω̄_0. In view of the above construction M is a minimizer of Φ so that for every Caccioppoli set A ⊆ Ω it holds Φ[M] ≤ Φ[A]. (3.33)

Adding the inequalities (3.32) and (3.33) it can be concluded that

Φ[M ∪ Ω^∗] ≤ Φ[A].

(3.34)

Thus, M ∪ Ω^∗ is also a minimizer of Φ. However, because of the above observations, only M and Ω are minimizers of Φ. Consequently, Ω^∗ = Ω_0 or Ω^∗ = ∅. The application of theorem 2.2 guarantees the existence of a smooth solution u_0 of the problem (2.4) to (2.6) on Ω_0.

4. Analysis of the Results

The results can be interpreted as follows. The effect of the liquid rising practically by itself could be of significance for explaining the water supply of trees.

If we assume that in nature we have optimal wetting, that is γ = 0, then our figure 2 is exactly the same as observed in the book of Zimmermann ([12], p. 50). Note that such an optimal wetting should be an advantage in evolution.

The amount of liquid, which is stored in the xylems, can be estimated by our calculation. Note that this amount is independent of the radius r of the fibers. However, the model fits better with a small r because this is our represantative length (see chapter 1).

Acknowlegment: This paper is based on an example from the author’s doctoral thesis and was supported by the DFG (Deutsche Forschungsgemeinschaft) in the framework of the project “Mathematische Theorie der Kapillarität”. I would like to thank my advisor Prof. E. Miersemann (University of Leipzig) for sparking my interest in capillary problems. I would also like to thank Prof. R. Finn (Stanford University) for helpful discussions.

References:

[1] Bartels, J., Tenbruggencate, P., Hellwege, K.H., Schäfer, K., Schmidt, E. Landolt-Börnstein: Zahlenwerte und Funktionen aus Physik, Chemie, Astronomie, Geophysik und Technik, II. Band Eigenschaften der Materie in ihren Aggregatzuständen, 3. Teil Schmelzgleichgewichte und Grenzflächenerscheinungen, Springer-Verlag, Berlin 1956 [2] Evans, L. C., Gariepy, R. F., Measure theory and fine properties of functions, CRC Press, Boca Raton 1992 [3] Finn, R., Equilibrium capillary surfaces, Grundlehren d. math. Wissensch. 284., Springer-Verlag, New York 1985 [4] Finn, R., Neel, R. W., C-singular solutions of the capillary problem, J. reine angew. Math. 512 (1999), p. 1-25 [5] Giusti, E., Generalized solutions for the mean curvature equation, Pacific J. Math. 88 (1980), p. 297- 321 [6] Lazzer, A. de, Langbein, D., Dreyer, M., Rath, H. J., Mean curvature of liquid surfaces in cylindrical containers of arbitrary cross-section, Microgravity sci. technol. IX/3 (1996), p. 208-219 [7] Massari, U. Esistenza e regolarità delle ipersuperfici di curvature media assegnata in R^n , Arch. Rat. Mech. Anal. 55 (1974), p. 357-382 [8] Mengel, K. Ernährung und Stoffwechsel der Pflanze, Gustav Fischer Verlag, Jena 1991 [9] Miranda, M., Superficie cartesiane generalizzate ed insiemi di perimetro localmente finito sui prodotti cartesiani, Ann. Scuola Norm. Sup. Pisa 3 (1976), p. 501-548 [10] Miranda, M., Superfici minime illimitate, Ann. Scuola Norm. Sup. Pisa 4 (1977), p. 313-322 [11] Scholz, M., Generalized solutions of the capillary problem, to appear [12] Zimmermann, M. H., Xylem structure and the ascent of sap, Springer-Verlag, New York 1983