CONFORMAL EINSTEIN SPACESIN N-DIMENSIONS

MARIO LISTING

ABSTRACT. This paper presents a set of necessary and sufficient conditions for a n-dimensiona semi-
Riemannian manifold to be conformal to an Einstein space. We extend results due to C.N. Kozameh, E.T.
Newman and K.P. Tod who solved the problem in the four dimensional Lorentz case for manifolds with
non-degenerate Wey! tensor, i.e. for space-times with J # 0. In particular, in n-dimension we will find
tensorial conditions if the Weyl tensor operates injectively on the alternating two-forms. Moreover, in the
four dimensional Riemannian case we can always decide whether a manifold is locally conformal to an
Einstein space.

1. INTRODUCTION

Already in the 1920's conformal transformations of Einstein spaces have been studied by Brinkmann
[3],[4]. Theaim of the present paper isto find necessary and sufficient tensorial conditions for manifolds
being conformally related to Einstein spaces. Conformal Einstein spaces are of particular interest in
General Relativity and Quantum Gravity. But also from the mathematical viewpoint these manifolds are
very important, since a conformal class of such manifolds which we will consider is represented (up to
scaling) by exactly one Einstein space.

In 1985, Kozameh, Newman and Tod [11] found a set of two independent conditions being necessary
and sufficient for a conformal Einstein space-time with J # 0. To solve the problem in n-dimension
for manifolds with any signature we will modify the ideas of Kozameh, Newman and Tod. One of
their ideas is to generalize the problem and to ask: Under which tensorial conditions is a manifold
conformally related to a C-space, i.e. aspace with harmonic Weyl tensor? This question isamuch more
easier one than the one above, since it islinear in the gradient of the conformal factor. With the solution
of the linear problem it is possible to give necessary and sufficient conditions for a conformal Einstein
space.

We consider smooth semi-Riemannian manifolds (M", g) of dimension n > 4, because in three
dimension every Einstein space is conformally flat and thus the problem istrivially solved by the Weyl-
Schouten theorem [15, Thm. C.9]. A manifold having a Wey! tensor with vanishing divergence iscalled
C-space or space with harmonic Weyl tensor. A semi-Riemannian manifold (M™, g) is conformal to
such a C-space if and only if there exists a smooth function ¢ : M — R satisfying

0= (divaW)(X,Y,Z2) + (3 —n)W(X,Y, Z, grad,¢) .
In section 3 we show that if we consider W as endomorphism of A%(M):
W A2(M) = A*(M), w— Ww]

and if this endomorphism isinjective in every point of M, i.e. (det W)(p) # 0 foral p € M, then the
gradient of ¢ can be written as:

Z Eiekwfl[(diU4W)Ei](Ei, Ek) Ey,

ik=1

1

974090 = B — 1)

where W1 is the inverse map of W € End(A?(M)). Let T be the vector field given by the right
hand side of this Equation, then T can be defined for al manifolds with det W # 0. Since every
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Einstein space is a C-space, we use in section 4 this special vector field to give atensorial condition for
aconformal Einstein space. Let Fy bethe (0, 2) tensor field given by

Fo(X,Y) = (VxV.Y) + (X, V) (Y, V) % [div (V) + (V,V)] (X,Y)

then a semi-Riemannian manifold with (det W)(p) # 0 for @l p islocaly conformally related to an
Einstein space if and only if

Ric® + (n—2)Fr =0,
where Ric® denotes the traceless Ricci tensor. In section 5 we extend these results to the four dimen-
sional Riemannian case. If we consider Riemannian four manifolds with W # 0, then we can use the
identity Wep; W7 = 67|W?| to derive T, since W # 0 implies |W?| = 1WpeqW e £ 0. That
means for every point p with W, # 0, the vector field T is given by:

4

2 )

|W2| E W[(dZU4W)Ei](Ei,Ek)Ek.
1,k=1

Moreover, we will show that a connected Einstein manifold is conformally flat or there is no open subset
with W = 0. Thus, the problem to find necessary and sufficient tensorial conditions for a conformal
Einstein space is solved in the four dimensional Riemannian case.

Thiswork has devel oped from my diplomathesis at the University of Leipzig under guidance of Prof.
Dr. H.-B. Rademacher.

2. PRELIMINARIES

Let (M™, g) be a(smooth) semi-Riemannian manifold of dimension n > 4, i.e. g isanon-degenerate
inner product. We denote by V the Levi-Civita connection and by R the Riemannian curvature tensor:

R(X,Y)Z =VxVyZ - VyVxZ - VixyZ.

Mostly, we consider R as (0,4) tensor and use (X,Y) instead of ¢g(X,Y). The Ricci tensor Ric
is given by Ric(X,Y) = trace{V — R(V,X)Y} and the normalized scalar curvature by S =
ﬁtmce(mc) . Using the Kulkarni-Nomizu product:

(g * h’)(Xa Ya Za T) = g(Xa T)h(Ya Z) + g(Ya Z)h(Xa T) - g(Xa Z)h'(ya T) - g(Ya T)h'(Xa Z)
we obtain the Weyl tensor 1 and the Schouten tensor b (cf. [15, Cor. B.8]):

W:=R—-gxbh |, b:zﬁ(Ric—%Sq).

Let X(M) be the set of all vector fields and ¥, (M) be the set of all (r,s) tensor fields of M . There
exist two differential operators for vector fields:

div : X(M) = C®(M), V — ¢(VV),
rot : X(M) = TY}(M), V — dV#,

where € is the natural contraction, V# is the corresponding one-form to V (i.e. V#(X) = (V, X) for
al X) and d isthe exterior derivative of alternating forms. It is easy to verify (cf. [17, Exercise 3.18]):

(1) rot(V)(X,Y) =(VxV)Y) — (X, VyV) .
One can generalize the divergence operator on tensor fields:
divy : TYM) = T |, A Ce41)(VA),

where €, isthe metric (r, s) contraction and V A isthe (0, s + 1) tensor field given by:
(VA)(Xl, ceey Xs, V) = (VvA)(Xl, ceey Xs) .
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Using aframefield Ei, ..., E,, i.e. (E;, Ej) = €;0;; , ¢; = £1, we obtain:
) (dive A) (X1, o0y Xoo1) = D €i( Vi A (X, ooy Xpm1, By Xy ooy Xoo1)
i=1
Moreover, thereis a generalization of the rotation operator on tensor fields:
rot : T (M) — TYM), A rot(A),
where rot(A) isgiven by
rot(A)(X,Y,Z) := (VxA)(Y,Z) — (VyA)(X,Z).
With the help of these differential operators the second Bianchi identity now supplies the following

relations between the Riemannian curvature tensor and the Ricci tensor, as well as between the Weyl
and the Schouten tensor (cf. [2, (16.3)]):

3 divaR = rot(Ric) divaW = (n — 3)rot(h) .

Two semi-Riemannian manifolds (M, g) and (N, h) are called conformally equivalent if there exist a
diffeomorphism f : M — N and a smooth function ¢ : M — (0,00) satisfying f*h = ¢ 2g.

Since this diffeomorphism f is an isometry from (M,g := v2g) to (N, k), we consider conformal

transformations of thetype: (M, g) — (M, g := 1~2g). The corresponding symbols for (M, ) will be
denoted by V, R, W, ... Now let (M, g) — (M,g := ¢ 2g) be such a conformal transformation with
¢ = e? and ¢ : M — R smooth, then the Levi-Civita connections and the Wey! tensors satisfy the
relations (cf. [12, LemmaA.1] and [15, Prop. C.4]):

4 VxY =VxY - [(X@)Y + (Y$)X — (X,Y) gradyd],
(5) W =¢72W.

3. SPACES WITH HARMONIC WEYL TENSOR

Definition 1. A semi-Riemannian manifold (M™, g) of dimension n > 4 is called C-space or space
with harmonic Weyl tensor (cf. [2, (16.D)]) if the divergence of the Weyl tensor vanishes:

diU4W =0.

Lemma 1. Let (M, g) — (M,g := ¢ 2g) with ¢) = ¢? be a conformal transformation. The diver-
gences of the Weyl tensors satisfy for all X, Y, Z € X(M):

(divaW)(X,Y, Z) = (divaW)(X,Y, Z) + (3 — n)W (X, Y, Z, grad,$) .
Proof. Usethe formulae (2), (5) and (4) and the first Bianchi identity. O

Now we want to find tensorial conditions for manifolds being conformally related to C-spaces. First
of all, we define the Weyl tensor as an operator on (0, 2) tensor fields.
Definition 2. Let A € T(M) have the same symmetries like the Riemannian curvature tensor. A isan
endomorphism of T§(M) in the following way:
A:TYM) = TH(M), b A[D] := €34€16(AR D),
where A ® b isthe (0,6) tensor field given by (A ® b)(X,Y, Z,T,U,V) := A(X,Y,Z,T)b(U,V).
Using aframefield Ey, ..., F,,, we obtain:
ADI(X,Y) =) eie;A(E;, X, Y, E;)b(E;, E;) .
]
When A2 (M) denotes the set of all skew-symmetric (0, 2) tensor fields, the first Bianchi identity implies
for al w € A?(M):
1
A[W](X, Y) = 5 Z eiejA(Eia E]a Xa Y)w(Ela E]) )
]
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and thus A isin particular an endomorphism of A?(M).
For vector fields X and Y let X A'Y be the two-form with

(X AY)U,V) = det( g(fg; gf“/{; ) ’

then the operation above satisfies:

(6) A[X AY(Z,T) = A(X,Y, Z,T).

Definition 3. Let T be a vector field. Then we call the (0, 3) tensor O given by
Cr(X,Y,Z) := (divyaW)(X,Y, Z)+ (3 —n)W(X,Y,Z,T)

conformal C-space integrability tensor.

Definition 4. We consider W as an endomorphism of A?(M). If the smooth function det W : M — R
is different from zero for al p € M, the Weyl tensor W is called non-degenerate.

If W is non-degenerate, there exists an endomorphism W' of A%2(M) satisfying W' o W =
Idx2(pry- Moreover, from Equation (5) we can conclude that non-degeneracy is preserved under con-
formal transformations.

Proposition 1. Let (M™, g) be a semi-Riemannian manifold with non-degenerate Weyl tensor, then the
following holds:
a) Every vector field T satisfying the relation

Cr=0

islocally a gradient, i.e. every point has a neighbourhood U and a smooth function ¢ : U ¢ M — R
with grady¢ = Ty
b) Thereisat most one vector field 7" with Cr = 0.

Proof. &) We show that Cr = 0 impliesrot(T) = d T# = 0: Taking the divergence with respect to the
third argument of the (0, 3) tensor Cr, we obtain using aframefield F, ..., E,;:

0 = divz(Cr)(X,Y)
= div3(C45(VW + (3 —n)W @ T#))(X,Y)
= (divsdivaW)(X,Y) + (3 —n) Y €;Cus[(VE, W) @ T# + W @ (V, T#)|(X,Y, Ej) .

divs(divgW') = 0 isaconsegquence of (3) and divs (divy R) = 0, and thus we conclude:

0 = Y Y €6 [(Ve,W)(X,Y, Ej, E)T#(E;) + W(X,Y, Ej, B;)(V, T%) (E;)]
= —(divaW)(X,Y,T) + 533 eie;W(X, Y, Ej, B;)[(VE, T#)(E;) — (VE,T%)(E;)]
= B-n)W(X,Y,T,T) + W[dT#].

Since W € End(A?(M)) isinjective, the claim follows from W [d T#] = 0 and the Poincaré Lemma.
b) We have to prove that the homogeneous problem:

0=W(X,Y,2,T) foral X,Y,Zec X(M)
has only the trivial solution. Using the operation of W on A?(M), thisis equivalent to:
0=WI[ZAT] fordl ZeX(M).
Since W isinjective, we conclude from the last Equation:
0=ZAT fordl Z,
and thuswe obtain 7' = 0. O

The last proposition implies that for manifolds with non-degenerate Wey! tensor there is (up to scal-
ing) at most one way to transform a manifold conformal into a C-space. The question is now: How can
we express the gradient of the conformal factor? Since the covariant derivative preserves the symmetries
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of atensor, we can define the divergence of the Weyl tensor with respect to a vector field as alternating
two-form:

(divaW)y € A2(M), where (divgW)z(X,Y) := (divgW)(X,Y, Z).
Let (M™,g) be conformal to a C-Space. Then there exists a function ¢ : M — R satisfying for all
X,Y,Z € X(M)
0= (divaW)(X,Y,Z2) + (3 —n)W(X,Y, Z, grady¢) .
This Equation is under consideration of formula (6) equivalent to:
0= (divaW)z + (3 —n)W[Z Agradg¢) foral Z.
If W is non-degenerate, we obtain for all Z € X(M)

1
Z A gradyd = —3W*1[(dw4W)Z] :

n —

Useaframefield Ey, ..., E, and choose Z = Ej;, then the last Equation implies for all k # i:

1 .
€iELd = n—_gwfl[(dZw;W)Ei](Ei, Ek) .
After multiplication by ¢; the left hand side is independent of 7 and so the right hand side has to be equal
foral i # k:

1 - .
mgjw [(divaW) 5](Ei, Ey,)
Definition 5. Let (M™, g) be amanifold with non-degenerate Weyl tensor. When E;, ..., E,, isaframe
field, the following vector field can be defined on M':
b= (n—1)(n — 3) i%::l eiex W [(divaW) g, ](Ei, Ex) Ej -

Epd =

From the calculation above respectively from Proposition 1 we can see that T is the only possible
solution of Cr = 0, and thus we can formulate the following theorem:
Theorem 1. A semi-Riemannian manifold (M™, g) having a non-degenerate eyl tensor islocally con-
formally related to a C-space if and only if

Cr=0.
Proof. The calculation above supplies the necessity of condition Cr = 0.
Proposition 1 impliesthat T islocally a gradient, and so we obtain the claim from Lemma 1. O

4. CONFORMAL EINSTEIN SPACES

Definition 6. A semi-Riemannian manifold (M, g) of dimension n > 3 is called Einstein space if the
traceless Ricci tensor
Ric® := Ric— (n —1)Sg
vanishes. Inthiscase, S is constant.
We consider, because of the argument in the introduction, manifolds of dimension n > 4. Let
(M,g) — (M,g := ¢2g) with ¢) = ¢? be a conformal transformation. The Ricci tensor has the
following transformation behaviour (cf. [12, LemmaA.1]):

@) Ric = Ric+ (n — 2)[V2¢ +d¢p @ dp] + [Ap — (n — 2) (gradyp, gradyd)] g ,

where V2¢ istheHessian of ¢ (i.e. V2¢(X,Y) = (Vxgrady,¢,Y)) and (dpRdg)(X,Y) = (X ¢)(Y ¢).
If (M,3g) isan Einstein space, we conclude taking the trace of the last Equation for the Ricci tensor of
(M, g) the condition:

(8) OzRic—(n—l)Sg+(n—2)[V2¢+d¢®d¢]—n;2

[A¢ + (gradyg, gradyd)] g .
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Definition 7. Let V' be avector field, then the traceless (0, 2) tensor field F, given by
1
Fy(X,Y) = (VxV,Y) + (X, V)Y, V) = — [divo(V) +(V, V)] (X, Y)

is called Schwarzian tensor (cf. [18, Introduction]).
Remark 1. Compare formula (1), then the Poincaré Lemmaimplies: The (0, 2) tensor K is symmetric,
if and only if V islocally agradient.

With the help of Definition 7 Equation (8) can be written as follows:
(9) 0 = Ric® + (n - 2)Fgrad9¢a
i.e. amanifold is conformal to an Einstein space if and only if there exists afunction ¢ : M — R that
satisfies (9). In [4], Brinkmann considered solutions of the form: Fj..q4,4 = 0 which is equivalent to
V2e? = AT&g. In this case, also (M, g) is an Einstein manifold. In [18], Osgood and Stowe call a
conformal diffeomorphism f : (M,g) — (M,§ = e 2?g) between Riemannian manifolds a Mébius
transformation, if the gradient of ¢ satisfies Fj;.q4,4 = 0.
Proposition 2. Every Einstein space has harmonic Weyl tensor, i.e. it isa C-space.

Proof. Let (M, g) be an Einstein space: Ric = (n — 1)Sg and S = const . Then the Schouten tensor
isgivenby: h = L5 [(n — 1)Sg — 2Sg] = £5g. Since S is constant, the Schouten tensor is parallel,
and thus we obtain from (3): diy,W = 0. O
In section 3 we showed that if the Weyl tensor is non-degenerate, there is only one possible gradient
of the conformal factor, and thus we can formulate a necessary and sufficient tensorial condition for a
manifold to be conformal to an Einstein space:
Theorem 2. A semi-Riemannian manifold with non-degenerate Weyl tensor is locally conformally re-
lated to an Einstein space if and only if the vector field T given in Definition 5 satisfies:

(10) Ric® +(n—2)Fr =0.

Proof. Let (10) be satisfied. Since Ric® is symmetric, Fr is symmetric and thus T islocally a gradient.
From Equation (9) we conclude that the manifold is locally conformal to an Einstein space.
Conversely: Let (M, g) be a manifold which has non-degenerate Weyl tensor and is conformal to an
Einstein space (M, = e %%g). Because of Proposition 1, there is (up to scaling) only one way to
transform (M, g) conformal into a C-space. Since (M,g) is a C-space (Proposition 2), we obtain T =
grady$. Equation (9) now supplies the claim. O

Theorem 3. A simply connected semi-Riemannian manifold having a non-degenerate Weyl tensor is
conformally related to an Einstein space if and only if:

Ric® + (n—2)Fr =0.
Proof. If (M, g) isaconformal Einstein space, the condition follows from the last theorem.
Conversely: Since M is simply connected and Fr has to be symmetric, it follows from the Poincaré

Lemmathat T is (globally) a gradient of a smooth function ¢ : M — R. Thus, (M, g) is (globally)
conformally related to an Einstein space (M, g = e ?%g). O

Remark 2. Let (M™,g) — (M,g := e~2?) beaconformal transformation, so that (1, g) isan Eingtein
space. Proposition 2 implies:

0 = Cyradyg = divgW + (3 —n)&ys[W @ d] .
Take the divergence with respect to the first argument of this tensor, we obtain:
0 = dividivgW + (3 — n)W[V?¢] + (3 — n)(n — 3)W[d¢ ® d)] .
Since (M, g) isan Einstein space, we conclude from Equation (8) and W{Ag] = 0 (forany A : M — R):

0 = dividivaW + Z—:zW[Ric] + B —n)(n-—4H)Wdp ® d¢].
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In four dimension this expression does not depend on the conformal factor, and the symmetric (0, 2)
tensor field

1
B := dividivgW + EW[RiC] ,

called Bach tensor (cf. [1]), has to vanish identicaly for every four dimensional conformal Einstein
space. However, the vanishing of the Bach tensor B is not sufficient for a four manifold being locally
conformally related to an Einstein space (cf. [20]). Kozameh, Newman and Tod [11] found an additional
condition to the vanishing of the Bach tensor for space times with J # 0, so that these two conditions
are necessary and sufficient for a conformal Einstein space. We can verify that J # 0 is equivaent to
the non-degeneracy of the Weyl tensor. Moreover, the result of Kozameh, Newman and Tod [11] can be
extended to four manifolds of any signature:

A four manifold with non-degenerate Wey! tensor is locally conformally related to an Einstein space if
and only if

Cr=0 and B=0.

To prove that these two conditions are sufficient, the following is to be needed: If the Weyl tensor is
non-degenerate, every symmetric traceless (0, 2) tensor £ satisfying W[k] = 0 and W*[k] = 0 hasto

vanish identically, where W* denotes the dual Wey! tensor, i.e. W* = x o W and x is the Hodge star.

This claim can be seen by using the Hodge duality on four manifolds.

Furthermore, in four dimensions it is possible to define the vector field T without calculating W!.

Kozameh, Newman and Tod [11] used special identities of the Weyl tensor. With the help of the Einstein
summation convention two of these identities are given as follows:

. 1
ka d chef Weflb — Z(SlchS
and .
W];kde chef Weflb — (_1)ind(M,g) Z(sllﬁ:(W*)g ’

where ind(M, g) is the number of negative eigenvalues of g and W3 as well as (W*)? are given by
W3 = Wapea W ; wabel and (W*)3 = Wred W;‘def W;f“b. If the Wey! tensor is non-degenerate, we
can verify that W3 or (W*)3 is different from zero, so that one of these identities can be used to derive
the vector field T. In order to see the calculation of T with such identities compare also next section.

Example 1. a) Spaces with degenerate Weyl tensor are

- self-dual manifolds (i.e. W~ =0, cf. [5]) and

- conformally flat manifolds.

b) Examples of manifolds with non-degenerate Weyl tensor are

- the Schwarzschild exterior space-time (cf. [17, §13]) and

- the Riemannian product (M?", g) = (M7 x Ma, g1 ® go) (n > 2) of two space forms (M, g;) and
(M3, g2) with constant sectional curvatures K; and Ko, so that K is different from — K5, i.e. (M, g)
isnot conformally flat.

¢) A manifold with degenerate Wey!l tensor on a hypersurface is the Reissner-Nordstrom solution (cf.
[7,(5.5)]): Let

2 2 dr?
ds® = — <1 S e—2> dt? + 12 (d6” + sin® 0 dg?)
ror (1-22+5)
r re
with e > m bethelineelement on M := R x R>? x,. S2. Then (M, ds?) isafour dimensional Lorentz
manifold. On the hypersurface N := {p eEM, r(p) = %} the Weyl tensor vanishes, but on M — N
the Weyl tensor is non-degenerate.

Remark 3. The second example in b) provides C-spaces which are not conformal to Einstein spaces:
Since the Weyl tensor is paralldl, (M, g) is a C-space, but (M, g) is an Einstein space if and only if
K, = K5 . Hence (M, g) isfor K; # + K5 a C-space which is not conformally related to an Einstein



CONFORMAL EINSTEIN SPACES IN N-DIMENSIONS 8

space, because from Proposition 1 we know that every conforma transformation of (M, g) into a C-
space (M, g) has to be a scaling.

When the Weyl tensor is non-degenerate, we have found necessary and sufficient conditions for a
manifold to be conformal to an Einstein space. But what happens when the Weyl tensor is degenerate on
the manifold or on a subset of it? Winsch [21] found necessary and sufficient conditions for space-times
of Petrov type Il1, but the method he used seems not to be extendible to dimensions other than four. If
the Wey! tensor is degenerate on asubset U C M, it is very difficult to express solutions of ¢ = 0
in known terms. Moreover, if d(p) := dimker W), is greater than or equal ton — 1 foral p € U, the
vector field T is generally not unique in U. In particular, if d varies on a subset the case is very tricky,
because the number of restrictions changes.

However, if the set (det W)~1(0) contains no interior points, the results given in this section can be
extended. Let (M, g) be amanifold such that the interior of N := (det W)~1(0) is empty, then (M, g)
islocally conformally related to an Einstein spaceif and only if (M — N, g5;— ) islocally conformally
Einstein and the vector field T, defined on M — N, is extendible to a vector field on M. This clam
follows from continuous reasons, since the extension of T on M, if there is any, is unique, and this
uniqueness is al what we need for the Proof.

5. THE FOUR DIMENSIONAL RIEMANNIAN CASE

We consider four dimensional Riemannian manifolds. The Riemannian metric induces a positive
definite inner product on the aternating two-forms. Since W is self-adjoint with respect to this product,
W is adiagonalizable endomorphism of A2(M). That means

Al 0
W = AT A A2(M) — A*(M),
0 Ag
where A, ..., g : M — R are smooth functions and A” A = Id (). Denote by [W?| the trace of the

endomorphism W o W, then we obtain [W?| = A\? + ... + A\Z and thus, if W isnot zeroinp € M, |W?|
is different from zero in p. In four dimensions we have for the Weyl tensor the following relation (cf.

[5, Eq. (3D)]):
Wapet W = |W? |6},

which in our notation can be Written as follows:

1

(11) ZW [E; A X))(E;,Y) = 5|W2| (X,Y) .
Let (M, g) be conformal to an Einstein space (M, g = ¢ >%g). From Proposition 2 we know that (M, g)
is aC-space, and thus Cy;.44, 4 Vanishes identicaly:

0= (divaW)z — W[Z A gradg¢] foral Z.
Apply W to the last Equation, then we conclude using (11) for al X € X(M):

. 1
0= WidivsW)](Fi, X) = 5[W?(X9),

i.e. if |W?2| isdifferent from zero, we obtain for the gradient of ¢:

gradyp = |W2| Z W(divaW)g,|(E;, Ey) Ej, .

Definition 8. Let (M, g) be a Riemannian manifold of dimension four. Then
M, :={pe M, [W?|(p) # 0}
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is an open subset of M, and the following vector field can be defined on M;:

4
2 .
T:= el i kEIW[(dsz)Ei](Ei, Ey) By, .

Moreover, denote by M, theinterior of M — M, .

With the help of (11), it is possible to define the vector field T even if the Weyl tensor is degenerate,
since non-degeneracy meansthat for all 7 = 1, ..., 6 the eigenvalue function % has no zerosin M;. The
uniqueness of the vector field T follows from the special structure of the Weyl tensor in four dimension.
If (M1, gjar,) has non-degenerate Wey! tensor and islocally conformally related to a C-space, then the
vector fields T given in Definition 5 and 8 are equal.

Lemma 2. Let (M, g) bea four dimensional Riemannian manifold.

a) If My # 0, then (Ma, g5, ) isconformally flat, in particular (Ms, g5, ) islocally conformally related
to an Einstein space.

b) If My # 0, then (M, g|p,) is locally conformally related to an Einstein space if and only if the
vector field T given in Definition 8 satisfies

Ric® +2Fr =0.

Proof. @) Thisfollows from the Weyl-Schouten theorem (cf. [15, Thm C.9]), since W[, = 0.

b) Let (M, g|ar,) be conformal to an Einstein space (M, e_Z‘j’g‘Ml). Since this Einstein space is a
C-space, we obtain from the calculation above T = grad,¢ . Equation (9) now implies the claim.
Conversely: Since Fr hasto besymmetric, T islocally agradient. Thus, (M, g, ) islocally conformal
to an Einstein space. O

Proposition 3. If (M, g) isa connected (Riemannian) Einstein space, then M or M, is empty.

Proof. We can see from Theorem 5.26 in Besse [2] that in geodesic normal coordinates the metric g is
real analytic. For this reason also the Weyl tensor W isin these coordinates real anaytic and thus, if the
Weyl tensor vanishes on an open subset U of M, the Weyl tensor has to vanish identically in M. 0

Remark 4. The last Proposition and formula (5) imply that if a connected Riemannian manifold with
non-empty M, islocally conformal to an Einstein space, then this manifold is conformally flat.

Theorem 4. Let (M, g) be a connected Riemannian manifold of dimension four, so that there is a
point p € M with W, # 0, i.e. in particular (M, g) is not conformally flat. Then (M, g) is locally
conformally related to an Einstein space if and only if the following two conditions hold:

(i) On M, the vector field T given in Definition 8 satisfies:

0 = Ric® + 2Fr.

(ii) M5 isempty and if M — M, isnot empty, then T is extendible to a vector field of M.
If in addition M is simply connected and (i) as well as (ii) are satisfied, then (M, g) is conformal to an
Einstein space.

Proof. Let (M, g) belocaly conformal to an Einstein space. Then Lemma2 implies (i). From Proposi-
tion 3 and Equation (5) it isclear that M, hasto be empty. If M — M, isnot empty, let p be any point of
M — M;. Then thereisaneighbourhood U of p and asmooth function ¢ : U — R, sothat (U, e—2¢g|U)
is an Einstein space. Since the gradient of ¢ corresponds to the vector field Ton U — U N (M — M),
T isuniquely extendible on U U M;. Thus, we obtain the second condition.

Conversely: Let (i) and (ii) be satisfied. Then there exists a unique vector fidT € X (M) which is
equal to T on M; . Because of continuous reasons and (i),f‘ satisfieson M:

0 = Ric® + 2Fy.
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Since F; has to be symmetric, T islocal ly agradient, and we obtain the claim from (9).

If in addition M is simply connected, thenT is globally a gradient, i.e. there exists a smooth function
¢ : M — R satisfying grad,¢ = T. Thus, (M, e~2?g) is an Einstein space. O

This theorem includes also self-dual manifolds, i.e. four manifolds being half conformally flat
(W~ =0, cf. [5]). A generdization of the last theorem to the four dimensional Lorentz case seems
to be very difficult, because if W is different from zero, we can generally not follow that |I#2| or a
other trace-invariant of the Wey! tensor is different from zero. Moreover, the result used in the Proof of
Proposition 3 is given in Besse [2] only in the Riemannian case.
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