Essential conformal fields in pseudo—Riemannian
geometry

Wolfgang Kiihnel and Hans—Bert Rademacher
August 1, 1994

1 Introduction

Conformal symmetries, conformal transformations and conformal vector fields are
of great importance in general relativity, as is well known since the early 1920’s,
see [PR], [Ha]. Brinkmann [Br] investigated in 1925 conformal transformations
from one Einstein space to another, Riemannian or pseudo—Riemannian. Later
conformal vector fields on Einstein spaces (arising from local 1-parameter groups
of conformal diffeomorphisms) were reduced to the case of gradient fields, leading
to a very fruitful theory of conformal gradient fields in general. Conformal vector
fields also occur as associated vector fields of twistor spinors, see [Ra] and [KR1].

A conformal vector field is essential if it is not an isometric field for any con-
formally equivalent metric. In particular conformal gradient fields with a zero are
essential. The existence of a conformal gradient field V' = V4 is equivalent to the
existence of a solution of the equation

V2 =g (1)

for some function A\ which does not vanish identically. Here V21 denotes the
hessian of the function ¢ and g denotes the metric. There are three types of
complete Riemannian manifolds carrying a conformal gradient field according to
the number N € {0, 1,2} of zeros. If N = 2 then M is conformally equivalent to
the standard sphere, if N = 1 it is conformally equivalent to the Euclidean space or
to the hyperbolic space, if N = 0 it is conformally equivalent to a product of a real
interval with an (n—1)—dimensional manifold M,. These results are essentially due
to Tashiro [Ta], Bourguignon [Bo|, Kerbrat [Kel], compare [Kuel], [Lfl] and [Ra].
If in addition the manifold is Einstein and N > 1 then the metric has constant
sectional curvature, cf. [YN], [Tal, [Ka].

In the case of pseudo—Riemannian manifold with indefinite metric, the situation
turns out to be fairly different. Local results in the case of conformal gradient fields
are due to Brinkmann [Br] and Fialkow [Fi]. Corresponding global results are rare.
Kerbrat [Ke2] studies the equation V29 = ¢ g on a complete manifold of signature
(k,n—k) and shows the following: If the conformal gradient field V) has a zero then
M is isometric to the pseudo-hyperbolic space SP(—1) := {x € R} | (z,z) = —1}
if k> 2, and it is an isometric covering of ST(—1) if k = 1.

In the present paper we study pseudo—Riemannian manifolds (M, g) with indef-
inite metric carrying a non-isometric conformal gradient field V = V1 with a zero



or, equivalently, a non—constant solution ¢ with a critical point of Equation ( 1).
In a rough formulation our main results are the following existence and classifica-
tion results. We use the following completeness assumption: A pseudo—Riemannian
manifold with a gradient field V' = V1 is C—complete if every point on the manifold
can be joined with a critical point of ¢ (i.e. a zero of V) by a geodesic and if every
geodesic through a critical point of v is defined on IR.

Theorem A 1.) For any signature (k,n—k) with 1 < k <n—1 there exists a
smooth pseudo—Riemannian manifold of dimension n carrying a complete conformal
gradient field V- = Vv with an arbitrary prescribed number N > 1 of isolated zeros
(including the case of infinitely many zeros in two different ways corresponding to
IN or ZZ). These manifolds are C—complete.

2.) For N = oo there exist analytic examples.

3.) For any N there are analytic ezamples where the vector field is complete but
the metric is not C—complete.

4.) For any even number N there exists an analytic and C—complete example
carrying a complete conformal field which is closed, i.e. locally a gradient field.

For a precise formulation see Theorems 4.3 and 5.5. The examples in Part 2.)
can be described as the complete manifolds carrying a solution 1 of the pendulum
equation V2 + w?sinty = 0 for some positive constant w > 0 with at least one
critical point, cf. [KR2].

Part 3.) follows from Theorem 5.5 since one can cut out zeros of the complete
vector field. For N = 1,2 the pseudo—Euclidean space resp. the pseudo—hyperbolic
space S(—1) provide analytic examples. On S(—1) the vector field is not complete.
Hence we obtain examples of manifolds carrying complete essential conformal fields
with arbitrary number IV of zeros. On a Riemannian manifold a complete essential
conformal field has only 1 or 2 zeros and this occurs only on the sphere or Euclidean
space with the standard conformal structure. This was shown by Alekseevskii [All],
see also Ferrand [F1], [F2]. The compact case was proved by Obata [Ob] and
Lelong—Ferrand [LF], see also [Lf2]. In the indefinite case there are also homothetic
essential conformal fields on non-flat spaces, cf. [Al2].

Theorem B Assume that M} is a C'—complete pseudo—Riemannian manifold
of signature (k,n — k) with 1 <k <n —1 carrying a nontrivial conformal gradient
field with at least one zero. Then M} is (locally) conformally flat.

Theorem B is a consequence of Theorem 6.3.

Theorem C Let M]' be a geodesically complete pseudo—Riemannian manifold
of signature (k,n) with 2 < k < n — 2 carrying a non—trivial conformal gradient
field with at least one zero.

1. The diffeomorphism type of MJ' is uniquely determined by the number N of
zeros. Here in the case of infinitely many zeros we have to distinguish between
N and Z.



2. Every manifold is conformally equivalent to a standard manifold M (J)(c, )
defined at the end of section 4.

3. If in addition the vector field is complete then the conformal type is uniquely
determined by the number N of zeros.

Theorem C follows from Theorem 6.4 and Theorem 6.5. In the case k£ = 1
the disconnectedness of the geodesic distance spheres opens up more possibilities
for the global conformal types which can be described by the gluing graph, cf.
Remark 6.6. In the Riemannian case part 3.) of Theorem C is given in [Bo]. We
show in Corollary 6.9 that a complete manifold of constant scalar curvature with a
conformal gradient field with a zero has constant sectional curvature. For related
results in the Riemannian case see [Lf1].

The paper is organized in the following way: Section 2 presents basic results
about closed conformal vector fields in the general context of pseudo—Riemannian
geometry. Section 3 gives a discussion of the behaviour of the function resp. the
vector field near a critical point resp. near a zero. This relies on a thorough study of
geodesic polar coordinates in pseudo—Riemannian manifolds. The Taylor expansion
of the function v in spacelike and timelike directions leads to a pair 94, 1_ of real
functions satisfying certain compatibility conditions. In Section 4 examples are
constructed, based on building blocks. Each building block contains exactly one
zero of the vector field. Analytic examples with infinitely many critical points will
be constructed via elliptic functions in Section 5. In Section 6 the local and global
conformal types of pseudo—Riemannian manifolds with conformal gradient fields
are investigated, and the classification Theorem C is obtained.
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2 Closed conformal vector fields

We consider an n—dimensional connected pseudo—Riemannian manifold (M, g) car-
rying a closed conformal non—isometric vector field V- (We also use the symbol
g = (.,.)). Hence there is a smooth (C*°-) function A € C°°(M) which does not
vanish identically, such that

VxV =X (2)

for all vector fields X. Here V denotes the Levi—Civita connection on M. Then
one can find for every point p € M a neighborhood U and a function ¢ € C*° (M)
such that V = Vv where Vi denotes the gradient of 1. It follows that the Hessian
V2xyth = (VxV1,Y) satisfies:

V2 = Ag. (3)

If (e1,...,ey) is an orthonormal basis of the tangential space T,M, i.e. (e;, e;) =
€;0ij , € € {£1} then we obtain for the Laplacian At respectively the divergence



divV:

A =divV =D (Ve V,ede = A-n. (4)
i=1
From Equation ( 2) we obtain immediately the following Ricci identity for the
Riemannian curvature tensor R(X,Y)Z :=VxVyZ —VyVxZ — Vixy4:

RX,Y)V=X\N)Y-Y(NX. (5)
By contraction we obtain for the Ricci tensor:
Ric(X,V)=(1—-n)X(A). (6)
An easy but useful observation is the following

Proposition 2.1 (cf. [Ke2, Prop.1] ) Let V' be a closed conformal vector field and
let v: 1 =1[0,a) — M be a geodesic on M with V(v(0)) = k- ~'(0) for some
k € R. Denote by 0.(t) := f(f A(y(s))ds, then

V() = (k+0,()7'(1). (7)

Proof. Let (e1(t),...,en(t)) be a parallel orthonormal basis field along . Then
V(1) = Xty aiei(t), ai € R and V(y(1)) = XiLy di(t)ei(t) , i € (1), ¢i(0) =
ka;. Then

V & / /
TV O®) =2 di(et) = A0V (#),
i=1

hence ¢; = a;\ respectively ¢;(t) = (k + 64(t))

Remark 2.2 a) If V(7(0)) = 0 then V(v(t)) = 6,(t)7'(t).

b) If V =V, let (t) :== (y(t)), A(t) := A(y(t)), then it follows from " (t) =
v27/77/1/) that

() = A A) (8)
Hence if (v',7') # 0, then
_ (L) —'(0)Y
Vi) = (k+ L) ). Q
If in addition ~(0) is a critical point of ¢, i.e. k=0, Ve (v(0)) = 0:
Vo(0) = (1) (10)

If v is a null geodesic then ¢/(t) = (Vy,7)(t) = (k + 0,(t))(7,7') = 0, hence
P(t) = 1(0) for all ¢.

c) The last statement is a particular case of the fact that for any conformal
vector field V' (not necessarily closed) and every null geodesic 7 the product (V,+')
is constant along the geodesic 7. If V= V1) then this shows, that

2
S(0) = (V) =0

hence 1(y(t)) = (V,7)(7(0)) - t + ¥ (7(0)).



Proposition 2.3 [Ke2, Prop.2] Let V be a non—trivial closed conformal vector field
on the n—dimensional pseudo—Riemannian manifold (M, g).

1. If V(p) = 0, then divV(p) = n - A(p) # 0, in particular all zeros of V are
isolated.

2. Denote by C = C(M, g) the vector space of closed conformal vector fields, then
dimC <n+1.

Proof. 1.) Let v : I — M be a geodesic with v(0) = p and let 0,(t) be the
function from Proposition 2.1. It follows from Equation ( 6) and Proposition 2.1
that the function 6, satisfies the following differential equation:

o) = M) = N)(H) = = Rie(/,V) = (1)
= 19_7nRic(7’,7'). (12)

Since V(7(0)) = 0 we have 6,(0) = 0. If 6/,(0) = A(p) = 0 then 6, vanishes identi-
cally for all geodesics v starting form p. Hence V' vanishes in an open neigborhood
of p where then also A\ vanishes. Therefore the set

A:={qe M|V(q) =0} N{qe M|A(q) =0}

is an open and closed subset of M. Hence A = () since we assume V' to be non—
trivial.

It follows that A(p) = ¢.,(0) # 0 for all geodesics starting from the zero p of V.
Since V (y(t)) = 6~(t)7/(t) by Proposition 2.1 it follows that p is an isolated zero of
V.

2.) For every p € M the linear mapping

Vel(M,g)— (V(p),divV(p)) e ,M & R

is injective, since by 1.) it follows from V' (p) = 0 and divV'(p) = 0 that V vanishes
identically O

In the sequel we will show that the metric in a neighborhood of a point where
V is not null has the form of a warped product I x; M, i.e. the metric g on the
product I x M, has the form

g =ndt* + f*(t)g., n = £1.

Here (M., g.) is a pseudo—Riemannian manifold and f is a nowhere vanishing C*—
function on the interval I.

Remark 2.4 a) A consequence is this: For no conformally equivalent metric the
vector field V' becomes an isometric (Killing) field, i.e. V' is an essential conformal
field. This follows since the value divV'(p) of a conformal vector field at a zero p is
a conformal invariant.

b) If the dimension of the space of closed conformal fields is maximal, i.e.
dim C(M,g) = n + 1, then the manifold has constant sectional curvature. This



can be shown as follows: At first it follows from dim C'(M, g) > 2 that there is a
k € R such that for all V € C(M, g) the function ¢ = divV satisfies V29 = k¢ - g,
cf. [Ke2, Prop.4]. Then one can use arguments as in the proof of [Ke2, Thm.6]
resp. of Corollary 6.7 to show that the sectional curvature is constant.

Lemma 2.5 Let 0, be the unit tangent vector in direction of the first factor of the
product I x M, and let X,Y,Z be lifts of vector fields on M,. Here I denotes an
open interval in IR. Denote by V*, Ry, Ricy, ps the Levi-Civita covariant derivative,
the Riemannian curvature tensor and the normalized scalar curvature of (My, gx).
(The normalized scalar curvature of the standard sphere with sectional curvature 1
is also 1). Then we have the following formulae for the corresponding geometric
quantities V, R, Ric, p of the warped product metric

(Tnde?) x5 (M, g2) = (T x M), (9= nde* + f(0)g.))

1.
Vo0 = 0 (13)
Vo X — ant:f,X (14)
ViY = —“X;;Y)nf'atww (15)
2.
12
R(X,V)Z = R*<X,Y>Z—fmn{gmm—g(x,zm (16)
R(X,Y)9 = 0 (17)
R(X,0)0 — —J;X (18)
3.
Rie(Y,2) = Ric.(v;2) = z5{(n=2)/%+ ["flg(v,2)  (19)
Ric(Y,8;) = 0 (20)
Ric(0,0) — —(n—l)‘]} (21)
+ n—2 n—2 9
f2p= —p. — — f’zn—gnf”f (22)

This follows from the formulae for warped products, c¢f. [ON, ch. T7](observe
that the Riemannian curvature tensor in [ON] has the opposite sign) since

V= fnd, Voof=9No V)= f"

The formulae in the Riemannian case and the pseudo—Riemannian case coincide if
we consider in the case = —1 the warped product § = dt? + f2(t)Gs, Gx = —g«
which is anti-isometric to g (then p = —p, p. = —px,...). In particular we obtain
as in the Riemannian case the



Corollary 2.6 The warped product (I,ndt*) x s (M, g.) is an Einstein metric (a
metric of constant sectional curvature) if and only if g. is an Finstein metric ( a
metric of constant sectional curvature) and f"> + pnf? = np..

Lemma 2.7 [Fi] [Kuel, Lemma 12| Let (M, g) be a pseudo—Riemannian manifold.
Then the following conditions are equivalent:

1. There is a non—constant solution v of Vi) = %g in a netghborhood of a

point p € M with (Vi)(p), Vi (p)) # 0.

2. There is a neighborhood U of p , a C™°—function v : (—e,e) — R with ¢/ (t) #
0 for all t € (—e,€) and a pseudo—Riemannian manifold (M, g«) such that
(U, g) is isometric to the warped product

(e ) s mdt?) xyr (Miyg.)) = (=€) x M., ndt* + 0/ (0)%g.)  (23)
where 1 := sign(Vi(p), V(p)) € {21},
Proof. 2.) = 1.): Define the function ¥ : (—¢,€) x M, — R, (t,x) = (t).

Then Vi (t,z) = '(t) - n- 0 and Vy, Vb =" (t) - n- 0, by Equation ( 13). Let X
be a lift of a vector field on M., then by Equation ( 14):

ViV =" 0 X.

1.) = 2.) Let U be a neigborhood of p € M with compact closure and with
(Vi (q), Vo(q)) # 0 for all g € U. Hence ¢ = 9(p) is a regular value, let M, be the
connected component of 1~ 1(c) containing p. Then there is an € > 0 such that the
normal exponential map

expt : (—€,€) X M, — M, (t,x) — exp(tVi)(x))
defines a diffeomorphism onto the image. Let ¢ € U, g(X,V(q)) = 0, then it

follows immediately that

A
Xg(Vy, V) =22 (v, X) = 0. (24)

Hence (V1i), V) is constant along the level hypersurfaces ¢¥~1(¢/) and the level
hypersurfaces 1~ (¢ (exp(t,x0))), t € (—e¢,€) are parallel. Therefore they coincide
with the t-levels and 1 can be regarded as a function of ¢ alone: ¥ (t,z) = (t) and
Vi(t,z) = ' (t) - noy as well as
A
V2 = 2¢"ng = # 9.
g(0r,0r) = n = sign(Vy(p), Vi(p)) follows since t — exp(tVi(z)) is a geodesic.
Let X be a lift of a vector field on M,, then g(d¢, X) = 0 by the Gaul-Lemma. If
X1, Xy are vectors tangential to M, at xp and
X;(t) = dexp(t,z)(X;),i = 1,2 then
d
g l=s9(X1, Xo)(t) = Lo,g(X1, Xa)(s) = T Loyg(X1, X2)(s) =

P'(s)
2 P (s)
Wg)v%{l(s),xg(s)w = 2 W(j) 9(X1, X2)(s) .




Here Lz9(X,Y) =9(VxZ,Y)+g(X,VyZ) is the Lie derivative of the metric in di-
rection of the vector field Z. Hence t — (1'(t))~2g(X1, X2)(t) satisfies the differen-
tial equation (') 2g(X1, X2))'(t) = 0. Hence if g.(X1, X2) = (&) 2(0)g(X1, Xa)
the claim follows. The metric g. is non-degenerate: If g.(X,Y) = 0 for some X
and all Y tangent to M, then also g(X, d;) = 0. Since g is non—degenerate it follows
that X =0 a

Remark 2.8 If Vi) is a null vector on an open set of points in M and if V2% is
a multiple of the metric then it easily follows that V2¢ = 0, i.e. V1) is parallel.
Therefore this case does not have to be discussed if we assume that V) has at least

one zero. In general relativity these metrics are called plane gravitational waves,
see [Half] and [HE].

3 Geodesic polar coordinates on pseudo—Riemannian
manifolds

We denote by R} = (R", (.,.)) the pseudo-Euclidean space of signature (k,n — k),
Le. (z,x) =—(ai+-- - +ap)+aj, +---+axi Forn>2ne {1} let S(n) :=
{z € R} |(z,z) = n} and we denote by |z| := /|(x,z)| > 0 the pseudo—norm.

Then S(1) is the pseudo—sphere which is with the induced metric a pseudo—
Riemannian manifold of signature (k,n —1—k) and of constant sectional curvature
K =1. S§(1) is diffeomorphic to R¥ x §"~1=* we denote by S°(1) the connected
component of S(1) containing the point (0,0,...,0,1). The pseudo-sphere S(1) is
connected for 1 < k < n — 1, otherwise it consists of two components.

S(—1) is the pseudo—hyperbolic space which is with the induced metric a pseudo—
Riemannian manifold of signature (k—1,n — k) and of constant sectional curvature

= —1. It is diffeomorphic to S¥~! x R" %, cf. [ON, p.110]. We denote by
S9(—1) the connected component of S(—1) containing the point (1,0,...,0). S(—1)
is connected if k > 2, for k = 1 it consists of two components. In the Lorentzian
case k = 1,n = 4 the pseudo—sphere is also called de Sitter space—time, the pseudo—
hyperbolic space is called anti—de Sitter space—time. A region of de Sitter space
served in general relativity as a model in the steady state theory, which was proposed
in 1948 by Bondi-Gold and by Pirani, cf. [HE, ch. 5.2].

Let ¥ := S%1) U S%~1) and let C = {x € R} |(x,x) = 0} be the light
cone. Then we to introduce polar coordinates on R}, — C. We construct as in the
Riemannian case a map

ye Ry —C—0(y) = (r(y), ¢(y)) e R x X

where r(y) is the radial part, i.e. the absolute value of r(y) equals the pseudo—norm
ly|. Here the image G := ®(IR} — C) C R x ¥ of the polar coordinates depends
on the signature k and the dimension n, resp. it depends on the number ¢ of
components of S(1) U S(—1).

If 2 <k <n-—2then ¢ =2 and ®(y) = (sen({y,y))|yl, |y|"1y), ie. G =
Rt x S(1))U (R~ x S(—1)). If k = 1,n > 3 then ¢ = 3 and we set for (y,y) <
0:®(y) = (nlyl,nlyl~"y) € R x S°(~1) where 1 € {1} and for (y,y) > 0: D(y) =
(yl, ly|~'y), ie. G =R x SO (=1)URT x S(1). If k =n — 1,n > 3 then ¢ = 3



and we set for (y,y) > 0: ®(y) = (n]y|,nly|~'y) € R x S°(1) where n € {£1} and
for (y,y) < 0:®(y) = (|yl, ly|~ty), ie. G =R x S°(1) UIRRT x S(—1). Finally let
k=1,n=2. Then ¢ =4 and ®(y) = (n|y|,nly|ly) e R x %, ie. G=R x .

Then it is clear how to define geodesic polar coordinates around any point p € M
of an arbitrary pseudo-Riemannian manifold via the exponential map. Let C) :=
{X e T,M | (X, X) = 0} be the light cone at p. There is an open neigborhood U
of the zero vector in T, M = IR} such that

p: U ~-C)CcG—UCM

¢(r,z) = exp,(® ! (r,z)) defines geodesic polar coordinates.

In these coordinates we consider warped product metrics of the form ndr? +
fa(M)? - g1(z), n € {£1},(r,z) € G C R x X, where g; is the standard metric on
Y. This implies that these metrics have around 0 an @ (k,n — k)-symmetry, here
O(k,n—k) :={A € End(R}) | (A(y), A(y)) = (y,y)} is the orthogonal group of IR}.
First we study which pairs of functions f1 define a smooth metric in a neighborhood
of the origin, i.e. we give sufficient and necessary conditions for the functions v,
such that the metric also extends onto the light cone on which r = 0:

Definition 3.1 1.) We define the following set F of two C*°—functions f =
(f+, f-) : R — IR satisfying the following conditions: ffmﬂ)(O) =0, ffm)(O) =
(=)™ £#™(0) for all m > 0 and f11(0) = —£"(0) # 0.

2.) We define the set Ay C IR} — C' in geodesic polar coordinates (r,z) € G C
R x ¥ as follows: (r,z) € Ay if and only if f;, n = (z,z) does not vanish between
0 and 7.

Remark 3.2 Let fi : IR — R be two smooth (i.e. C°°—) resp. analytic functions.
Then the following conditions are equivalent:

1 f2m0) =0, £2™(0) = (=1 £2™(0) for all m > 0.
2. The function

) Y 5 t>0
F(t)._{ff(ﬁ) | t<0

is smooth resp. analytic in a neighborhood of 0.

Remark 3.3 Let fi be two real analytic functions defined on the real line whose
Taylor expansions around 0 are given by

R - a; .

with ag # 0,a2; € IR for all j > 2. Hence f1+ € F. Then one can form a holomorphic
function F': U — @ whose expansion around 0 is given by

J=0 (

azj  2;
21 7



F' is defined on an open neigborhood U of the union IR U ¢IR of the real and the
imaginary axis. Given such holomorphic function we can recover fi by fi(x) =
F(z) and f_(z) = F(iz) for all z € R,i = v/—1. On the other hand given a
holomorphic function F : U — @ which satisfies F(z) = F(—z) and F"(0) # 0 we
can form fi(z) = ReF(z), f-(x) = ReF(iz) for all € R and obtain fy € F.

Lemma 3.4 Let a smooth pseudo—Riemannian metric g be given in geodesic polar
coordinates (r,z) € G C IR x X by

/ 2

e, Ja(r)

g(r,z) = ndr” + 71(0)2 9
with a C*°—metric g, on %. Then g, coincides with the standard metric g1 on X of
constant sectional curvature 7).

Proof. Let o be a plane spanned by the orthonormal vectors X,Y with € =
(X, X)(Y,Y) = £1 which are both orthogonal at r = 7y to the radial geodesic
r +— (r,zq) for a fixed o € X. Let K(o) resp. K.(o) be the sectional curvature
of o in (M, g) resp. in (X,g+). Then it follows from the formulae ( 16) for the
curvature of a warped product (see Lemma 2.5):

17 2
K(o) = eg(R(X,m,X):69<R*<X,y>y,x>_n(W@) (25)

fh(ro)
= 5 (Ku(0) 1700 = n 1 (0)%) (26)
flro)2 NN A 0T
Since K, (o) is independent of r we obtain for rg — 0 that K,.(c) = n. Hence (%, g4)
has constant sectional curvature 7, i.e. g, is isometric to g1 ]

Proposition 3.5 Let ¢4 be two smooth real functions with ¢’/ (0) = —¢” (0) # 0.
Then we define the functions ¥(r,x) = y(r), ANr,z) = Ay(r), Ay = miby on the
complement R} — C' of the light cone C in the pseudo—Euclidean space. Here
(r,z) € G € R x X are geodesic polar coordinates of the pseudo—Euclidean space.
We also define the metric

vy (r)?
o 02

where 1 = (xv,x) € {*1} on the subset Ay, on which 1 does not vanish, see
Definition 3.1 2.). Then the following holds:

g(r,x) == gy(r,x) = ndr? + (27)

1. The functions 1, X extend smoothly onto By := Ay UC C IR}, i.e. onto the
light cone, if and only if Y4 € F, i.e.

w2 0) =0, 9™ (0) = (-1 (0) (28)
for allm > 0.

2. The metric gy extends smoothly onto the light cone if and only if Y+ € F and
gy is conformally flat.

10



3. If Yy € F then the function i : By — IR has a critical point in 0 and satisfies
V3 =Ag
for some function A.

Proof. 1.) Let x € IR} be the standard coordinates of IR}. Then let y(t) :=
xo+yot with null vectors xg, yo # 0 satisfying (zo, yo) = 1/2, i.e. «y is a null geodesic
intersecting the light cone at time ¢ = 0 in zp and (y(t),~(t)) = t. Hence

Py (V) ; t>0
P(v(t)) = Y_(v/—t) C <0
Y4 (0) =v_(0) ; t=0

By Remark 3.2 1o+ is smooth if and only if Equations ( 28) hold. If v(¢) = z¢+yot
for a null vector g and (xg,yo) = 1/2 is an arbitrary geodesic intersecting the light
cone at time ¢ = 0 then (y(t),y(t)) =t + (yo,y0)t>. Then it follows that

Vi (Vt+ (Yo, y0)t?) 5 t>0
P(y(t) = Y- (V—t = (Wo,y0)t?) ; t<0
¥4(0) = ¢-(0) c =0

is smooth since 11 satisfy equations ( 28).

2.) For the following computation we assume for simplicity that 2 < k <n — 2.
In case of signature £ = 1 resp. £k = n — 1 similar arguments work. Then we have
(r,z) € (RT x S(1)) U (R~ x S(—1)) as range of the geodesic polar coordinates.
Instead of the functions ¥+ we form a single function ¥, : R — R with 9, (t) :=
Yy (t),t >0 and Y. (t) :=_(—t),t <O.

The function ¢/, has an expansion around 0 of the form

Wi (r) = (sgnr) ¥ (0+) r + O(r?),

therefore the function h: (r_,r;) — R,

- Pio+) 1
h(r) := (sgnr) o) " (29)
is continuous in 0. Then one verifies that
_ _ Po - "
p=otr) = 2 end [ nieac) (30)
satisfies
golrsa) = ndr? + 20 0 @) = ) [ + Ao} . ()
¥y(0)?
Here the conformal factor is given by
ro Yi(r) 1 "
F=F(r)=— —expq — h(&)dE ¢ .
0= oo i) 7 o= [ et 32
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Hence the transformation (p,z) = (p(r), z), sgn(z,x) = sgnr is a conformal trans-
formation. Let F(r) := F(£r), r > 0, then one verifies that Fly € F if Y, € F.
Hence gy extends onto the light cone since gy does and since F'(0) > 0.

3.) It follows from Lemma 2.7 that outside the light cone V2 = \g with
A(r,x) = @bz’m’@ (r)(x,z). Since ¥4 € F the function X is smooth on A, U C. O

Proposition 3.6 Let (k,n) be the signature with 2 < k < n — 2. On the building
block B(a,b) = {y € RY| —a® < {y,y) < b*} where a,b € RU{co} we consider the
metric gy as defined in Proposition 3.5. for a continuous function ¥, on IR which is
smooth outside 0 and the pseudo—FEuclidean metric go and we let 1y (t) = . (Lt).
We denote by ri,r_ the first positive, resp. negative zero of 1., and we allow
r4,—r_ = 00. The functions p = p(r), F = F(r) for an arbitrary ro € (0,74) and
po > 0 are defined as in Equations ( 30) and ( 32). We set py = p(ry), hence
+py € RT U {o0}.

Ifry < oo resp. r— > —o0 then p4 = 0o resp. p— = —oo. Then (B(r—,ry),gy)
and (B(p—, p+),90) are conformally equivalent with conformal factor F, i.e.
Yi(r)?

gy (r, ) = ndr” + (@) = F2(r) { (senp)dp® + P (@)} (33)

¥(0)?
with (p,x) = (p(r),x), sgn(x, z) = sgnr.

Proof. 1t follows from Part 2.) of the proof of Proposition 3.5 that (B(r—,ry), gy)
and (B(p—, p+), go) are conformally equivalent with conformal factor F'. It remains
to prove that p4 resp. p_ is infinite if vy resp. r_ is finite. Now we assume that
r4 < 00. We use around the critical point ¢ (which corresponds to r = r.) geodesic
polar coordinates (7, %) € G. Then it follows that 7 = r — r for r € (0,74+) and
Z = z. The metric g, around p for 7 < 0 is of the form

! (= 2
di? + 1/1*(:(4;:);) g1(x).

It follows from Lemma 3.4 that

(ry) = ~4£(0).
Hence the function /: (0,74) — R
g |1 11
l - = h —
(r) Yh(r)  r—ry (r)+ r—rg + r
is continuous in r; and we obtain from Equation ( 30):
rg — T r
o) = = exp { [ 1(6pic}
r=Ty 0
Hence
lim p(r) =oc0.
r— T4
rry
The same argument shows that p_ = —oo provided r— > —o0. O
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Remark 3.7 Since the conformal field Vi under the conformal transformation of
Proposition 3.5 resp. Proposition 3.6 is mapped onto the radial field on B(p_, p4)
for every signature 1 < k < n — 1 we obtain that Vi is complete if p_ and p,4 are
infinite.

Remark 3.8 In the case 2 < k < n —2 we can also write the metric g, as follows:
Instead of the coordinate r we choose s = (y,y),y € R}, ie. s = nr? resp.
ds/dr = 2nr = 2n,/ns. The functions 11 satisfy Equation ( 28) if and only if
o(s) == 771%’(0)_11/177(\/%) is smooth, cf. Lemma 3.2. Then we can write

as?

/ 2
o 415l (%1 (31

gy (s, @) =
The pseudo—Euclidean metric in this coordinates is given by

ds?
s + |s]g1 - (35)

We also have ¢'(0) = 1/2. Then Proposition 3.5 shows that Equation ( 34) defines a
metric which extends onto the light cone if and only if ¢ is smooth and ¢'(0) = 1/2.

Example 3.9 1.) We consider the pseudo-Fuclidean space TR}. Its metric in
geodesic polar coordinates (r,z) around 0 is of the form:

—drt +r?g1(x) , (z,2)<0
dr® +r%gi(z) , (z,z)>0.

Then the function

Yirx) = 1?2 {z,z) <0
Y(r,x) = —r?2 | {z,z) >0

satisfies the equation V2 = 2.

2.) We consider the pseudo-hyperbolic space S(—1) = {z € IRZI} | (z,z) = —1}
of signature (k,n — k) with its canonical embedding in the pseudo—Euclidean space
]RZﬂ We can describe the conformal gradient fields as follows. Fix a vector
T e ]RZI%, then ¢ : S(—1) — R, ¥p(p) = (T, p) is the height function in direction

T. Then one can easily show that
Vxyr =y¢rX (36)

for every vector field X on S(—1). Hence Vi is a conformal vector field, resp. 1
satisfies

Vi =1ryg, (37)

cf. [Ker2, §2] or [Ke2, §3]. Proposition 2.3 b) shows that every closed conformal
vector field can be written this way. Now assume that n > 2. Then S(—1) is
connected. The critical points of i are the intersection points of S(—1) as subset
of ]RZI% with the line through 0 whose direction is T. Hence if T is timelike there

13



are two critical points p, —p. It follows that in geodesic polar coordinates (r,z) € G
we have around p resp. —p the following expression for the metric:

—dr? +sin?rgi(z) , (z,2)<0
dr? 4+ sinh?r gy (x) , (z,2) >0.

The function ¥ has the form

Yr(r,z) = cosr , (x,)<0
Yr(r,x) = coshr |, (r,z) >0

in geodesic polar coordinates around p and around —p:

Yr(r,z) = —cosr , (x,z) <0
Yr(ryz) = —coshr , (z,x)>0.

The geodesics on S(—1) are the intersections of planes in ]RZI% through 0 with
S(—1). Hence all timelike geodesics emanating from p meet after time r = 7 in
the point —p and close after time r = 27. The spacelike and null geodesics from p
resp. —p go to infinity, more precisely the height ¢ along these geodesics goes to
+o00. It also follows that the points on the null resp. spacelike geodesics starting
from p do not have a geodesic connection to the point —p. This is an example
of a pseudo-Riemannian manifold where all geodesics are defined on R i.e. the
manifold is geodesically complete but the exponential map exp,, : T,M — M of the
point p is not surjective. On the other hand every point on S(—1) has a geodesic
connection either to p or to —p , i.e. one says that S(—1) is {p, —p}—complete, see
Definition 4.2.

4 Existence results

We construct pseudo-Riemannian manifolds M (J) with J = {1,...,m} for any
m € N or J = IN or J = 7 carrying two non—constant functions ¥, A satisfying
V21 = A\g with the following property:

Cr(y) = {p; € M(J)|j € J} is the set of critical points of ¢ with ¥(p;) <
P(pj41) for all j,j +1 € J. We use the following building blocks. For a,b > 0
let BT(a) := {z € RY[(z,z) < a®}, B~(b) := {z € R}| —b* < (x,2)} and
B(a,b) :== Bt (a) N B~ (b) = {x € R}| — b < (x,z) < a?}.

Lemma 4.1 There is a smooth pseudo—Riemannian metric g of signature (k,n—Fk)
on every building block B(a,b), BT (a), B~ (b) with two non—constant functions 1, A
satisfying V21 = Mg such that 0 is the only critical point of ¥ and \(0) = 1.
The metric g in a collar neighborhood of the boundary is the product metric on
[0,€] x OB(a,b). resp. on [0,€] x OB (a) or on [0,¢] x 9B~ (b). In case B*(a) resp.
B~ (b) the metric is a product metric outside (x,x) > —1 resp. (z,x) < 1.

Proof. We give the proof for the building block B(a, b), the constructions for B*
are analogous. On B(a, b) we have polar coordinates (r,z) € GN((—b,a) x X) since
B(a,b) is a subset of R}. G is the range of polar coordinates which depends on the
signature, cf. Section 3. Let fi : R — IR be smooth even functions with f_ = —f
satisfying the following assumptions, where € > 0 satisfies 10e < min{a, b}.
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L. fi(t) = 3% for |z| <€
2. 0 is the only critical value of fi|[—b,a]
3. fit)y=1forte€[a—eaU[-b —b+ €.

(In the case a = oo resp. b = oo condition 3.) should be replaced by f! (t) =t
for t > 1). Then fy € F. We choose the metric (x,z)dr? + !}"(’xm(r)2 gi1(x) =
(z,z)dr* + fi.(r)?gi(z) on B(a,b), where n = (z,z) € {£1}. It follows from
Proposition 3.5 that the functions ¢, A on B(a,b) with ¢(r,z) = (z,z) f(r) and
A, x) = f(r) satisfy V2¢ = Ag. By Property 2.) 0 is the only critical point of
¢ and A(0) =1 by Property 1.). Property 3.) implies that the metric is a product
metric in a collar neighborhood of the boundary. O

Definition 4.2 Let A be a subset of a pseudo—Riemannian manifold M. Then M
is said to be A—complete if the following two conditions hold:

1. Every geodesic through A is defined on IR.

2. One can join every point on M with A by a geodesic.

In the Riemannian case it follows from the theorem of Hopf and Rinow that a
metrically complete manifold M is geodesically complete, then in particular M is
{p}—complete for every point p € M. In the pseudo—Riemannian case this does not
hold, as explained in Example 3.9 the pseudo—hyperbolic space S(—1) is geodesically
complete, but there are points p such that S(—1) is not {p}—complete. On R} one
defines the separation d(p,q) = |p — q| > 0 as the pseudo—norm of the difference
p — q, cf. [ON, ch.6]. Then we set for two points p,q on a pseudo—Riemannian
manifold the separation d(p,q) as the infimum of the absolute values of lengths of
curves joining them.

Theorem 4.3 Let J = {1,...,m} or J = N or J = Z. Fix a set D =
{djlj,j+1eJ} C IR™. Then there exists a smooth pseudo—Riemannian man-
ifold (M(J),gp) of signature (k,n — k) carrying smooth non—constant functions
Y, A satisfying V2 = X g and such that 2d; = d(pj, pj+1) for all j,j+1 € J. Here
d denotes the separation induced by gp. The set Cr(v) = {p;|j € J} of critical
points of 1) is in natural bijection with J meaning that (p;) < ¥(pj4+1) for all
J,7+1 € J and the manifold is Cr(yp)—complete (or C—complete for short) and the
vector field V- = V1 is complete.

Remark 4.4 In some sense the critical points together with their labeling form a
linear graph.

J ={1,...,m} corresponds to e o ..
J = IN corresponds to e °
and J = 7 corresponds to --- ——e — .-

Proof. First we construct the underlying manifolds M (J). If J = {1} we take
M(J)=RE. IfJ={1,...,m}, m=20,1>1 we take

M(J) = Br(dl) U Ba(dy,d2)U...UBpy—1(dm—2,dm-1)U B;;(dmfl)
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Each B;-“(a) resp. Bj(a,b) is a copy of Bt (a) resp. B(a,b) and here the gluing
is as follows: The boundary dBf = {z € R} |(x,2) = d;} is identified with the
component {x € IR} |(x,z) = di} C 0Ba2(dy,d2). Then the components {z €
Z ‘ <$,$> = —dQ} N 8B2(d1, dg) and {x € IRZ <.’E, l’> = —dg} N 6Bg(d2, dg) as well
as {33 € ]RZ ‘ <.’L‘,SU> = dg} N 8Bg(d2, dg) and {x € IRZ | <$,1’> = dg} N 8B4(d3,d4) are
identified. Proceeding this way we obtain M (.J).
ItJ={1,...,m}, m=2l—1,1>2 then

M(J) = B*(dy) UBy(d1,d2) U...UBy 2(dm—2,dm_1) UB™ (dpm_1).
with the analogous gluing. If J = IN we let
M(J) = Bt (dy) U By(dq,d2) U Ba(dg,ds) U...
and if J = 7 we let
M(J)=...UB_1(d-1,dp) U By(do,d1) U B1(d1,d2) U...

with the analogous gluing. On every building block we have by Lemma 4.1 a metric
which is the product metric near the boundary. Therefore this defines a smooth
metric gp on the manifold M (J) which is a product metric near the boundary
of the building blocks. By construction gp has the form (z,z)dr? + f(r)? gi(x)
with an even function f; satisfying the properties 1.),2.),3.) listed in the Proof
of Lemma 4.1. Then for every ¢ € R, € € {£1} the function 9., defined on the
building block with

Ye,e = (@, z) f(r) +c

satisfies V2. . = A g where A\¢(r, z) = (z, x)- f//(r)-e. By choosing the constants c, €
appropriately on every building block we obtain globally defined smooth functions
¥, X satisfying V21 = )\ g with precisely one critical point on every building block.
Here the value of € has different signs on neighboring building blocks. V' is complete,
cf. Remark 3.7. O

Remark 4.5 The function ¢ and hence A as well as the metric can be described
also by the following piecewise smooth function %, : IR — IR of one variable. Let
t1 =0and tj1; =t;+d; forall j,j+1 € J. Choose a broken geodesic vy : R — M (J)
with break points p; = ¥(t;) , j € J at the critical points p; of ¢». Hence | [t;, ;1]
is a geodesic joining p; and p;11 whenever j and j+1 belong to J. The causal type
of v changes at every t;,j € J between timelike and spacelike. If ¢ : M(J) — R
is given we set ¥, (t) := 1 (y(t)). It follows that the smooth resp. analytic function
¥ : M(J) — IR is completely determined by a piecewise smooth resp. analytic
function ¢, : R — IR with the following properties: . is smooth resp. analytic
outside the set T := {t;]j € J} C R,

G () = P (1) = 0, 0P () = ()M (-) (38)

and
L(ty+) € {£1} (39)

for all j € J and all m > 0. Then the function ¢ on M(J) constructed in the
preceding proof is defined by a function ¢, of the following type:
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L. ¥u(tj + h) — ¥u(t;) = (=1)/ (sgnh)h? for sufficiently small h.
2. Outside T C IR 1, has no critical value
3. YL(t) = (1) for t nearby d; if j,j+1 € J.
On the other hand the proof of Theorem 4.3 shows also the following result:

Proposition 4.6 Given a set D = {d;|j,j+1 € J} C RT together with the set
T :={t;|lj,j+1 € J} wheret; =0 and tj41 =t;+d; for all j,j+1 € J and given a
continuous function ¥, : R — IR which is smooth outside T and satisfies Equations
( 38) and ( 39). Then there are smooth functions 1, A and a smooth metric g, on
M (J) such that the following holds: The function 1 satisfies V? = Agy, the critical
points of 1 are the points pj,j € J and 2d; = d(pj, pj+1)-

We define on a manifold of the diffeomorphism type M (J) a conformally flat
structure M(J)(«, ) as follows:

Fix numbers a, 3 € R* U {co} as follows: In case J = Z we set a = 3 = o0,
if J = NN then € {1,00},8 = o0. If J = {1,...,m} let either « = 1 and
BeRTU{oo} or a=f=oo.

If J={1,...,m} let

MJ) (e, 8) := Bi(a,00) U Ba(00,00) U ... By—1(00,00) U By, (00, ) .

Here each Bj(a,b) is a copy of B(a,b) :== {y € R} | —a® < (y,y) < b*}.
If J =1IN we let

M(J)(a,0) := Bj(a,00) U Ba(00,00) U Bz(co,00) U. ..
and if J = 7 we let
M(J)(o0,00) :=...U B_1(00,00) U By(00,00) U Bi(00,00) U...

In all cases we use the following gluing (identification). We describe how to glue
B; = Bj(aj,bj) with Bj11 = Bjt1(aj+1,bj41), resp. B;_1. Let U; be the interior of
Bj, then we have on U, the pseudo-Euclidean metric g; which in polar coordinates
(pj,x;j) has the form
sen(z;, ;)dpi + pf g1(z;) -

We identify the point (p;, ;) on U; with (pj41,2j41) = (1/pj, x;) on Uj11 whenever
(=1)7p; > 0 resp. with (pj_1,zj-1) = (1/pj,x;) on Uj_q if (—1)7p; < 0. On the
overlaps U; N Uj;1 we have

sgn(w;, x;)dps + p3 g1(x;) = [)14 {Sgn<$j+1, Tip1)dpi iy + pi 91($j+1)}
J
hence the metrics {(Uj, g;)jes} define a conformally flat structure.

The conformal factor is the same as the conformal factor of the inversion: I(y) =
y/{y,y) for (y,y) # 0. In geodesic polar coordinates the inversion has the form
I(r,z) = (1/r,2) and satisfies I*go = r~4go.

In general relativity conformally flat manifolds occur in the Nordstrém theory,
cf. [HE, ch.3.4].
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5 Analytic Examples

Now we are going to construct explicit analytic examples of metrics on M (J)
which satisfy the hypotheses of Theorem A in the Introduction, in particular these
examples are Cr(¢)—complete. For the sake of simplicity we assume here, that
d(pj,pj+1) =1forall j,j+1€J.

Remark 5.1 One can use the stereographic projection R} — Q,( cf. [Kui] and
[CK]) into the standard quadric @ in the (n + 1)—dimensional real projective space
P"1R to construct a locally symmetric metric in the conformal class of M (J)(a, 3).
The standard quadric @ can be defined as follows: Let C"! := {z € ]RZI% (x,x) =
0} be the light cone in the (n + 2)-dimensional pseudo—Euclidean space ]RZI% of
signature (k+1,n —k+1) and 7 : R"™? — {0} — P""!IR be the canonical projec-
tion. Then Q = 7(C™*!). On S*¥ x S"F we have the product metric (—gi) ® gn_r
of signature (k,n — k), where g; is the standard Riemannian metric on St this in-
duces the symmetric metric gg on (). For the topology of @ see also [Kue2]. Then
one can check that the pull-back metrics 0*ggp on the building blocks B; = Ry
define an analytic metric on M (J)(c, ), which then is locally symmetric, since it
is induced by a symmetric metric. Hence the scalar curvature is constant but the
sectional curvature is not. The proof of Corollary 6.9 implies that for this metric
there is no solution 1 of 1 of V2t = A\ g with critical points.

Remark 5.2 Let M,, := M({1,...,m}), we use the description of ¢ and the
metric gy by the function 1), : IR — IR as described in the above Remark 4.5.

m=1: We can choose the pseudo-Euclidean space R}, as M, cf. Example 3.9
1.). In the description of Remark 4.5 the function ¢ resp. the metric gy is given
by the function v, (t) = t2 for t > 0 and . (t) = —t2 for t < 0.

m=2: We can choose the pseudo-hyperbolic space S(—1) as M, see Exam-
ple 3.9 2.). The function 1 on My as well as the metric g, can be described by the
function 1 :

Zcoshr(t—1) ; t<1
Yu(t) = Zcosm(t—1) ; te[l,2] (40)
—%coshw(t—Q) ;o t>2

Then one computes from Lemma 2.5 that the sectional curvature is constant —1.

m=oc The rest of the section is devoted to the construction of an analytic
solution 1) on M(ZZ) of the equation V¢ = A\g and with critical points {p;|i €
ZL}. Then the functions ¥4 on a building block B have to satisfy the following
hypotheses:

Choose v+ : R — M(Z) a geodesic with v4(0) = pj, v+ (1) = pj+1, (Ve V) =
+1 then 4 is a closed geodesic with v4(t + 2) = 4 (¢) for all £ € IR. Hence
Y +(t) := ¥(y+(t)) are analytic periodic functions satisfying v; + € F.

Therefore we use for the construction of an analytic metric on M (Z) with an
analytic solution ¢ of V21 = \g elliptic functions, c¢f. Remark 3.3:
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Lemma 5.3 There is a real analytic function f : R — IR which is periodic and
even satisfying the following properties:

1. f(t+2) = f(t) for allt € R.
2. fUm(0) =0 for allm > 1 and f"(0) = 1.
3. flt+1)=—f'(t) for all t € R.

4. If t is a critical point of f then t € ZL.

Proof. We use Jacobi’s elliptic functions u € € +— sn(u) = sn(u, k), resp.
cn(u) = cn(u, k) for the modulus k = +/2/2 and the complementary modulus k' =
k = v/2/2. A reference is [La, ch.2]. Then there is positive real number K =
K(v/2/2) = 1.85407... such that the elliptic function

F(2) = ———en(2K > + K) (41)

V2K
has periods 2 and 2i, where i = \/—1. Let f’(t) = F(t) for t € R.From the identity
en(iu + K) = ien(u + K) for k = k' = +/2/2 it follows that f is even and satisfies
f@m(0) = 0 for all m > 1. One also computes that F’(0) = 1. F can also
be described as the unique elliptic function with periods 2 and 2 and F'(0) = 1
whose poles and zeros are simple and are given as follows: The zeros occur at
z=m+in; m,n € 7 and the poles at z =m+1/2+i(n+1/2); m,n € Z. Hence
property 1. and 4. follow. Property 3.) follows since cn(u) = —cn(u + 2K). O

Remark 5.4 Hence we can choose
2
f(t) = 2arcsin ({sn(ﬂ(t + K)) (42)

for k = /2/2. If we set f.(t) = f(t), f_(t) = 7 — f(t), then the pair f. satisfies
the hypotheses of Proposition 3.5 1.) i.e. fy € F. fi are the solutions of the
pendulum equation f + sin(4K%fy) = 0 with f£(0) = 7/2, fL(0) = 0. Hence
the function v : B(2,2) — IR defined by ¢ (r,x) := f,(r), n = (x,z) satisfies the
pendulum equation

V2 = —sin(4K*)) g. (43)

Theorem 5.5 There exists a complete analytic pseudo—Riemannian manifold M (7)
of signature (k,n — k) carrying an analytic function ¢ : M(Z) — R satisfying
V2 = —sin(Cy) g for some positive constant C with the following property: The
critical set Cr(v) of 1 is in natural bijection with ZZ in the sense of Theorem 4.3
and the manifold is Cr(i)—complete. Furthermore the vector field V1 is complete.

Proof. Let f be the real analytic function given by equation ( 42) which is
periodic and even and satisfies the hypotheses of the preceding Lemma 5.3. As
explained in Remark 4.5 we can define the function i on M(ZZ) as well as the
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corresponding metric g, by the following continuous and piecewise analytic function
Yy : R — 1R:

(—17f() ;5 tel25,25+1]
Ui (t) = , ; : (44)
(1) 5 te(2)—1,2)]

Hence up to a sign and an additive constant on an interval [j,j + 1],7 € J 1y is
given by f resp. —f. It follows from Lemma 5.3 2.),3.) that Equation ( 38) of
Remark 4.5 holds. Since f solves the pendulum equation we obtain for the function
Y : M(Z) — TR the equation V29 +sin(4K2¢) g = 0. The metric in a neighborhood
of p; is given by g(r,z) = ndr? + f'(r)?g1(x). The metric is Cr())—complete since
by construction every non—null geodesic through a critical point is closed. For the
completeness of Vi compare Remark 3.7. One can use the pendulum equation
(43) resp. ( 42) and the differential equations for geodesics in warped products (cf.
[ON, p. 208]) to show that the metric is geodesically complete. O

Corollary 5.6 For any even number 2m there is an analytic pseudo—Riemannian
manifold M(ZL) of signature (k,n — k) carrying a closed and complete conformal
vector field with exactly 2m zeros.

Proof. It follows from Theorem 5.5 that we we can find neighborhoods U; of
p; and an isometry ® : M(Z) — M(Z) with ®U; = Uj4o, i.e. there is an infinite
cyclic subgroup in the isometry group of M (ZZ) acting freely. It follows that on the
quotient M (ZZ)/mZZ there is a closed conformal vector field with exactly 2m zeros.
O

We will see in the following section that in case of signature (k,n — k),2 <
k < n — 2 under a suitable completeness assumption all manifolds carrying a non—
constant solution v of V21 = \g with a critical point are diffeomorphic to M (J). In
the case of signature (1,7 —1),n > 3 resp. (1,1) there are a lot of further examples
due to the fact that the manifold ¥ := {z € R}|(z,z) = £1} = S(1) U S(-1)
then has three resp. four components. Hence the gluing process can be more
complicated.

6 Conformal classification

Near a regular point of a function 1 satisfying V21 = Ag the metric has the
structure of a warped product, c¢f. Lemma 2.7. In this section we study the case
that 1 has critical points, which are isolated by Proposition 2.3. We show that in
geodesic polar coordinates with origin at a critical point the level sets of ¢ with
the induced metric have constant sectional curvature. In particular the metric is
conformally flat.

Proposition 6.1 Let (M, g) be a pseudo—Riemannian manifold with a non—constant

solution 1 of the equation V2 = A\g for a function A and with a critical point
pe M.
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1. (cf. [Tal], [Kuel, lemma 18] in the Riemannian case) Then there are functions
Y4 € F such that the metric in geodesic polar coordinates (r,x) € Ay, C IRxX
in a neighborhood U of p has the form

U (r)?
g(r,x) 291/,(7",1') :T]dTZ—i- 7/(0)2 gl(‘r); n= <.’L’,(L‘> (45)
n

and Y(r,x) = y(r), AM(r, z) = Ny(r) with X\y(r) = " (r).

2. If all geodesics through p are defined on the whole real line IR. Then the
metric g is of the form ( 45) for all (r,x) € Ay , i.e. as long as ¢, (r) does
not vanish.

Proof. 1) Let 7 : [0,79) — M be a geodesic with v(0) = p, (+/,7) =n € {x1}.
Then it follows from Proposition 2.1 that

Vo) ={ [ Aas)ds () (46)

and from Proposition 2.3 we know that there is an open neighborhood U of p
where p is the only critical point of ¢. It follows from Equation ( 46) that the
normal vectors of the level hypersurfaces 9~ 1(1(rg)) and of the distance spheres
(the sets {r = ro}) are proportional. Hence the connected components of {r =
1o} N U and of ¥~ (¢(7(rp))) containing v(rg) coincide. Therefore there are two

smooth real functions 14 with ¢(r,z) = ¥y (r). From Remark 3.3 it follows
that 1,!1,(72m+1)(()) =0 and d)fm)(O) = (—1)mw(_2m) (0) for all m > 0, cf. the proof of
Proposition 3.5.

In geodesic polar coordinates (r,z) around p it follows from V2 = A g that
Vo . Vi(r,z) = Xr,x) Oy
and that for X tangential to {r = ro}:

X((V, Vi) = Vix vpp = 0.

Hence (V1), V1)) is constant along the levels {r = ro}. It follows that there are two
smooth real functions Ay with A\(r,2) = A5 ) (r) and ) = V2, =X, - n. By
Proposition 2.3 A(0) # 0 hence ¢’/ (0) = ¢” (0) = A+(0) = —A_(0) # 0. Therefore
0 is an isolated critical point of 1. It follows from Lemma 2.7 that in geodesic
polar coordinates (r,z) the metric in U is of the form

v’
w,’;EO;?g*(x)

for a C*°-metric g, on ¥ = S°(1) U S°(—~1). We obtain from Lemma 3.4 that
gs« coincides with the standard metric g; of constant sectional curvature +1 on %,
hence we obtain Equation ( 45). Since the metric g extends to a neighborhood U
of p Proposition 3.5 implies that ¥+ € F. It follows also that AL € F.

2) Assume (ro,z0) € Ay, i.e. Yy (r) # 0 for all 7 € (0,70]. Then there is 1 €
(0,79] such that (r1,zo) € U. Let 7. be the supremum of the numbers r > 0 such

g(r,x) = ndr® +
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that for a neighborhood of the radial geodesic segment ¢t € [0,7) — ¢(t,29) € M
the metric has the form (45). It follows that 4, (r*) = 0 by Lemma 2.7. Now we
show that ¢ : Ay, — M is injective, assume ¢(r1, 1) = ¢(re, x2), (1, 7;) € Ay. If
x1,x2 lie in the same component of ¥ it follows that r; = ry since ¥ (r1) = 1(ra)
and since 1 is strictly monoton. If x1,z9 lie in different components, let v1(r) =
o(r,x1), v2(r) = ¢(r,z2) be the two geodesics emanating from p with 71( 1) =
Y2(ra) = ¢(r1,71) = P(ra, v2) = ¢, r1 < 0 < r2. Since Vip(q) = —y, (r1)7'(r1)
Y, (r2)7y, (where n; = (v,7})) it follows that '(r1) = —9/(r2) (smce v (r1)

v'(r2)) and 1y, (1) = ¥y, (r2) (m = n2). But ¢y, changes sign at 0 since 9, (0
O

— H

We give a sufficient condition for a pseudo—Riemannian manifold with a con-
formal gradient field Vi to be Cr(¢)-complete. Here Cr(v) is the set of critical
points of .

Lemma 6.2 Let (M,g) be a null complete pseudo—Riemannian manifold with a
non—constant solution v of the equation V) = X\ g for some function A and with a
critical point. Let all geodesics through critical points be defined on IR. Then every
point on M can be joined with a critical point by a geodesic, i.e. the manifold is
Cr(v)—complete.

Proof. For a critical point p of ¢ we denote by A, the set of all points on M
for which there is a geodesic joining them with p. Now suppose that the union A
of all sets A, for a critical point p is not the whole of M. Then there is a point
y € 0A, — A, for some critical point p. Hence there are points y; € A, with
y = lim;j_o y; and geodesics v; : R — M, v;(0) = p, vj(t;) = yj, (v},7j) =n €
{£}. In the component of A, containing y; we have the warped product structure
ndt? + Y% (t)? g1 of the metric. Here we can assume without loss of generality that
1(0) = 1. By continuity (v;(t;)) = ¥(t;) — ¥(y). Since y & A, it follows that
(Vio(y), Vib(y)) = 0 and we can assume Vi)(y) # 0. Since Vib(y;) = 1y (t;)n0k,
and (0, 0;) = n it follows that lim;_. v, (t;) = 0. Now choose a sequence o of
non—degenerate planes in Ty, M = Ty, ,.yM orthogonal to 7/(t;) and converging
to a non-degenerate plane o in Ty M. Then we use the formula for warped products
for the sectional curvature K (o;) of o; and obtain (cf. Lemma 2.5)

1

K(Uj):W

(e vi(tsm)

where € € {1} equals (z;,z;). Since 1y (t;) — 0 for j — oo we obtain 1" (t;) — e.
Then it follows that A(y;) = A,(t;) = niy(t;) — ne. Now denote by 7 the null
geodesic with 7/(0) = Vi (y), then 1(7(t)) = ¥(y) for all ¢, cf. Remark 2.2. Since
¢ ~1(¢(y)) is pointwise the limit of the sublevel sets 1~ 1((y;)) N A, and since
Y1 (4¥(y;)) coincides with A=1(A(y;)) (more precisely: the corresponding connected
components) it follows that A is constant along ¥~'(1)(y)) . Hence Vi(7(t)) =
(net +1)7'(0) therefore T connects y and the critical point 7(—ne) of ¥ O

Theorem 6.3 Let (M, g) be a pseudo—Riemannian manifold carrying a non—constant
solution 1 of the equation V*¢ = X\ g having critical points. We assume either that
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all geodesics through critical points are defined on IR and that (M, g) is null complete

or that (M, g) is Cr(¢)—complete. .
Then the manifold (M, g) is conformally flat. One can define neighborhoods A;

for every critical point p; on which the metric has the warped product structure

! (74)2

d 2 R

nar- + w (0)2 (1

in geodesic polar coordinates (r,z) € G C IR x ¥ around the critical point p;. The

function b on Aj has the form (r,x) = 1; i »y(r). These neighborhoods cover M.

(47)

Proof. For every critical point p; we define in terms of geodesic polar coordinates
(r,z) around p; the functions ; ,(t) := ¥(t,x), n = (x,z). Thenlet A; := A,UC},
where C; is the light cone at p;. Le. (ro,x) € A; if and only if ¥, (r) does not
vanish between 0 and o (cf. Definition 3.1). The form of the metric in A; is given
by Equation ( 47), cf. Proposition 6.1. If ro > 0 is the first positive zero of @ZJ}W
then all radial geodesics v : t — (¢, ), (z,x) = n = (7/,7') intersect at time ry in
a critical point. Together with Lemma 6.2 it follows that the sets flj cover M O

Hence it remains to study the global conformal type of M. Here the results
depend on the signature (k,n — k). Let (M, g) be a pseudo-Riemannian manifold
satisfying the assumptions of the preceding theorem with critical points Cr(¢) =
{pj|j € J} and with signature 2 < k < n — 2. The set Cr(¢) is non-empty and
discrete and we can assume that either J = {1,2,...,j} for some j € Nor J =IN
or J = 7 and that ¢(p;) < ¥(pj+1) for all j € J. We will show in the following
theorem that under suitable completness assumptions M is diffeomorphic to M (.J).
Hence for signature (k,n—k), 2 < k < n—2 the diffeomorphism type is determined
by the index set J.

Theorem 6.4 Let (M, g) be a pseudo—Riemannian manifold with signature (k,n—
k),2 <k <n—2 carrying a non—constant solution v of V> = g with critical
points for some function A. Assume either that all geodesics through critical points
are defined on R, and that (M, g) is null complete or that (M, g) is Cr(yp)—complete.
If the set of critical points is J where J has to be interpreted as a linear graph (see
Theorem 4.3 resp. Remark 4.4) and if D := {d; = d(pj,pj+1)|j,j +1 € J} then
M is diffeomorphic to the manifold M(J) and there is a function ¢, : R — R as
in Proposition 4.6 which completely determines the metric g = gp.

Proof. Let zzlj be the neighborhoods of p; constructed in the proof of Theo-
rem 6.3, i.e. there are two positive numbers 7, € IR U {oo} such that A; is of the
form

i 2 2
Aj = {y € ]R’Z‘ - T < <y7 y> < Tj,+}7

i.e in polar coordinates
A;j ={(r,z) e GCR x Z|r? <7"J2-777 if (x,z) =n}.
The metric in flj is the warped product metric

V) (r)?

2
ndr” + g1
Y (0)?
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Since Vi)(r, z) = mip, (r)0, it follows that all geodesics r +— ~(r) = (r,z) , (z,x) =
n starting from the critical point p; = v(0) meet at the critical point v(rj,) = pj4y-
Then d(pj, pj+1) = rjy. If rj, = 0o then v(r) is a regular point of + for all » > 0.
We define A; C lej in geodesic polar coordinates by (r,z) € A; if and only if
2r| < Tim > (z,2) = 1.

The building blocks A; are of the form BT (r; ), B~ (rj_) or B(rj4,rj—) as
defined in the beginning of Section 4. Since the sets 0A; N{x € M |(z) < ¥(p;)}
resp. 0A; N{z € M |y(x) > ¢ (p;)} have only one component the manifold M is
of the diffeomorphism type M (J). Here A; is of the type B if j is not an extremal
value of J. If j is an extremum of J then A; is either of the form BT or B~. Then
Aj; = BT if and only if there is a geodesic v joining p; with pji; resp. p;—1 and
(v,7") = 1. Hence it follows that M is diffeomorphic to M(J). It follows from
Proposition 4.6 that the metric is determined by the function .. |

It follows from the cohomology rings of M (J) that M (J) is diffeomorphic to
M(J'") only if J = J’. In the case of signature 2 < k < n — 2 we can classify
the global conformal types of manifolds with solutions of V2¢ = Ag. It follows
from Theorem 6.4 that there is a set T' = {t;|j € J} with t; = 0 and tj41 =
tj +d; for all 5,7 + 1 € J such that the following holds: The functions 1, ; =
) (r — t;) satisfy 1, ; € F for all j € J and such that there are neighborhoods
A; = InteriorB(dj_1,d;) (here d; = oo if j & J) and where the metric is of the

form o 0)?

«\Tj —aj
W 91(rj, x5)
Now we define the numbers o, 8 € R" U {oc}: If J = Z then a = 3 = oo. For
J € J let ¢, j(r) = Y. (r — dj) and

sgn(z, x>d7"]2- + (48)

WO+ 1

hj(r) = (sgnr)

dir)
If J={1,...,m} resp. J =N let

ai := — lim <r exp /07" h1(§)d§)

r——00

and if J = {1,...,m} let

m = (1" ( /rhm d).
am = (=) dim e | m(©)de
If J=INthenlet a =1ifa; < oo and a = 00 if a3 = 0c0. If J ={1,...,m} we
assume without loss of generality that a1 < a,,. If a1 < oo then let o = 1,06 =
am/ay1. If a3 = oo then a = § = 0.

Theorem 6.5 Let (M, g) be a pseudo—Riemannian manifold with signature (k,n—
k), where 2 < k < n — 2 carrying a non—constant solution v of V¢ = X\ g with at
least one critical point. Assume that (M,g) is Cr(v)—complete. If J is in natural
bijection with the critical set Cr(v) and if a, 3 are defined as above then (M, g) is
conformally equivalent to the conformally flat manifold M(J)(a, B) constructed in
the end of section 4. V =V is a complete vector field if and only if « = 3 = oo.
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Proof. For every neighborhood flj as defined in Theorem 6.3 we have that the
metric is in polar coordinates (r;, ;) around the critical point p; of the form

9j(rj, z;) = ndr? + 2 (r;) g1 .

Here by a linear change we assume that A(p;) € {£1} for all j € J. Hence with the
notation of Proposition 3.6 we have

(45,9) = (B(dj-1.d5), ;)
where dj_1 = 00 if j —1 ¢ J. Then we define a map
¢: M — M(J)(a, B)

as follows. Here we use that M (J)(a, ) is covered by open sets Uj, j € J which
are of the type U; = IntB;(a;, b;) together with the pseudo-Euclidean metric

sgnp;dp; + p3 g1(x;) -

Now we use Proposition 3.6. First we fix ro € (0,d;) and choose py > 0 arbitrary.
Then we define A; — U; by ¢((r1,z1)) = (p1(r), 1) with p = p(r) given by
Equation (30) in the Proof of Proposition 3.5. If J = N or J = {1,...,m} and
a =1 then we have to choose py such that p(—o0) = —1.

Hence ¢ is fixed on A; N Ay = {(r1,z1)|r1 > 0} = {(r2, x2)|r2 > 0} since r; =
1/ry for 11,72 > 0. Hence ¢ is uniquely determined by ¢ : A; — U;, ¢((rj,x;)) =
(pj(r), ;) with p;(r) given again by Equation (30). It follows from Proposition 3.6
that ¢ is a conformal transformation. Under the map ¢ : flj — U; the gradient
field V4 is mapped onto the radial vector field pja% in U;. This is complete only

if a =3 = o0. |

Remark 6.6 If k = 1 or kK = n — 1 then the diffeomorphism type of M can be
classified by the gluing graph whose vertices are the critical points and where two
vertices are joined by an edge if and only if there is a direct geodesic connection
between them in M. By the 1—levels of the critical points this graph is a directed
graph in a canonical way.

We sketch the proof in the case k =1 or k = n — 1. From the above definition
of the gluing graph it follows that if (M, g) and (M., g«) are globally conformally
equivalent then the two gluing graphs are isomorphic.

A more detailed definition of the gluing graph involving spacelike or timelike
edges and a more careful labeling implies that the assignement of this graph is
injective on conformal classes, i.e. two graphs are non—isomorphic if the two mani-
folds are conformally inequivalent. So in this case the gluing graph really classifies
the global conformal types. For n = 2 at any vertex at most four edges meet, for
n > 2 at most three edges meet at any vertex because of the number of components
of S(+1). In the case 2 < k < n — 2 the gluing graph is just a linear graph, see
Remark 4.4. In the cases k = 1,n — 1 the gluing graph can have cycles.

As an application of Theorem 6.3 we describe manifolds with solutions of V21 =
A - g for A\ being a constant or A\ = ¥ and manifolds of constant scalar curvature
with a closed conformal gradient field with a zero.
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Corollary 6.7 (Kerbrat, [Ke2, Thm.3 and Thm.6]) Let (M, g) be a pseudo—Riemannian
manifold of signature (k,n — k).

1. If M admits a solution v of V) = c- g for a constant ¢ # 0 and if (M, g) is
Cr(v)—complete then (M, g) is isometric with the pseudo—Euclidean space.

2. If M admits a non—constant solution 1 of V2 = 1 g with at least one critical
point, if (M,g) is Cr(y)—complete and if the signature satisfies k > 2 then
(M, g) is isometric to the pseudo—hyperbolic space S(—1) of constant sectional
curvature —1. If k = 1 then (M,g) is a pseudo—hyperbolic space up to a
covering map.

Proof. 1.) Along the trajectories of Vi) ¢ is a quadratic polynomial. Therefore
1 has exactly one critical point on M. Theorem 6.3 implies that the metric has
the form g(r,z) = ndr? + r%g;(z) for all (r,x) € G. This is the pseudo-Euclidean
metric in polar coordinates.

2.) By Theorem 6.3 the metric in a neighborhood flj of the critical point p;
has the form

g(r,x) = ndr* + 1/147(7‘)291 (z) (49)
where
Vi =9, ¢l =y, 94 (0) =4-(0) =0,
ie.
Yy (r) =coshr, ¥_(r) =cosr

and these neighborhoods cover M. This implies that ¢ has exactly two critical
points.

But this is the metric of the pseudo—hyperbolic space S(—1) in geodesic polar
coordinates, see Example 3.9 2.) O

Remark 6.8 In Kerbrat’s notation the quadratic form

O(¢) = (Voh, Vo)) — ¢°

on the space of all solutions of V21 = 1) ¢ is assumed to be negative for some ):
® (1) < 0. Then it follows that ¢ has a critical point on M and that the condition
2.) above holds [Ke2, Thm.6]. Moreover, if ®(¢)) = 0 for some nontrivial solution v
then V4 is not a null vector everywhere (otherwise V2 = 0), hence ¢’ = +1) along
a trajectory of V. Then Lemma 2.7 implies that locally the metric is a warped
product g = dt? + exp(#2t) g, where g, is not positive definite. (M, g) contains
this warped product defined for ¢ € R. However, by the argument given in [ON,
p.209] certain null geodesics in this warped product IR Xexp +¢ M, are not complete
for t — oo or t — —oo. If g is complete then M must contain a limit point for
t — £o0o. At such a point 1 would have a zero and moreover a critical point. But
this contradicts Proposition 2.3. This argument shows that Kerbrat’s Theorem 6
in [Ke2] remains valid under the weaker assumption that ®(1) < 0 for at least one
nontrivial solution v of V24 =1 g. It is certainly not true if ® is positive definite.
The warped product IR X osn M, provides a counterexample because M, may be
chosen arbitrarily.
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Corollary 6.9 Let (M,g) be a pseudo—Riemannian manifold of constant scalar
curvature. If M admits a non—constant solution 1 of V) = \g for some function
A, if ¥ has at least one critical point and if (M, g) is Cr(¢)-complete then (M, g)
18 a space of constant sectional curvature.

Proof. By Proposition 6.1 we have in a neighborhood of the critical point
P (r)?

g(r,z) = ndr? + ng(m). By Equation ( 22) of Lemma 2.5 the functions 1y,
n
satisfy the following differential equations for constants p, ps:

n—2 n—2 2
Ynp =~ pe = U =~y
and
U(0) =0,
We regard this as a differential equation for
Yn = 1/}1/7
and obtain 5 9
n— n n—
Wty + —5 Wy + 5Py — —Pe =0

or, equivalently,
ygﬂ (nyﬁ? + py?7 — p*) = constant =0.
The latter holds by the initial condition y,(0) = 0. Then Corollary 2.6 implies that

the sectional curvature is constant. By Theorem 6.3 the neighborhoods flj cover
M, hence the sectional curvature is constant everywhere. O
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