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Abstract

Given the infinitesimal generator A of a Cy-semigroup on the Ba-
nach space X which satisfies the Kreiss resolvent condition, i.e., there
exists an M > 0 such that ||(s] — A)~ Y| < #(S) for all complex s with
positive real part. We show that for general Banach spaces this con-
dition does not give any information on the growth of the associated
Co-semigroup. For Hilbert spaces the situation is less dramatic. In
particular, we show that the semigroup can grow as much like ¢. Fur-
thermore, we show that for every v € (0,1) there exists an infinites-
imal generator satisfying the Kreiss resolvent condition, but whose
semigroup grows like t7. As a consequence, we find that for RV with
the standard Euclidian norm, the estimate || exp(At)|| < M; min(N,t)
cannot be replaced by a lower power of N or t.



1 Introduction

Let us begin by introducing some notation; (T'(¢))i>0 will denote a Cop-
semigroup on the Banach space X, and A its infinitesimal generator. The
celebrated Hille-Yosida Theorem states that || 7(¢)|| < M for all ¢ > 0 if and
only if |[Re(s)"(s] — A)™"|| < M for all s € C{ := {s € C | Re(s) > 0} and
n € N. Unfortunately, this theorem can be very hard to check. Hence people
have tried to find conditions which are easier to check. One of the conditions
which has been proposed is the Kreiss resolvent condition, originally stated
in Kreiss [11] for A being a matrix. This condition corresponds precisely to
the first condition in the Hille-Yosida Theorem, i.e.,

M
Re(s)

I(s1 = A)7H < (1)
for s € Car. From the Hille-Yosida Theorem it is clear that if the semigroup
is bounded, then (1) holds. Furthermore, it is easy to see that if M = 1, then
(1) is equivalent with the Hille-Yosida conditions. For Banach spaces and
M > 1 it is known that the Kreiss resolvent condition does not imply the
boundedness of the semigroup, see e.g. Engel and Nagel [8, section V.1.b.].
For a finite-dimensional space, i.e., X = R it was shown in Dorsselaer et
al [6] that (1) implies that || exp(At)|| < eMN, see also [13]. Furthermore,
if the norm on RY is the maximum-norm, then there exists an A such
that sup,> || exp(At)| > 2 +_11 M, see Kraaijevanger [10]. For discrete-time,
finite-dimensional systems, it is known that ||A¥|| < eMymin{(N + 1), &},
where M, is the constant in the Kreiss resolvent estimate for the unit disc,
see [6]. However, we were not able to find a continuous-time counterpart of
this result in the literature. Using a scaled version of the example of [10],
one can construct an example satisfying the Kreiss resolvent condition (1),
but || exp(At)|| > ¢min{N, ¢} for some constant ¢ independent of ¢ and N.
For a nice overview of these and related results and for historic remarks, we
refer the reader to [6]. We remark that the discrete time counterpart of the
Kreiss resolvent estimate has attracted more attention, than the continuous
time version as we study in this article. A cited reference reach showed that
there are 29 citation to the original Kreiss paper [11] on the continuous-time
version, whereas there are 68 citations to [12] discussing the discrete-time
version. For an overview and many more references we refer to [1, 6, 20].
On basis of the discrete-time result and the above mentioned example,
one might hope that the Kreiss resolvent condition (1) implies that the
semigroup grows at most like ¢. In Section 2 we show that this indeed
holds X being a Hilbert space. Unfortunately, in general a Banach space




exponential growth is possible, see Section 3. We show that for any M > 1
and a > 0 there exists an infinitesimal generator which satisfies (1) with this
M, but grows like exp(at). In Section 4 we construct for every v € [0,1) a
Hilbert space and an infinitesimal generator A satisfying the Kreiss resolvent
condition on this Hilbert space, but the corresponding semigroup grows like
t7.

The example leads to a finite dimensional example, showing that if a
N x N matrix A satisfies (1), then the supremum of exp(At) over ¢t > 0 can
be of the order N7.

2 An upperbound on the growth

In this section we show that for every Hilbert space, the Kreiss resolvent
condition implies that the semigroup grows at most like ¢t. The proof uses
the following lemma of Eisner [7], which holds on a general Banach space.

Lemma 2.1. Assume that A is the infinitesimal generator of the Cy-semigroup
(T'(t));>¢ and let so(A) be the pseudo spectral bound, i.e.,

s0(A) = inf{r € R| (sI — A)"lis uniformly bounded on Re(s) > r}.

If there exists a r > so(A) such that for all z € X and y € X*

/OO ((r + i) T — A) 22, 9)]dw < oo, @)

then for all x € X and t > 0 the following equality holds
1 (0.9}

~ ot ) o

T(t)x eI (4 i) T — A)2zdw. (3)

Note that since the left-hand side does not depend on r, the right-hand
side should give the same answer for all » > so(A). A consequence of this
lemma is the following result.

Theorem 2.2. Let A be the infinitesimal generator of the Cy-semigroup
(T'(t))4>p- Assume that Cg is contained in the resolvent set of A and that
the following conditions hold:

1. A satisfies the Kreiss estimate (1);

2. There exists a p > 0 such that for all x € X, y € X* the function
w = [{((p+iw)I — A)~2x,y)| is integrable.



Then there exists a K > 0 such that | T(t)|| < K(1+t) for allt > 0.

Proof. The proof consists out of several steps. First we show that item 2.
holds for all p,p > 0. Secondly, we estimate the Li-norm of the function
appearing in item 2. Finally, we apply Lemma 2.1 to show the assertion.

Step 1 Since the Kreiss estimate holds, we have that so(A) < 0, see Lemma
2.1.

Step 2 Since the function w +— (((p + iw)l — A)~2x,y) is an element of
LY(R,C) for all z € X and y € X*, we conclude from the uniform bound-
edness theorem that there exists a constant My > 0 such that

(o + i) = A) "%, y) | L1 .x) < Moll|l[ly] (4)

forall x € X, y € X*.

Step 8 Since (Cg is contained in the resolvent set of A, we obtain by the
resolvent identity that for r > so(A)

((r+iw)l — A) 2z = [T+ (p—r)((r+iw)l — A)_l]2 ((p+iw)I — A) 2z
for all r, p > 0. Hence

2
()T = A7 2] < |11 = 52| 1o+ i) = )20,

where we have used the Kreiss estimate (1). Combining this with the esti-
mate (4), we find that for sp(4) <r <1

IN

2
I+ = )2l < (14101 | Molelly]

IN

2
a1+ 2] el 6

holds for some constant Mj.

Step 4 Combining equation (3) with (5), we see that

1> . _
(IO < oo [+ i) — Ay do
1 1]?
< - rt -
< eyl |1+ 7] ©



Since this holds for all so(A) < r < 1, and since so(A) < 0, we may choose
rin (6) equal to 1/¢. This gives

1 2
(T2, 9)] < goedlizlilyl L+ (7)
Tt
So for large t the norm of the semigroup is bounded by %t. Since any
Coy-semigroup is uniformly bounded on a compact time interval, the result
follows. .

Remark 2.3. We have the following remarks concerning this theorem.

1. As is clear from the proof of the above theorem, the relation between
the constants M (the constant in the Kreiss resolvent condition) and
K (the constant in the growth) involves other constants as well. We
have that K = <4 max{pM, M} Hence one does not have
that K is a universal constant times M.

2. The second condition in Theorem 2.2 is satisfied if

(a) There exists a p > 0 such that for all z € X the function
w i ((p+iw)l — A)~tx lies in LP(R, X),

(b) There exists a p > 0 such that for all y € X* the function
w s ((p+iw)l — A*) 7Ly lies in LI(R, X)

for some 1 < p,q < oo such that % + % = 1. Indeed, analogously to
step 2 of Theorem 2.2 it is easy to see that these two conditions hold
for all p, p > 0, whenever sp(A) < 0. The rest follows immediately
from Cauchy-Schwarz inequality. In particular, we obtain the following
corollary.

Corollary 2.4. If A is the infinitesimal generator of the Cy-semigroup
(T'(t))4> on the Hilbert space H, and if A satisfies the Kreiss estimate (1),
then there exists a K > 0 such that | T(t)|| < K[1 +t] for all t > 0.

Proof. Since the Kreiss resolvent condition holds, we have that so(A) < 0.
By Proposition 2 of [17] this implies that the growth bound of the semigroup
is less or equal than zero. Hence we have that the function ¢ — e 'T'(t)z is
square integrable for every x € H. By Paley-Wiener theorem this implies
that the function w + ((1 + iw)I — A)~'z is square integrable. Since a
similar argument holds for the dual semigroup, we conclude from Theorem
2.2 and Remark 2.3 for p = ¢ = 2 that there exists a K > 0 such that
IT(t)| < K[1+t] for all ¢t > 0. |



3 Worst growth on a Banach space

In this section we construct an example showing that if the generator A
on a Banach space satisfies the Kreiss estimate, then the corresponding
semigroup need not to be bounded by a constant times . The example will
show that for all M > 1 in (1) any exponential growth is possible.

Example 3.1. The example is based on the counterexample on page 254 in
Engel and Nagel [8]. Let o be a positive number. As state space we choose
Xo = Cp([0,00)) N L1((0, 00), e°ds) with norm

1l = asup | £(n)] + / F)lends.
n>0 0

With this norm X, becomes a Banach space, and this space is similar to
X1. On the space X, we define the operator

Aof = f

with D(Ap) = {f € X | f € C'([0,0)), f € X4}. In Engel and Nagel it is
shown that the resolvent set of Ay on X contains every complex number
with real part greater than —1. Since X, is similar to X7, the same assertion
holds for the resolvent set of Ag on X,. It is easy to see that Ag is the
infinitesimal generator of the Cy-semigroup (Ty(t)),~, with (ZTo(t)f) (n) =
f(t+n). From this expression, one easily sees that ||Ty(¢)| = 1 for all t > 0.
Furthermore, it is not hard to see that the inverse of sI — Ag is given by

(5= 401 () = | T o0 f(¢)de (8)

n

for Re(s) > —1. Using this expression one can show that
(s = A0) ™ fllxa = I(Re()] = Ao) ™ (7™ 1()) | x..
Since [le="™) f()|lx. = ||fllx., we find that

(s = Ao) ™"l = [I(Re(s)] — Ao) ™| 9)



Using equation (8) and the definition of the norm, we find for r > —1
[ee]
/ e’“(”‘f)f(ﬁ)df‘ "
7
|9
U
/ (r+D) (=8 g=nek £ (&) d{’
n201Jn

// T+ (=0) o€ f () d{‘dn
n

asup / €€ £(6)\dE +

n>0Jn

/ et gg / Tl F(©)lde
0 0

1
< allfllx + 51l (10

I(rT = Ao) fllxa = asup
n=>0

F

= asup

e'dn

IN

Since Ay is the infinitesimal generator of a contraction semigroup, we know

that 1
[(rI — Ag)~H|| < -

for all » > 0. Hence by combining this with (10) and (9) we find

e Re(s) € (1,0
I(sI — Ag) Y < 4@ TR e tHol Ty
mln{m,a + m} Re(s) >0

Choose an ¢ > 0, then on [1/e,00) we have that »=1 < (1 + &)(r + )*1
and for a = €2/(1 + €) we have that a + (r +1)7! < (1 +¢&)(r + 1)7! for
€ (—1,1/e]. Thus for any € > 0 we can find an « such that

1+e
Re(s) +1

Yet we construct the infinitesimal generator with exponential growth. Define
for v >0

|(sI — Ap)~ Y| < Re(s) > —1. (12)

Ay i=yAg + 1.

Then we have that for s with positive real part that

IsT =AM = 1I((s = )T = 7A0) 7|

(G

Y




where we have used (12). Thus A, satisfies the Kreiss estimate. Since Ag
is the infinitesimal generator, we have that A, is it too. The corresponding
semigroup is given by

T, () = "' To ().

Since ||To(t)|| = 1 for all ¢ > 0, we find
17, (@0)] = . (14)

Thus we have constructed an infinitesimal generator satisfying the Kreiss
estimate (1), but having exponential growth.

4 Worst growth on a Hilbert space

In this section we construct an infinitesimal generator on a Hilbert space
which satisfies the Kreiss resolvent condition (1), but its corresponding semi-
group grows like t7. We can do this construction for any v < 1. It turns
out that the generator is a bounded operator. As a consequence of this
construction, we find N x N matrices QQn satisfying the Kreiss resolvent
condition for the same constant, and the supremum of e9N? of the order N7
for any v < 1.

The idea of this example is based on the papers by Spijker, Tracogna, and
Welfert [18], Borovykh and Spijker [3], and on the one page note by Kalton
and Montgomery-Smith [16]. Note that the basis of the idea is already in
the paper by McCarthy and Schwartz [15] from 1965.

Let w be a positive measurable function from the interval (—m, 1) to R.
By Lo((—m, m), w) we denote the set of all measurable functions from (—, )
to C for which [7_|f(z)|?w(z)dz < co. This space is a Hilbert space with
inner product

(Foho= [ F@g@ue)da (15)

By spany,.;{e***}, we denote the finite span, i.e., f € spanyc;{e’**} can be
written as f = ), aie™ with all but finitely many oy’s equal to zero.
Using a result by Hunt, Muckenhoupt, and Wheeden [9] it is not hard to
show the following.

Lemma 4.1. Forn € Z and f € span,c;{e’**}, we define

(Puf)(z) = ) age’™. (16)

k=—o00



Let w satisfies the condition

L w(z)dz | w(z) tde < 0o
swp i [ wi@de (@) < o (1)

IC[—n,7) I

where I is an interval and |I| is the length of this interval. Then the following
holds.

1. The P,’s are bounded linear projections on Lo((—m, ), w), and they
are uniformly bounded, i.e.,

HPanw < Cw”f”w (18)

for all f € Lo((—m,7),w), where ¢, does not depend on f and n.
2. For all f € La((—m,m),w) we have that

lim P,f =0, lim P.f = f, (19)

n——0oo

The above results imply that the set {...,e 2% 7 1 i ¢ Y s q con-

ditional basis on Lo((—m, ), w).

Proof. The proof consists out of several steps. In the first two steps we
show that (18) is satisfied, and in the last step we prove (19).

Step 1. Define the mapping

(M f) () = ™ f(x)

Since €™ has absolute value one, it is easy to see that M, is a bounded
linear mapping on Lo((—m, 7),w) with norm one.

The conjugate function f is defined as

- 1. flx—y)
= — lim LN I gy, 20
f(y) /ESyISTr Yy (20)

27 €10 tan(%)
We denote H f := f . It is not hard to see (for example using induction) that

—ie™, n>0;
(He™) (y) = <0, n=0; (21)
ie™™y, n < 0.
Theorem 1 of [9] shows that H is a bounded linear mapping on La((—7, 7), w)
whenever w satisfies condition (17).



Step 2. For f =Y, axe’* € spany;{e?**} we consider the following map-
ping

—iM,HM _f + f + 0pe™ = —iM,H (Z akei(’“")x> + f + ape™
k
= 2 Z e = 2P, f,
k<n

where we have used (21). So we see that the right combination of M’s and
H equals the projection P,. Using the bounds on M,,, M_,,, H from step
1, we see that this projection is uniformly bounded if and only if the norm
of a,e™* is bounded by some constant (independent of n and f) times the
norm of f. Using (17), we see that

s
lome™ |17, = \anlz/ e Pw(x)d

: 2 /:r w(z)dr

= / @)Putes / e Pu(a) M da / " w(a)da

—T —T -7

= allfllZ,

where ¢; = ﬁffﬁw(m)_ldm J7_w(x)dz, which is finite by (17). So we
have shown that

1 (7 :
— f(x)e "™ dx

2 J_,

[ Prfllw < cwll fllw

for all f € spangey{e?**}. Since by Theorem 8 of [9] this span is dense in
Lo((—m,m),w), we have proved (18).

Step 3. Like in the previous step we first choose f € span;c;{e?**}. Since
[ =2 rez aie™ with all but finitely many oy,’s equal to zero, it is easy to
see that (19) holds. Since the projection are uniformly bounded and since
the finite span is dense in Lo((—7,7),w), we have that (19) holds for all
f € Lo((—m,m),w). |

Since the exponential function will be used a lot, we simplify notation a
little bit. For n € Z we define ¢, (z) = "™*,x € [-m,7|. A consequence of
the above lemma is the following result.

Lemma 4.2. Assume that w is a positive weight satisfying the condition
(17) and that {By}nez C R is a sequence with B, < Bp+1 for alln € 7.

10



1. If sup|fBn| < o0, then the operator Q defined as Q¢ = ifBnpn, n € N
extends to a bounded linear operator on Lo((—m, ), w). Furthermore,
we have that

QI < ew [ lim (B0 — Ba]] + lim_ |5l (22)

2. The operator R(s,Q) defined as R(s,Q)¢n = (s — iBn) ‘¢n, n € N
extends for all s € C with Re(s) # 0 to a bounded linear operator on
Lo((—m,m),w). Furthermore, we have that

14 mey

1R(s, Q)| < === for Re(s) #0. (23)

[Re(s)|

3. If sup |Bn| < o0, then every s € C with Re(s) # 0 is in the resolvent
set of Q, and R(s,Q) = (sI —Q)~!.

In both estimates ¢y, is the constant from (18).

Proof. 1. Let f be an element in the span of ¢,, then f = Zﬁfsz Qndn
for some N > 0. By the linearity of ) we have

d

N

> andn

n=—N

)

N N
Z anQan = Z i Bndn
n=—N n=—N

N
Z Zﬂn (Pnf_Pn—lf)
n=—N
N N
Z Zﬁnpnf - Z Zﬂnpn—lf
n=—N n=—N
N N-1
Z Zﬁnpnf - Z Zﬁn—l—lpnf
n=—N n=—N-1
N-1

> [iBu— i) Puf + BN, (24)

n=—N

11



where we have used that for our f, Pyf = f, and P_ny_1f = 0. Thus

o)

n=—N

w

N—-1
< > 1iBa = iBusrlllPafllw + 188 £l
n=—N
N—-1
= E [ﬁn+1 - ﬁn] ”Panw + |ﬁN|Hf||w
n=—N
N—-1

< cw Y Bt = Bal [ Flhw + B8 fllw
n=—N

IN

o Jim [y = fox] + i [51] 11

where we have used twice that 5, < §,11. Since the expression between the
square brackets is finite, and since the span of the ¢,, is dense, we have that
@ is a bounded operator. Furthermore, we get that ||Q|| is bounded by the
expression within the square brackets, or equivalently that (22) holds.

2. Similar as in (24) we have for f = Ziv:_N Q@ that

N-1

R(S, Q)f = Z [(S - Z‘ﬁn)il - (3 - Z‘ﬂn—‘rl)il] Pnf +
n=—N
(S — iﬂN)ilf.

Since for every real 3 we have that |(s — i3)7!| < |Re(s)|~!, we obtain by
(18) that

N-1
1 1 1
R(s, < le S : + . (25
H ( Q)f”'w [ wn:Z_N (S o Zﬂn) (S o Zﬂn—i—l) ‘RG(S)‘ HfH'LU ( )
. . N-1 1 1 :
So it remains to show that |[Re(s)|)>_, =7 i (S*iﬂn+1)‘ is bounded.

12



For this we write s = a + ib, with a and b real, a # 0.

1 1

(a+ib—1ifB,) (a+ib—1ifpt1)

1 1
'b_ﬁn o 'b_ﬁn
Lt g hben

— b—0Bn . ‘

_ Z /|a —1 d
= b—Bp i1 (1+”7)2 n

n=—N la|
—1 b—0Bn

la| 1
/ ——dn
_ 2
Sy b lﬁ:‘+1 1 + n

la] 1
= ——d
ﬂﬁw T+

< 1
dn = 2
| in=m (26)

where we have used the monotonicity of 3,. Combining (25) with (26), we
conclude that (23) holds.

3. Since R(s, Q) is the inverse of ) on the basis elements and since R(s, Q)
is bounded, the assertion follows immediately. ]

IN

Note that the above proof is an adaptation of lemma 3.2.5 of Benamara
and Nikolski [2] which gives a bound on diagonal operators on a conditional
basis.

Let w be a weight which satisfies condition (17). On Lao((—7, ), w) we
introduce the operators which will be used for our counter example. For
N > 0 we define Ay as

Do,, |n|<N;
ANy = —i¢n, n < —Nj; (27)
1O, n > N.

From Lemma 4.2 the following properties are immediate

e The Ay extend to linear bounded operators on Lo((—7,7), w) and the
norm of these operators is uniformly bounded by 2¢,, + 1.

13



e For each s € C with nonzero real part we have that s/ — A is boundedly
invertible on Lo((—m, ), w) and

14+ 7mey
[Re(s)|

Hence the operators Ay satisfy the Kreiss estimate for the same con-
stant.

(s — Ax) ™! <

for Re(s) # 0. (28)

Since Ay is a bounded operator, it generates the Cy-group (eAN t) R
This group has the following property

Lemma 4.3. For the operator Ay as defined in (27) we have that
¢, |n| <N;

eANt¢n = eiitd)m n < —Nj (29)
eit¢na n> N,

and

JANNT sin((N +1/2)z)\ B yeos((N +1/2)x)
< sin(z/2) > =(=1) cos(xz/2) (30)

Proof. Using the fact that Ay is diagonal, it is not hard to show that (29)
holds. So we concentrate on the other equality. First we remark that

sin((NV 4+ 1/2)x
((sm x/2/ Z e Z On.

[n|<N [n|<N
So by equation (29) we have that
ANNwSIH((N +1/2)z) _ GANNT Z b
sin(z/2)
In|<N
— Z eANNTK'QSn
In|<N
— Z 6in7r¢n
In|<N
— Z (_1)neinx — (_1)NCOS((N + 1/2)56)
ot cos(z/2)
Hence we have shown (30). [

With these lemma’s we can now construct our example.

14



Example 4.4. Let « be a positive number less than 1. We shall construct
a bounded operator A, such that e”+* behaves like |¢|7.
We begin by choosing the weight function. Let 0 < v < 1 be fixed and

VLT L < T
(r— |27, T <lo|<m.

We proceed as follows. In step 1. we show that this weight satisfies con-
dition (17), and in step 2. we prove that the induced operator norm on
Lo((—m,m),w) of eANN™ is larger than N7. In the last step we construct
A,

Step 1. To prove (17), let us consider first I = [a,b], where 0 < a < b < 7.
Then

K = #/I ()dx/ R = /:cvdx/xvdx

b1+'y 1+’y)(b1 Y _ a _

1
T2 ~t= ]
1 1
= Aopeopt TUET DS
Since this estimate is independent of a, it holds also for intervals of the form
I =[a,b], where 0 <a <b< 7.
Let I be now an arbitrary interval. Notice that if |I| > § for some
d > 0, then we have immideately that KI < C672, where C := f w(s)ds -
f w(s)"1ds. So we can assume |I| < Z. By symmetry reason it sufﬁces
to con51der intervals of the form J = [ a,b] for 0 < a < b < 3. For such
intervals we obtain

-

(a + b)QK[_avb] = CLQK[_G,O] + bQK[()’b] +

/_zw(:v)d:c,/Obw(x)—lder/Obw(x)dx./_Zw($)—1dx

24 p2 b b
< %4—2/0 w(x)dw-/o w(z) tdx

1—7
2 2
3b 3
< LET (a+b)2.
1—~2 1—12

So the weight w satisfies condition (17).
Step 2. In this step we show that

le NN f 7, = N2 fw (32)

15



where
sin((N +1/2)z)

sin(z/2)
We estimate first the left hand side of (32). For this purpose we need the
following trigonometrical facts which are easy to prove:

fn(z) =

™=
9 ) :L‘Sﬂ-a

lcos((N + 1/2)a)| > %(N +1/2)(r — 2),

cos(x/2) <

2

Using these inequalities and Lemma 4.3 we have
N+1/2
cos((N +1/2)x) w(z)dz

ANNT 2 _ 92 "
B A e

4 cos((N +1/2)x)
? /2N7r/(2N+1) cos(z/2)

8(2N + 1)? /’f dx
2

2

2 dz
(m— )7

v

v

Nr/@N+1) (T —2)7

8N+ 1) a7 2N 1=
N 72 1—7 2N +1

= L(QN_F Htr > ﬂNHW
(1 =)t =y

To estimate the right hand side of (32) we show first that

[fn ()] <
|fn ()] < m(N

%, 0<z<m (33)
+1/2), O<z<m. (34)
Really, for = € (0, 7] we have

sin((N + 1/2)x) < 1
sin(z/2) ~ sin(x/2)

s
S_
T

and

sin((N +1/2)z)

|sin((N +1/2)0)
sin(z/2)

X

|sin((N + 1/2)z)]
(N +1/2)z

= (N +1/2) < m(N +1/2).
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Inequalities (33) and (34) are proved. Using them we obtain the following
estimate for the left hand side of (32):

T A”\fN<x>|2w<x>dw

1/N w/2 2 ™2 d
< 2/ 7T2(N+1/2)2x7d:n+2/ 7r—2x7dg;+2/ 7T_2—x
0 N @ v 2 (T — )7
1 o2 1 8 sm\l—v
< 27%(N +1/2)2 _ (_)
> 7T( + /)NlJr’y(]-‘F'Y) 7*1N771+1—fy 5
2 2 _
< 8m N4 2m N4 8 (E)l gl
v+1 1—7 11—~ \2
- (10 —67) .y, 37 - 1672 N
- 1—~2 1—vy = 1—1~2
So we see that
||eANN7rfNH2

2 > 27(1+y)N* > N*7,
[ppgF

and therefore ||eA¥N™|| > N7 holds for all N € N. Note that the operator
—A has the same form as A, so by analogous construction we obtain that

the group satisfies
le AN > N (35)

Step 3. Let 0 < v < 1. Consider the Hilbert space H := 2 (Ly((—7, ), w)),
where w is given by (31). The inner product on this space is given by

<(.’L‘n), (yn)> = Z<xn7 yn>w-

n=1

If Q = diag(Q,,) is a (block) diagonal operator on H, then the norm of this
operator is given by

QI = sup |- (36)

On H we define A, := diag(A,). By step 2 and (36), A, is a bounded
operator on H and it satisfies the Kreiss resolvent condition

14 ey,
R(s, A € =——
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for all s with Re(s) # 0. Moreover, by estimate (35) and (36) the group
generated by A, satisfies

le ¥ > [l > N7

and the same holds at t = —N7. So we conclude that e+ grows at least
as [t|7. [

There are several remarks to be made.
Remark 4.5. Concerning the Example 4.4 we have

e Note that it is not clear if there exists an operator on a Hilbert space
satisfying Kreiss resolvent condition such that the semigroup generated
by this operator grows exactly as t.

e The operator A, constructed in the above example is the infinitesimal
generator of a unbounded group. If the group on positive time would
be bounded, then the Kreiss resolvent condition on {s € C | Re(s) < 0}
implies that the group is bounded on all time, see [4].

Now it remains to construct a matrix which satisfies the Kreiss resolvent
condition, but whose exponential function becomes (almost) the dimensions.
The example is more or less present in the previous example, but in order
to clarify the construction, we shall present the details. Before we do so, we
first present a simple lemma.

Lemma 4.6. Let H be a Hilbert space with inner product (-,-), and let W
be bounded, linear operator on H which is positive and boundedly invertible.
With this W we define a new norm on H,

£l = (F W),
Then for any bounded linear mapping (Q on H we have that
1 1
Q FR WzQW ™z
QI = sup LW b g3 = g IVZQW 21
20 | flle F#0 11l

Example 4.7. Let Vy be the (2N + 1)-dimensional linear subspace of
Ly((—m,m),w) which is spanned by ¢**, k = —N,..., N.
If f(-) = Yooy are™, then

IF11% = ((aw), W (an))cansr, (37)

18



where (-, -)can+1 is the standard inner-product on C*V+1 and

W = (Wkl)k,lzl,A..,2N+1 with (38)

Wy = / lilk=1=N)a (—i(1=1=N)z ) (03 1. (39)

With this W we define a new inner product on C>*"+1 namely

()5 = ((cw), W () hgan - (40)

Now we can define the matrix on C2V*! which has growth of the order N7.
We define the 2N + 1 by 2N + 1 matrix Qy as
1

Qn = Widiag <z%> W2, (41)

where W is defined in (38), (39) and w is given by (31). First we show that
this matrix satisfies the Kreiss condition with a constant independent of V.
It is easy to see that

(sI—Qn) "= W%diag <(s - z%)1> We.

Using Lemma 4.6, we find that

k
15T — Qu) Veoves = [|ding (<s —i—)l) Iw

N
_ | (diag ((s —i%)™")) (an)llw
() 0 | () [lw
— swp [(s] — AN)_lwa,
Fevn\{0} [ £l w

where we have used (27) and (37). Since Vy is a subspace of Lo(—m,m), w),
we have by (28) that

_ 1+ mey,
I(s] = Qn) " llcans1 < (42)
[Re(s)|
for Re(s) # 0. Similar one can show that
[N | vy > N7 (43)

and thus completing the finite-dimensional example.
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