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Exercise 2.1 (On factors and isomorphisms). Let (X, u) and (Y, v) be probability spaces.

(a) Let ¢: X — Y be measure-preserving and ¢: Y — X measurable such that 1oy = idx p-almost
everywhere. Show that ¢/ is measure-preserving.

(b) Let X’ C X be measurable with u(X’) = 1 and ¢: X’ — Y measure-preserving. Show that ¢
has a measure-preserving extension v: X — Y.

Let now (X, i, T') be a measure-preserving system.

(c) Show that if X’ C X is measurable with p(X’) = 1, then there is X” C X’ measurable with
p(X")=1and T(X") C X".

Let now also (Y, r,.S) be a measure-preserving system.

(d) Show that the following assertions are equivalent.
(i) (Y,v,95) is a factor of (X, pu,T).
(ii) There is a measurable subset X’ C X with u(X’) =1 and T'X’ C X’ as well as a measure-
preserving map ¢: X' — Y such that ¢(Tz) = S(¢(x)) for all z € X'.
(e) Show that the following assertions are equivalent.
(i) (Y,r,S) and (X, p,T) are isomorphic.
(ii) There are measurable subsets X’ C X and Y’ C Y with pu(X') =v(Y’") =1, TX' C X’ and
SY’' C Y’ as well as a measure-preserving bijection ¢: X’ — Y’ with measurable inverse
such that ¢(Tz) = S(p(x)) for all z € X'.

Exercise 2.2 (Examples of isomorphisms). (a) For a € [0,1) consider the measure-preserving sys-
tem (X, u,T) defined by X = [0,1) with the Lebesgue measure p as well as the u-preserving
map T: X — X, z — = + a mod 1. Moreover, let b := e?™® € T and let (Y, v, S) be the rotation
system on T defined by b. Show that (X, u,T') and (Y, v, S) are isomorphic.

(b) Consider the probability measure 16, + $61 on {0,1} and the corresponding one-sided Bernoulli
shift (X, p, T) from the lectures. Let further (Y, v, S) be the measure-preserving system defined
by the doubling map on [0, 1]. Show that (X, u,T) and (Y,v,S) are isomorphic.

Hint: Consider the maps
xn

p: {0,137 = [0,1],  (@n)nen, = Z on+1’
n=0

1/11 [07 1] - {07 1}N07 Y= (|_2n+1yJ mod Z)nENo'

Exercise 2.3 (Recurrence for topological dynamical systems). A point z € X of a topological
dynamical system (X,7T) is called periodic if there is n € N such that 7"z = x.

(a) Give an example of a topological dynamical system (X,T") with T" # idx for each n € N and a
periodic point x € X.

A point = € X of a topological dynamical system (X, T') is recurrent if for each open subset U C X

with x € U there is some n € N such that T"x € U. Clearly, every periodic point is recurrent.

(b) Give an example of a topological dynamical system (X,7") and a recurrent point = € X which is
not periodic.

(c) Show that each recurrent point x € X of a topological dynamical system (X,7") is infinitely
recurrent, i.e., for each open subset U C X with € U there are infinitely many n € N with
Tz e U.



Exercise 2.4 (Topological shift systems). For fixed k € N we equip X = {0,...,k — 1}N0 with the
metric d defined by

0 if (x) j€ENo = (y')‘eN )

d((wj)jENov (yj)jeNO) = { 1 else.] J€No 7)7€Ny

min{j€No [z #y; }+1

Then X is a compact metric space.

(a) Show that the left shift T: X — X, (x)jen, — (%j11)jen, i continuous and hence defines a
topological dynamical system (X, 7).

(b) Show that the periodic points of (X,T") form a dense subset of X.



